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Introduction:

This document is a collection of comprehensive solutions to the exercises and problems in Nielsen and Chuang's
“Quantum Computation and Quantum Information”. To our knowledge, no official solution manual to the text
exists, and while many valiant attempts can be found, to date there does not exist a complete set
(understandably so, as we count 529 exercises and 63 end-of-chapter problems). This manual thus exists to fill
this gap, and exist as a companion reference for students using the text. Though quantum
computation/information as a research area has evolved significantly since its publication, “Mike and lke" still
remains a standard for those entering the field, and we thus hope this manual will be of pedagogical use.
Additionally, results of exercises are still frequently quoted in the quantum information literature, further
motivating a collection of solutions.

Each solution has the involved concepts (and hence rough pre-requisite knowledge) necessary for the problem in
addition to the solution. We have also noted where we have felt that exercises may be incorrect as stated, and
in most cases presented a solution for a corrected version. For some exercises, we have added additional remarks
about implications of the result and/or alternative perspectives. We do not present solutions to the problems
labelled as “Research”, but instead overview the current status of the problem, providing references to the
relevant literature if a solution has been found or progress has been made.

Additionally, while Nielsen and Chuang remark in the preface that “with few exceptions the exercises can be
worked out in a few minutes”, having completed all of them it appears to us as this is either a severe
overestimate of the average reader, or a severe underestimate of the difficulty of the exercises - many of the
exercises took us much longer than a few minutes! We have thus come up with a finer-resolution grading
system to give students a better gauge of the difficulty level of problems. In particular, we have starred exercises
which we have considered difficult/non-trivial, requiring some insight/thought/time (in comparison, no stars
indicates that the exercise indeed should probably take < 15 minutes, and generally be straightforwards or follow
directly from the material of the text). Two stars indicates considerable difficulty and three stars indicates
formidable difficulty (with the latter being reserved for research problems and problems that we felt were of the
highest difficulty/effort amongst those in the text).

Currently, Chapters 2/4/7/8/9/10/11 and all appendices are fully complete. Most exercises/problems from the
remaining chapters have been completed. To be completed are (E=Exercises, P=Problems) P1.1, P1.2, P3.1,
P3.7, P3.9, P3.10, E5.17, E5.26, E5.27, E5.28, E5.29, P5.1, P5.5, E6.14, P6.1, P6.3, P6.4, E12.6, E12.7,
E12.12, E12.15, P12.3.

The most up-to-date version of this document, as well as a feedback form for errata can be found at
https://nielsenandchuangsolutions.github.io.


https://nielsenandchuangsolutions.github.io
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1 Introduction and overview

Exercise 1.1: Probabilistic Classical Algorithm

(%) Suppose that the problem is not to distinguish between the constant and balanced functions with
certainty, but rather, with some probability of error ¢ < 1/2. What is the performance of the best classical
algorithm for this problem?

Concepts Involved: Deutsch’s Problem, Probability
Recall that a Boolean function f : {0,1}™ — {0, 1} is said to be balanced if f(x) = 1 for exactly half of
all possible 2™ values of x.

A single evaluation tells us no information about whether f is constant or balanced, so our success

rate/error rate after a single evaluation is € = % (random guessing!). Therefore, consider the case where

we do two evaluations. If we obtain two different results, then we immediately conclude that f is balanced.

Suppose instead that we obtain two results that are the same. If f is balanced, then the probably that

the first evaluation returns the given result is 1, and the probability that the second evaluation returns

21
the same result is 227{2:11 (as there are 2" /2 of each result of 0 and 1, 2™ total results, 2" /2 — 1 of the
given result left after the first evaluation, and 2™ — 1 total uninvestigated cases after the first evaluation).

Therefore, if f is balanced, this occurs with probability % . 2;,{2_;1 which we can see is less than % as:

272 -1 12"/2 -1
/ 127/2-1

1
on ontl o gn_ 9 ~ontl o . 2 /% - I
< 2 — 1 2 2n —1 2

Hence, if we get the same result in two evaluations, we can conclude that f is constant with error e < %
We conclude that only 2 evaluations are required for this algorithm. O

Exercise 1.2

(%) Explain how a device which, upon input of one of two non-orthogonal quantum states |¢)) or |¢)
correctly identified the state, could be used to build a device which cloned the states |[¢)) and |p),
in violation of the no-cloning theorem. Conversely, explain how a device for cloning could be used to
distinguish non-orthogonal quantum states.

Solution

Concepts Involved: Quantum Distinguishability, Quantum Measurement

Given access to a device which can distinguish non-orthogonal quantum states |¢), |¢) (without measure-
ment), we can then either run a circuit Uy, with action Uy, |0) — [¢) or U, with action U, [0) — |¢) (for
|0) some reference/blank state as the cloning substrate), which allows us to clone |1}, ) as we desired.
Conversely, given a cloning device, we could clone |¢)) and |¢) an arbitrary number of times. Then, we
can measure half of the cloned states in measurement basis M7, and the other half in basis Ms, the first
basis containing |¢) and the second containing |¢). Given enough measurements, we would either find
that one of the M; basis measurements yielded a non-|1)) outcome (signifying the state was |¢)), or one
of the My basis measurements yielded a |p) outcome (signifying the state was [¢)). Thus, we would be




able to distinguish [¢) , |). O

Problem 1.1: (Feynman-Gates conversation)

(%*%*) Construct a friendly imaginary discussion of about 2000 words between Bill Gates and Richard
Feynman, set in the present, on the future of computation (Comment: You might like to try waiting until
you've heard the rest of the book before attempting this question. See ‘History and further reading’ below
for pointers to one possible answer for this question).

Problem 1.2

(%) What is the most significant discovery yet made in quantum computation and quantum information?
Write an essay of about 2000 words to an educated lay audience about the discovery (Comment: As for
the previous problem, you might like to try waiting until you've read the rest of the book before attempting

this question.)




2 Introduction to quantum mechanics

Exercise 2.1: Linear dependence: example

Show that (1,—1), (1,2) and (2,1) are linearly dependent.

Solution

Concepts Involved: Linear Independence/Dependence

We observe that:

1 n If (2] _|1+1-2| _ |0
-1 2 1| |[-1+2-1| |0
showing that the three vectors are linearly dependent by definition. O

Remark: Alternatively, we can apply theorem that states that for any vector space V with dimV = n,
any list of m > n vectors in V will be linearly dependent (here, V = R2?,n = 2,m = 3).

| r
\

Exercise 2.2: Matrix representations: example

Suppose V is a vector space with basis vectors |0) and |1), and A is a linear operator from V to V such
that A|0) = |1) and A|1) = |0). Give a matrix representation for A, with respect to the input basis
|0), |1), and the output basis |0), |1). Find input and output bases which give rise to a different matrix
representation of A.

Concepts Involved: Linear Algebra, Matrix Representation of Operators.

Using the given relations, we have:

o apo Aol 1 . 1 0 . o
A |O> =0 |O> +1 |1> — |fLu) all] L;| =0 0 +1 1 — agp =0,a10=1
apo Aol 0 1 0
All) =1 1 =H =1 =
1) =1/0) +0[1) = [ ] H o +0 )| = ao=1,an=0

Therefore with respect to the input basis { |0), [1)} and output basis { |0), [1)}, A has matrix represen-




tation:

(o] (1]
N |0) 0 1
A= 1) 1 0
Suppose we instead choose the input and output basis to be { |+) = %, |-) = |O>\;§|1> } Identifying
|+) = 0] and |-) [1] , we have:
A= |%t a+]
a_4 a_ _
Using the linearity of A, we have:
AlH) = == A(0) + 1)) = —=(A]0) + A[1)) = —=(11) +10)) = [
V2 V2 V2
and:
Al=) = == A(10) = 1)) = —=(A4]0) - A[1) = —=(11) — [0)) = = |-)
= \/ﬁ = \/§ - ,\/i - b
which can be used to determine the matrix elements:
a ar_| |1 1 0
A - 1 - e T = 1 = 1 _ =
|+> |+>+0| > — |fL_+ a 0 0 +0 1 — a4y , Q4 0
N . _ a4 4 ay 0 o 1 . 0 o _
Al =01~ 1) = la—+ ] H o M 1 H S

Therefore with respect to the input basis { |+), |[=)} and output basis { [+), |-)}, A has matrix repre-
sentation:

Remark: If we choose the input and output bases to be different, we can even represent the A operator
as an identity matrix. Specifically, if the input basis to be chosen to be {|0), |1)} and output basis as
{[1),|0)}, the matrix representation of A looks like:

11 o
AM].




Exercise 2.3: Matrix representation for operator products

Suppose A is a linear operator from vector space V' to vector space W, and B is a linear operator from
vector space W to vector space X. Let |v;), |w;), |xr) be bases for the vector spaces V,W and X
respectively. Show that the matrix representation for the linear transformation BA is the matrix product
of the matrix representations for B and A, with respect to the appropriate bases.

Concepts Involved: Matrix Representation of Operators

Taking the matrix of representations of A and B to the appropriate bases |v;), wj> ,|zk) of VW and

X, we have:
Alv)) = Ay lwi), Blw) = Bpilzx)
i k

Hence, looking at BA : V +— X, we have:

BA|vj) = B(Alv;))
= ZAijB |w1>

=> Ay [ D Builzx)
5 K

=> "> Bridi|zx)
ki

= (BA); |zk)
P

which shows that the matrix representation of BA is indeed the matrix product of the representations of
B and A. O

Exercise 2.4: Matrix representation for identity

Show that the identity operator on a vector space V has a matrix representation which is one along the
diagonal and zero everywhere else, if the matrix is taken with respect to the same input and output bases.
This matrix is known as the identity matrix.

Concepts Involved: Matrix Representation of Operators

Let V' be a vector space and |v;) be a basis of V. Let A : V — V be a linear operator, and let its
matrix representation taken to be respect to |v;) as the input and output basis. We then have for each




ie{l,...,n}:

Alv;) = 1fv;) + ) Olvy) = Z&jlvﬁ

J#L

From which we obtain that A has the matrix representation:

100 --- 0
0 1 0
A~ 10 0 1 0
00 0 1

Exercise 2.5

Verify that (-,-) just defined is an inner product on C™.

Solution

Concepts Involved: Inner Products
Recall that on C", (-,-) was defined as:

21

Zn

Furthermore, recall the three conditions for the function (-,-) : V' x V +— C to be considered an inner
product:

(1) (-,-) is linear in the second argument.
(@) (jo);|w)) = (lw), [v))".
(3) (|v),|v)) > 0 with equality if and only if |v) = 0.

We check that (-,-) : C™ x C" — C satisfies the three conditions:

(1) We see that:
((ylw- . ayn)7z)‘k(zl7' o 7Zn)k) = Zy: Z)‘kzlk
k i k
ZZ/\kafzik
k i
:Z/\k((yh"~7yn)’(217"'7zn)k)
k




(2) We have:

((y1,---,Un), (21, -, 20)) = nyzz
=Z(WZ)*
= Zzz*yz
= (((z1,+ 5 20)s W1+« 5 n))) "

(3) We observe for 0 = (0,...0):

(0,0)=>0-0=0
i
For y = (y1,...,yn) # 0 we have at least one y; (say, y;) is nonzero, and hence:

(W1 9n)s @) = S92 > 42 >0

which proves the claim.

H [j

Exercise 2.6

Show that any inner product (-, -) is conjugate-linear in the first argument,

Concepts Involved: Inner Products

Applying properties (2) (conjugate symmetry), (1) (linearity in second argument), and (2) (again) in




succession, we have:

D ihwi) o) | = { o) D2 A )

> Aullo). i)

DA (lo), wi))*

i

= > A (jwi), [v)

Exercise 2.7

H [j

Verify that |w) = (1,1) and |v) = (1,—1) are orthogonal. What are the normalized forms of these
vectors?

Concepts Involved: Inner Products, Orthogonality, Normalization
Recall that two vectors |v), |w) are orthogonal if (v|w) = 0, and the norm of |v) is given by ||[v)|| =

(v]v).
First we show the two vectors are orthogonal:
(wry=1-1+1-(-1)=0
The norms of |w), |v) are given by:

[lw)|| = v/ {wlw) = V12 +12 = V2,
lle)|| = /ooy = V12 + (-1)2 = V2

So the normalized forms of the vectors are:

O
Eecie28 |

(%) Verify that the Gram-Schmidt procedure produces and orthonormal basis for V.




Concepts Involved: Linear Independence, Bases, Inner Products, Orthogonality, Normalization, Gram-
Schmidt Procedure, Induction

Recall that given |w1), . .., |wq) as a basis set for a vector space V, the Gram-Schmidt procedure constructs
a basis set [v1),...,|vq) by defining [v1) = |w1)/|||w1)|| and then defining |vg41) inductively for 1 < k <
d—1 as:

k

(0s1) |Wet1) — D iy (Vilwita) |v)
k
e

i) = Sy (wihworia) oo

It is evident that each of the |v;) have unit norm as they are defined in normalized form. It therefore
suffices to show that each of the |v1), ..., |ug) are orthogonal to each other, and that this set of vectors
forms a basis of V. We proceed by induction. For k = 1, we have:

lwe) — (v1|wg) |v1)

1v2) = Tia) + (orfum) fon)]
Therefore:
e ooy = Sviwz) = (ofwe) (uilvr) - (uifws) = (ofws)
wilva) = T orwa on)]| - Twa) & (o) fou)]|

so the two vectors are orthogonal. Furthermore, they are linearly independent; if they were linearly
dependent, we could write |v1) = A|vg) for some A € C, but then multiplying both sides by (v;| we get:

<U1|1}1> = <1)1|1}2> — 1=0

which is a contradiction. This concludes the base case. For the inductive step, let £ > 1 and suppose that
|v1), ..., |vg) are orthogonal and linearly independent. We then have:

k
|Wr 1) — Y g (vi|wey) |vi)

|lw) = Sy (ilwern) o)

|’l}k+1> = ‘

Then for any j € {1,...k}, we have:

(vjlwps1) = 38 (vilwisr) (glv) o) (vjlwit1) — (vjlwg1)

[ ST ) I [P ST )

(vjlvgt1) =

where in the second equality we use the fact that (v;|v;) = &;; for i, € {1,...k} by the inductive hypoth-
esis. We therefore find that |vi41) is orthogonal to all of |v1), ..., |vk). Furthermore, |v1), ..., |vk), |Vkt1)
is lienarly independent. Suppose for the sake of contradiction that this was false. Then, there would exist
A1, ... A not all nonzero such that:

At|vr) + . Ag|vg) = [vk41)

11



but then multiplying both sides by (vi41| we have:
A1 <Uk+1|1)1> + .. 4+ A <Uk+1|’l)k> = <vk+1|vk+1> — 0=1

by orthonormality. This gives a contradiction, and hence |v1),...,|vk), |ug+1) are linearly independent,
finishing the inductive step. Therefore, |v1),...,|vq) is an orthonormal list of vectors which is linearly
independent. Since |wy),...,|wy) is a basis for V, then V' has dimension d. Hence, |v1), ..., |vq) being
a linearly independent list of d vectors in V' is a basis of V. We conclude that it is an orthonormal basis
of V, as claimed. O

Exercise 2.9: Pauli operators and the outer product

The Pauli matrices (Figure 2.2 on page 65) can be considered as operators with respect to an orthonormal
basis |0), |1) for a two-dimensional Hilbert space. Express each of the Pauli operators in the outer product
notation.

Concepts Involved: Matrix Representation of Operators, Outer Products
Recall that if A has matrix representation:

A

1%

apo  ao1
aipo am

with respect to |0),|1) as the input/output bases, then we can express A in outer product notation as:
A = ago [0X0[ + ao1 [0X1] + @10 [1)0] + a1 [1)(1]

Furthermore, recall the representation of the Pauli matrices with respect to the orthonormal basis |0), |1):

1 0 0 1 0 —i
I_[o 11 X‘L 0] Y_[i 0

7Z =

We immediately see that:

|0XO[ + 1)1
0X1] + [1X0|
=2 |0)1| + ¢ [1X0|
|0XO[ — [1)X1]

1
X
Y
VA

O
Exercise 2.10

Suppose |v;) is an orthonormal basis for an inner product space V. What is the matrix representation for
the operator |v;)(v;|, with respect to the |v;) basis?




Solution

Concepts Involved: Matrix Representation of Operators, Outer Products

The matrix representation of |v;)(v;| with respect to the |v;) basis is a matrix with 1 in the jth column
and row (i.e. the (4, j)th entry in the matrix) and 0 everywhere else. O

Exercise 2.11

Find the eigenvectors, eigenvalues, and diagonal representations of the Pauli matrices X,Y and Z.

Solution

Concepts Involved: Eigenvalues, Eigenvectors, Diagonalization, Pauli Operators
Given an operator A on a vector space V, recall that an eigenvector |v) of A and its corresponding
eigenvalue A are defined by:

Alv) = AJv)

Furthermore, recall the diagonal representation of A is given by
A= il
i

Where |i) form an orthonormal set of eigenvectors for A, and \; are the corresponding eigenvalues.

We start with X. Solving for the eigenvalues, we have:

det(X —I\) =0 = det [? _ﬂ =0 = X -1=0
From which we obtain A\; = 1, A\ = —1. Solving for the eigenvectors, we then have:
-1 1 V11 0
(X —I\)|v1) =0 = [ ) _1] L}lj L)] = vi1 = 1,012
o 1 1 V21 . 0 - _
(X I)\2)|U2> =0 = [1 1] |"U2!| = [0‘| = w21 = L0220 = —1

Hence we find that |v1) = |0) + |1), |va) = |0) — |1). Normalizing these eigenvectors (Also see Exercise

, we divide by H|111>H = H|U2>H = /2, giving us:

|0) +11) 0) —11)
= [4+) = — = [—) = —/—m8—.
|’l)1> | > \/§ |U2> | > \/5
The diagonal representation of X is then given by:
X = Ao )vr] + Az [v)(ve| = [+}+| = | =X~




We do the same for Y. Solving for the eigenvalues:

det(A—1I)\) =0 = det [i’\ _;] =0 = NM-1=0
From which we obtain A\; = 1, A\ = —1. Solving for the eigenvectors, we then have:
_ -1 —1 V11 o 0 o .
Y —I\)|n) =0 = ll _1] l’t}u] = [0] = v =lviz2=1
- 1 — V21| 0 o =
Y —IX)|ve) =0 = L 1] [”221 = [01 = v21 = 1,022 = —i
We therefore have [v1) = |0) + i[1), |v2) = [0) — i|1). Normalizing by dividing by |||v1)|| = ||[v2)]], we
obtain that:

Y Rk R W U .
lv1) = |y4+) = oA lva) = |y—) = 7

The diagonal representation of Y is then given by:

Y = |y Xy+| — ly—Xy-|

For Z, the process is again the same. We give the results and omit the details:

A =1v) =10) Ae=—1,|vg) = 1)

Z = [0)0] — 11|

Exercise 2.12

Prove that the matrix

10
1 1
is not diagonalizable.

Concepts Involved: Eigenvalues, Eigenvectors, Diagonalization

Solving for the eigenvalues of the matrix, we have:

det[ 1 I—A]_O:>(1_A) —O:>)\1,/\2—1




But since the eigenvalue 1 is degenerate, the matrix only has one eigenvector; it therefore cannot be
diagonalized. O

Exercise 2.13

If |w) and |v) are any two vectors, show that (|w){v|)T = |v)(w].

Concepts Involved: Adjoints

Where in the third-to last equality we use the conjugate linearity in the first argument (see Exercise [2.0)
and in the second-to last equality we use that (a|b)” = (bla). Comparing the first and last expressions,
we conclude that (|w)v|)t = |[v)w]. O

Exercise 2.14: Anti-linearity of the adjoint

Show that the adjoint operator is anti-linear,

T

Concepts Involved: Adjoints

We observe that:
ZaiAi la), |b) | = |a>,ZaiAi|b> :Zai(|a>,Ailb>)
=" ai (4lla). 1))

= (> a;Ala), |b)

15



where we invoke the definition of the adjoint in the first and third equalities, the linearity in the second
argument in the second equality, and the conjugate linearity in the first argument in the last equality. The
claim is proven by comparing the first and last expressions. O

r
\

Exercise 2.15

Show that (AT)T = A.

Solution

Concepts Involved: Adjoints

Applying the definition of the Adjoint twice (and using the conjugate symmetry of the inner product) we
have

((A1)[a), 18)) = (la), AT[B)) = (AT[b), |a))* = (1b), Ala))* = ((Ala), [B))*)" = (Ala), [b)).

The claim follows by comparison of the first and last expressions. O

Exercise 2.16

Show that any projector P satisfies the equation P? = P.

Solution

Concepts Involved: Projectors

Let |1),...,|k) be an orthonormal basis for the subspace W of V. Then, using the definition of the
projector onto W, we have:

k k k k k k k
P2=P-P= 1)l | [ DX = D0 D 1@ =D i) (i) = lifil = P
=1 =il =1l =il g=il

i=14'=1

where in the fourth/fifth equality we use the orthonormality of the basis to collapse the double sum. O

Exercise 2.17

Show that a normal matrix is Hermitian if and only if it has real eigenvalues.

Solution

Concepts Involved: Hermitian Operators, Normal Operators, Spectral Decomposition

Let A be a Normal and Hermitian matrix. Then, it has a diagonal representation A =Y. A; |i)(:]
where i) is an orthonormal basis for V' and each |é) is an eigenvector of A with eigenvalue ;. By the

16



Hermicity of A, we have A = A'. Therefore, we have:

"
Al = Z)\i liXil | = ZA? |iil = A = ZA Xl

where we use the results of Exercises [2.13] and [2.14] in the second equality. Comparing the third and last
expressions, we have \; = \;* and hence the eigenvalues are real.
Let A be a Normal matrix with real eigenvalues. Then, A has diagonal representation A =

; Ai |i)(i| where \; are all real. We therefore have:

n

Af = ZAZ» il | = A |i><z‘\:ZAz« |ixi| = A

where in the third equality we use that A\ = \;. We conclude that A is Hermitian. O

Exercise 2.18

Show that all eigenvalues of a unitary matrix have modulus 1, that is, can be written in the form e for
some real 6.

Concepts Involved: Unitary Operators, Spectral Decomposition

Let U be a unitary matrix. It is then normal as UTU = UUT = I. It therefore has spectral decomposition
U =), Xi|i)(i| where |i) is an orthonormal basis of V, and |i) are the eigenvectors of U with eigenvalues
Ai. We then have:

T
UUT =T = | > Xlifil | | D M li)i'| | =T

— [ Sonnr | [ x| =1
= > XAl =T
Y
= ZZ NG [8)0iar (i = T
P
= D N li)i| =T
i
— 3 IPliil = Yol
From which we obtain that [\;|*> = 1, and hence |\;| = 1, proving the claim. O




Exercise 2.19: Pauli matrices: Hermitian and unitary

Show that the Pauli matrices are Hermitian and unitary.

Concepts Involved: Hermitian Operators, Unitary Operators, Pauli Operators

We check I, X,Y, Z in turn.

*

SRR

Ir=rr=r1
o 0 o 11" [o 1
T_ = = g
X L 0] [1 o} 1 X
o 1o 1] [1 o
T p— fr— p— f—
XX =XX ll 0 ll 01 =1
0 \" To " To
yi= ! - Lo oy
L O] —1 O] lz 0
0 —i| |0 —i 1 0
T = pr— P—
e I B
T - *
g ([t 0 _roof _f1 ool _,
“lio -1 .| 0 -1

18



Exercise 2.20: Basis changes

Suppose A’ and A” are matrix representations of an operator A on a vector space A on a vector space
V' with respect to two different orthonormal bases, |v;) and |w;). Then the elements of A’ and A" are
Al = (vi|Alv;) and A, = (w;|Alw;). Characterize the relationship between A’ and A”.

| '
\

Solution

Concepts Involved: Matrix Representations of Operators, Completeness Relation

Using the completeness relation twice, we get:

Al = (vil Alvg) = (v TAI|v;) = (v Z [wir wir| | A Z |wje Xwj| | |vs)
— Z Z(Ui‘wy><wi’|A‘wj’><wj/|Uj>
- Z Z(vi\wymé}(wﬂvﬁ

Exercise 2.21

H [j

Repeat the proof of the spectral decomposition in Box 2.2 for the case when M is Hermitian, simplifying
the proof wherever possible.

Solution

Concepts Involved: Hermitian Operators, Spectral Decomposition

Note that the converse of Theorem 2.1 does not hold if we replace “normal” with “Hermitian”. Diagonal-
izability does not imply Hermicity, with a concrete example being S = [0X0| + ¢ [1)(1|. So, we just prove
the forwards direction.

We proceed by induction on the dimension d of V. The d = 1 case is trivial as M is already diagonal in
any representation in this case. Let A be an eigenvalue of M, P the projector onto the X\ subspace, and
@ the projector onto the orthogonal complement. Then M = (P + Q)M (P + Q) = PMP + QM P+
PMQ@Q+ QMQ. Obviously PM P = AP. Furthermore, QM P = 0, as M takes the subspace P into itself.
We claim that PM@Q = 0 also. To see this, we recognize that (PMQ)" = QT MTPt = QMP = 0. and
hence PMQ@Q = 0. Thus M = PMP +QMQ. QMQ is normal, as (QMQ)" = QT MTQt = QMQ (and
Hermiticity implies that the operator is normal). By induction, QMQ is diagonal with respect to some
orthonormal basis for the subspace @, and PM P is already diagonal with respect to some orthonormal
basis for P. It follows that M = PMP + QMA@ is diagonal with respect to some orthonormal basis for
the total vector space. O

Exercise 2.22

Prove that two eigenvectors of a Hermitian operator with different eigenvalues are necessarily orthogonal.
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Solution

Concepts Involved: Eigenvalues, Eigenvectors, Hermitian Operators

Let A be a Hermitian operator, and let |v1), |v2) be two eigenvectors of A with corresponding eigenvalues
A1, A2 such that A\; # Ao. We then have:

(vi]|Alvz) = (v1]A2lv2) = Az(v1|v2)
= (

(v1]Alva) = (v1|ATv2) = (v1|A1]va) = Ar(v1|v)

where we use the Hermiticity of A in the second line. Substracting the first line from the second, we have:
0= (/\2 — )\1)<’U1|’Ug>.

Since A1 # A\g by assumption, the only way this equality is satisfied is if (v1|ve) = 0. Hence, |v1), |ve) are
orthogonal. O

Exercise 2.23

Show that the eigenvalues of a projector P are all either 0 or 1.

Solution

Concepts Involved: Linear Algebra, Eigenvalues, Eigenvectors, Projectors.

Let P be a projector, and |v) be an eigenvector of P with corresponding eigenvalue A. From Exercise
we have P2 = P, and using this fact, we observe:

Plv) = o)
P|v) = P%|v) = PPJv) = PAJv) = AP|v) = \2|v).

Subtracting the first line from the second, we get:
0=\ = ))|v) = XA = 1)|v).

Since |v) is not the zero vector, we therefore obtain that either A =0 or A = 1. O

Exercise 2.24: Hermiticity of positive operator

Show that a positive operator is necessarily Hermitian. (Hint: Show that an arbitrary operator A can be
written A = B + iC where B and C' are Hermitian.)

Concepts Involved: Hermitian Operators, Positive Operators
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Let A be an operator. We first make the observation that we can write A as:

_A A A A AvAt A A

A
s tat3 73 2 Y

t t "
Solet B = % and C = AEZA . B and C are Hermitian, as:

B

;
o A+ AT AT+ (AN AT+ A
N 2 N 2 2

:
A— At At —(Aaht  A— At
T: — = = fr—
¢ < 2 ) —2i 5 ¢

so we have hence proven that we can write A = B + iC for hermitian B, C for any operator A. Now,
assume that A is positive. We then have for any vector |v):
(v|Alv) > 0.
Using the identity derived above, we have:
(v|Blv) + i(v|C|v) > 0.

The positivity forces C' = 0. Therefore, A = B and hence A is Hermitian. O

Exercise 2.25

Show that for any operator A, AfA is positive.

Solution

Concepts Involved: Adjoints, Positive Operators

Let A be an operator. Let |v) be an arbitrary vector, and then we then have:

(Io), AT 4R) ) = ((AN)]0), 4) ) = (Afo), Alv))

By the property of inner products, the expression must be greater than zero. O

Exercise 2.26

Let [¢) = (]0) + |1))/v/2. Write out |¢)®? and [1))®® explicitly, both in terms of tensor products like
|0)|1) and using the Kronecker product.

Solution

Concepts Involved: Tensor Products, Kronecker Products
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Using the definition of the tensor product, we have:

1
1 1
1 V2 2
1
Wez»z:|0>|0>+|0>|1>+|1>|0>+|1>|1>g v vl = %
2 1 ? ?
V2 7 5

10)10)10) +10)[0)[1) + 10)[1)[0) + [0} 1)]1) + [1)]0)]0) + [1)[0)[1) + [1)[1)[0) + [1)[1)]1)
2V2

) =

1
S
)
1
1
1
NN N
H%»ﬂ%»—t%»—t
[N )

|
3

= 1) ® [1h)®? =

S

‘H

S

S

V)

[SIEA I S T ST I S T T
‘H

‘ =

S

‘ =

S

Exercise 2.27

Calculate the matrix representation of the tensor products of the Pauli operators (a) X and Z; (b) I and
X; (c)X and I. Is the tensor product commutative?

Concepts Involved: Tensor Products, Kronecker Products, Pauli Operators

Using the Kronecker product, we have:

(a)
Loop |t o 0 0 1 0
0 —1 0 —1 _
Yoz |02 12| _ 00 0 -1
1Z 07 1 0 1 0 1 0 0 O
o —1| %o -1 0 -1 0 0




(b)

0 1 0 1 01 0 0
1 0
rox - [WX 0X) 10 L Oj] |1 00 0
lox 1x| 0 1 o 1/l |0 0 0 1
0 10 ! 10 0 010
(c)
0 1 0 1 10 0 010
xeoro | Y|_ 0 1 0 1/ |0 0 0 1
| oI 1 0 1 0/l |1 00O
! 0 1 0 0 1 01 00
Comparing (b) and (c), we conclude that the tensor product is not commutative. O

Exercise 2.28

(A®B)*=A4*@B*;(A® B)T = AT @ BT; (A® B)! = At ® B.

Show that the transpose, complex conjugation and adjoint operations distribute over the tensor product,

(A® B)* =

(A B)T =

Using the Kronecker product representaton of a ® B, we have:

*

AnB  ApB ... Ai,B Al B*

AnB  AypB ... As,B A%, B*

A B ApeB ... An.B A* B
T

AllB A12B 000 AlnB AllBT

Ang AQQB coo AgnB AlzBT

ApB ApeB ... An.B Ay BT

(A® B)f = (A® B)T)* = (AT ® BT)* = (4T)* ® (BY)* = Al @ B

Aj,B*
A5, B*

Al o B*

AngT
A22B

Ay BT

Concepts Involved: Adjoints, Tensor Products, Kronecker Products

The relation for the distributivity of the hermitian conjugate over the tensor product then follows from the
former two relations:

Aj,B*
45,B"

A*  B*
A, BT
A BT

_ = AT @ BT.

Apm BT




Exercise 2.29

H [j

Show that the tensor product of two unitary operators is unitary.

Solution

Concepts Involved: Unitary Operators, Tensor Products

Suppose A, B are unitary. Then, ATA =T and BfB = I. Using the result of the Exercise we then
have:

(A®B){(A®B)=(A'®@ BN(A®B) = (ATA®B'B)=I®1I

,
\

Exercise 2.30

Show that the tensor product of two Hermitian operators is Hermitian.

Solution

Concepts Involved: Hermitian Operators, Tensor Products

Suppose A, B are Hermitian. Then, AT = A and BY = B. Then, using the result of Exercise we
have:

(A®B)!=AT"@B'=A®B

,
\

Exercise 2.31

Show that the tensor product of two positive operators is positive.

Solution

Concepts Involved: Positive Operators

Suppose A, B are positive operators. We then have (v|A|v) > 0 and (w|B|w) > 0. Therefore, for any
v) ® |w):

(Iv) ® lw), A® B(Jv) ® |w))) = (v|AJv){w|Blw) > 0
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Exercise 2.32

Show that the tensor product of two projectors is a projector.

Solution

Concepts Involved: Projectors

Let P, P, be projectors. We then have P? = P; and P? = P, by Exercise Therefore:
(PLOP)? =(PL@P)(PLQP,)=P2Q@P,=P,QP,

so P ® P» is a projector. ]

Exercise 2.33

The Hadamard operator on one qubit may be written as
1
H = —=[(|0) +|1))(0] 4+ (]0) — |1))(1
ﬁ[(\ )+ 11))(0[ + (|0) — [1))(1]]
Show explicitly that the Hadamard transform on n qubits, H®", may be written as

o = o 31 )

Write out an explicit matrix representation for H®?

Solution

Concepts Involved: Linear algebra, Matrix Representation of Operators, Outer Products.

Looking at the form of the Hadamard operator on one qubit, we observe that:

1

H = — [|0X0] + [0X1] + [1){0] — [1X1[]

S

2

Hence:
H= 2 (1))l
V2 £

Where z,y run over 0 and 1. Taking the n-fold tensor product of this expression, we get:

1 1 1

H® = =% (-1)"a)(y|®@ —= > (-1)"Y[a) (gl ®...® —= > (-1)"¥|z){y]
V2 £~ V2 4= V2 4=
1
=—= ) 1)*Vx){yl

Where x,y are length n-binary strings. This proves the claim.
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Now explicitly writing H®?2, we have:

\ﬁz 1DEY) x)y|
1 1 1 1
Ll -1 -
- 1 1 -1 -1
1 -1 -1 1

Note that here, x,y are binary length 2 strings. The sum goes through all pairwise combinations of
x,y € {00,01,10,11}. O
Remark: Sylvester's Construction gives an interesting recursive construction of Hadamard matrices.
See https://en.wikipedia.org/wiki/Hadamard_matrix. Discussion on interesting (related) open
problem concerning the maximal determinant of matrices consisting of entries of 1 and —1 can be found
here https://en.wikipedia.org/wiki/Hadamard/27s_maximal_determinant_problem.

Exercise 2.34

Find the square root and logarithm of the matrix
4 3
3 4

Concepts Involved: Spectral Decomposition, Operator Functions

Solution

We begin by diagonalizing the matrix (which we call A) as to be able to apply the definition of oper-
ator functions. By inspection, A is Hermitian as it is equal to its conjugate transpose, so the spectral
decomposition exists. Solving for the eigenvalues, we consider the characterstic equation:

4—- ) 3

det(A—)\I):O:>det[ 3 4

]:0 — (4-X2)2-9=0 = XN —8\+7=0

Using the quadratic equation, we get Ay = 1, A\; = 7. Using this to find the eigenvectors of the matrix,
we have:

4—1 3 V11
[ 3 4 11 L’lj = 11 » V12

1

V:
21 =0 = U21:17’022:1
V22



https://en.wikipedia.org/wiki/Hadamard_matrix
https://en.wikipedia.org/wiki/Hadamard%27s_maximal_determinant_problem

Hence our normalized eigenvectors are:

mwwﬁy|w=[
NG

Therefore the spectral composition of the matrix is given by:

|

S-S

A = 1]vi)v1| + 7 vz )02
Calculating the square root of A, we then have:

1+vV7 —1+7
—14+V7 147

1

mzﬁmmuﬁmmwr !

-1 1

2

111
1 1| 2

Calculating the logarithm of A, we have:

MMFbmwmm+mmmwa%”E1]

Exercise 2.35: Exponential of Pauli matrices

H [j

(%) Let v be any real, three-dimensional unit vector and 6 a real number. Prove that
exp(ifv - o) = cos(0)] +isin(f)v - o
Where v - o = Z?Zl v;0;. This exercise is generalized in Problem 2.1 on page 117.

Concepts Involved: Spectral Decomposition, Operator Functions, Pauki Operators
Recall that 01 = X, 00, =Y, and 03 = Z.

1 0|
0 —-1|

In order to compute the complex exponential of this matrix, we will want to find its spectral decomposition.

First, we compute v - o in matrix form:

0 1
1 0

0 —i

+02 0

+’U3

V3 v — i’Ug
v + U9 —U3

V'G=U101+U202+U303:U1[




Using the characterstic equation to find the eigenvalues, we have:

det(v-o —IX) =0 = det ,
v +ivy  —v3 — A

1)37)\ UliUQ]ZO

— (’1}3 = )\)(—’Ug = )\) = (’1}1 = ivg)(vl + ivg) =
= A2 -2 — 0 —v2 =A% — (V¥ 4+ 02 +02)
= A -1=0

— M =1 =-1

0
0

where in the second-to-last implication we use the fact that v is a unit vector. Letting |v1),|v2) be the
associated eigenvectors, v - o has spectral decomposition:

V.o = |vi)vi| = |vz)v2
Applying the complex exponentiation operator, we then have:
exp(i0v - o) = exp(i0) |v1 Xv1| + exp(—i6) |vaXva] .
Using Euler's formula, we then have:

exp(i0v - o) = (cos + isin0) |vy Xv1| + (cos O — isin 6) |vg }(va]
= cos() (v )v1] + |va)(val) + isin(8) (Jor)vi] — [v2)v2l)
= cos(f)] +isin(d)v - o.

Where in the last line we use the completeness relation and the spectral decomposition. O

Exercise 2.36

Show that the Pauli matrices except for I have trace zero.

Concepts Involved: Trace, Pauli Operators

We have:
tr(X)—tr:? (1) =0+0=0
tr(Y) = tr ? _é]=0+0:0
tr(Z):tr:(l) _(1)]:1—120




Exercise 2.37: Cyclic property of the trace

If A and B are two linear operators show that

tr(AB) = tr(BA)

Solution

Concepts Involved: Trace

Let A, B be linear operators. Then, C' = AB has matrix representation with entries C;; = >, A;x B,
and D = BA has matrix representation with entries D;; = ", B;;Ay;. We then have:

tr(AB) =tr(C) = Cii=> > AuBri =Y Y Bridir=» Dy =tr(D) = tr(BA)
3 % k % k

k

Exercise 2.38: Linearity of the trace

If A and B are two linear operators, show that
tr(A + B) = tr(A) + tr(B)
and if z is an arbitrary complex number show that

tr(zA) = ztr(A).

Solution

Concepts Involved: Trace

From the definition of trace, we have:

tI‘(A + B) = Z(A + B)ii = ZA” + B;; = ZA” + ZB” = tI‘(A) ate tI‘(B)

%

tr(zA) = ) (24)i =z Z Ay = ztr(A)

K3
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Exercise 2.39: The Hilbert-Schmidt inner product on operators

(%) The set Ly of linear operators on Hilbert space V' is obviously a vector space - the sum of two linear
operators is a linear operator, zA is a linear operator if A is a linear operator and z is a complex number,
and there is a zero element 0. An important additional result is that the vector space Ly can be given a
natural inner product structure, turning it into a Hilbert space.

(1) Show that the function (-,-) on Ly x Ly defined by
(A,B) = tr (ATB)

is an inner product function. This inner product is known as the Hilbert-Schmidt or trace inner
product.

(2) If V has d dimensions show that Ly has dimension d?.

(3) Find an orthonormal basis of Hermitian matrices for the Hilbert space Ly .

Concepts Involved: Trace, Inner Products, Hermitian Operators, Bases

(1) We show that (-, -) satisfies the three properties of an inner product. Showing that it is linear in the
second argument, we have:

A, Z )\le =1tr AZ )\sz = Z )\i tI‘(ABZ) = Z )\i(A, Bz)

where in the second to last equality we use the result of Exercise 2.38] To see that it is conjugate-
symmetric, we have:

(4,B) = (A1B) = tr((BTA)T) = tr(B*A)* — (B, A)*

Finally, to show positive definitness, we have:
(A, A) = tr(ATA) =Y A A =33 A =33 ALl =0
ik ik ik

so we conclude that (-, ) is an inner product function.

(2) Suppose V has d dimensions. Then, the elements of Ly, which consist of linear operators A : V = V'
have representations as d x d matrices. There are d? such linearly independent matrices (take the
matrices with 1 in one of the d? entries and 0 elsewhere), and we conclude that Ly has d? linearly
independent vectors and hence dimension d?.

(3) As discussed in the previous part of the question, one possible basis for this vector space would
be |v;)(v;| where |v;) form an orthonormal basis of V' with i,j € {1,...d}. These of course are
just matrices with 1 in one entry and O elsewhere. It is easy to see that this is a basis as for any
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A € Ly we can write A = 3 .. Ajj [v;}{vj|. We can verify that these are orthonormal; suppose
‘Uil ><Uj1| 7& |Ui2><vj2" Then, we have:

(los X [ Xesal) = e (Cos o DT v Xesal)
= tr(lvj1><vi1 |vi2><vj2 |)

If |vs,) # |vs,), then the above expression reduces to tr(0) = 0. If |v;,) = |vs,), then it follows that
|vj,) # |vj,) (else this would contradict |v;, Xvj, | # |vi, {vj,]) and in this case we have:

( ‘Uil ><vj1| ) ‘Uiz ><vj2 |) = tI‘(|’U.7’1><Ui1 |vi2><1}j2 |)
= tr(|vj1><vj2|)
—0

So we therefore have the inner product of two non-identical elements in the basis is zero. Further-
more, we have:

( \Ui1><vj1| ) \”ilxvh |) = tI‘( |’Ui1><7}j1| ‘”ilxvjl |) = tr(|vi1><vi1 |) =1

so we confirm that this basis is orthonormal. However, evidently this basis is not Hermitian as if
i # 7, then (|v;Xv;|)T = |v;Xvi| # |vi)v;|. To fix this, we can modify our basis slightly. We keep
the diagonal entries as is (as these are indeed Hermitian!) but for the off-diagonals, we replace every
pair of basis vectors |v;)(v;|, |v;)vs| (for i > j) with:

[oavi| + Jvivil - Jvidvg] = [0 Xvil
V2 ’ V2 '
A quick verification shows that these are indeed Hermitian:
(Ivz‘><vj| + vj><vi|>T _ (losXui DT+ (logXuaDT _ JwiXvs] + v )Xol
V2 V2 V2
(i |vi)(v;] — Uj)(”i|>T _ Uit = (oske)™ _ - Joaos| — Jv )il
V2 V2 V2

It now suffices to show that these new vectors (plus the diagonals) form a basis and are orthonormal.
To see that these form a basis, observe that:

L Joi)u| + Jvi)os| i <Z |viXvs| — |Uj><vi|) — oo
V2 V2 V2 V2 A
L Joi)vil + Jog)usl | @, Toakusl = Jwiusl\ v
T e () = e

and since we know that |v;)(v;| for all ¢, j € {1,...d} form a basis, this newly defined set of vectors
must be a basis as well. Furthermore, since the new basis vectors are constructed from orthogonal
|vi)Xv;], the newly defined vectors will be orthogonal to each other if iy, j1 # i2,j2. The only things

31




left to check is that for any choice of i, j that:

[oavil + lvi)ua| o Toidui| = Jui)vs|

V2 V2

are orthogonal, and that these vectors are normalized. Checking the orthogonality, we have:

(el e ol o) _ tr( (Ll o (e |vj><w|>>

V2 V2 V2 V2
7
= §tr( v )vj] = |vi)wvil)
=0.
And checking the normalization, we have:

(Ivinj + |viXoi| vi)v;| + Ivj><vi|> :tr<< |vi)v;| + Ivj><vi|> (Ivi><vj| + Ivj><vi|)>

V2 ’ V2 V2 V2

tr( [vi)os| + |vj)v;])

(l. |vi><vj|k|vj><vz-|vi |vz-><vj|\—@|vj><w|> _ t(( vi><vj|¢—§|vj><w|> ( |vz-><vj|¢—§|vj><w|>>

1
=3 tr(— |vsXvi| — |v;)v;])
=1

Exercise 2.40: Commutation relations for the Pauli matrices

Verify the commutation relations
(X, Y]=2izZ, [Y,Z]=2iX; [Z,X]|=2iY

There is an elegant way of writing this using €, the antisymmetric tensor on three indices, for which

€ikl = 0 except for €123 = €931 — €312 = 1, and €321 — €213 — €132 = —1:
3
[O'j,O'k] =2 E €ik101
=1

Concepts Involved: Commutators, Pauli Operators
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We verify the proposed relations via computation in the computational basis:

e R R
i | R R e | 1 A B AR R
A | 1 R K B e

[Y,Z]=YZ-2Y =

Exercise 2.41: Anti-commutation relations for the Pauli matrices

Verify the anticommutation relations
{O’i, O'j} =0
Where i # j are both chosen from the set 1,2, 3. Also verify that (i = 0,1,2,3)

2 _
o; =1

Concepts Involved: Linear Algebra, Anticommutators, Pauli Operators

We again verify the proposed relations via computation in the computational basis:
0 1[0 —i 0 —i| |0 1 i 0 —i 0 0
{X’Y}_XYJFYX_L 0] L O]JFL' 0] [1 0}‘[0 —i]Jrlo z’]_[o 0]
0 —if (1 0 " 1 0/|0 —i| |0 4 " 0 —i| |0 O
i 0] [0 -1 0 —1||i of |i 0 —i 0| |0 0
1 0]]0 1 o 0 1)1 o |0 1 o 0 -1 |0 0
10 10 -1 0 1 0| |0 ol

0 -1 0 -1
This proves the first claim as {A, B} = AB + BA = BA+ AB = {B, A} and the other 3 relations are

o

(Y,Z}=YZ+2ZY =

(Z,X}=ZX+XZ =
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equivalent to the ones already proven. Verifying the second claim, we have:
2 1 o] 1 0] _ [1 0]
_0 1 _0 1 0 1
e=2 [ d =]
e L
A= b -6

Remark: Note that we can write this result consicely as {o;,0;} = 2§;;1

Exercise 2.42

Verify that

a5 = I+ {45}

Solution

Concepts Involved: Commutators, Anticommutators

By algebraic manipulation we obtain:

_ AB+AB A BA—BA (AB-BA)+ (AB+BA) _[A,B]+{A,B}

AB

Exercise 2.43

O
+
O
O
O
O

Show that for j, k = 1,2, 3,

3
00 = 5jk1+i E €jklO]-
=1

Solution

Concepts Involved: Commutators, Anticommutators, Pauli Operators
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Applying the results of Exercises [2.40] [2.41} and [2.42] we have:

[Uj7 Uk} + {Uj’ Uk}
2
_ 200 €m0 + 2051
2
3

= (5ijl +1 Z €5k10]
=1

00k =

H [j

Exercise 2.44
Suppose [4, B] =0,{A, B} =0, and A is invertible. Show that B must be 0.

Solution

Concepts Involved: Commutators, Anticommutators

By assumption, we have:

[A,B]= AB—BA=0
{A,B} = AB+ BA=0.

Adding the first line to the second we have:
2AB=0 — AB=0.
A~ exists by the invertibility of A, so multiplying by A~! on the left we have:

A'"AB=A"'0 = IB=0 =— B=0.

H [j

Exercise 2.45

Show that [A, B]T = [Bf, AT].

Solution

Concepts Involved: Commutators, Adjoints

Using the properties of the adjoint, we have:

[A,B])f = (AB — BA)' = (4B)" — (BA)" = Bf AT — AtB' = [Bt, Al]

,
\
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Exercise 2.46

Show that [A4, B] = —[B, 4].

Solution

Concepts Involved: Commutators

By the definition of the commutator:

[A,B] = AB— BA= —(BA— AB) = —[B, A]

r
\

Exercise 2.47

Suppose A and B are Hermitian. Show that i[A4, B] is Hermitian.

Solution

Concepts Involved: Commutators, Hermitian Operators

Suppose A, B are Hermitian. Using the results of Exercises [2.45] and we have:

(i[A, B])" = —i([A, B))" = —i[BT, A'] = i[AT, BY] = i[A, B].

,
\

Exercise 2.48

What is the polar decomposition of a positive matrix P? Of a unitary matrix U? Of a Hermitian matrix,

|

Solution

Concepts Involved: Polar Decomposition, Positive Operators, Unitary Operators, Hermitian Operators

If P is a positive matrix, then no calculation is required; P = [P = PI is the polar decomposition (as I is
unitary and P is positive). If U is a unitary matrix, then J = VUTU = VI =Tand K = VUUT =T =1
so the polar decomposition is U = UI = IU (where U is unitary and I is positive). If H is hermitian, we
then have:

J=VHH=VH? = ZA? |i)i| = Z |Aal |)il

and K = VHHT =3~ |\;| |i)(i] in the same way. Hence the polar decompositionis H = U Y, || |i)i| =
2 Il [l U ]
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Exercise 2.49

Express the polar decomposition of a normal matrix in the outer product representation.

Solution

Concepts Involved: Polar Decomposition, Outer Products

Let A be a normal matrix. Then, A has spectral decomposition A =Y. A; |i)(i|. Therefore, we have:

ATA = AAY =3NNS Ll [X | =0 T AN (i | Sie = D [Nl i)l

K2 7

T=VATA= [STInPliN = 3 Il i

and K = ), |\i||i)i| identically. Furthermore, U is unitary, so it also has a spectral decomposition of
> 15 |7)j|- Hence we have the polar decomposition in the outer product representation as:

We then have:

A=UJ=KU

A= UZ | Aal il Z = Z |Aal fail ZU
A= ZZMWIIJ’)(J’IZ’WI = ZZ |Ailia 1) (il ) (41

,
\

Exercise 2.50

Find the left and right polar decompositions of the matrix

;1

Solution

Concepts Involved: Polar Decomposition
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this, we find the spectral decompositions of ATA and AAT.

1 0 A0 2— A 1
1 1]— 1 —O:detl )\]—0

11
T — =
det(ATA=I2) =0 — det [0 1] 0 o

— A -3)4+1=0

3+v5h 3—v5
= )\1 =] 77)\2 —
2 2
Solving for the eigenvectors, we have:
92— 3+V5 1 1+ \/5
2 _ _
l 11— o =0 = o) ="y
% — Bl 1 1-+/5
2 _ _
l 1 1— 32ﬁ] |’02> =0 = |U2> - l )
Normalizing, we get:
\v1>=; 1+v5 |Uz>:; 1-+5
10+2v6| 2 | 10-2V5| 2

The spectral decomposition of AfA is therefore:
ATA = Al |U1><Ul| + )\2 |’U2><’U2|

Calculating J, we therefore have:

J = VATA = /3 Jor)or] + v/ s oz)vs] = % li’ ﬂ

The last equality is not completely trivial, but the algebra is tedious so we invite the reader to use a
symbolic calculator, as we have. We make the observation that:

A=UJ = U=AJ!

So calculating J~!, we have:

L1 1 1 [2 -1
J= Non v Xv1] + T lva)vz| = 7 [_1 3

Where we again have used the help of a symbolic calculator. Calculating U, we then have:

o ftol 12 -1 1 [2 —1]
U:A‘lell 1]\/5[—1 3]:\/5[1 2
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Hence the left polar decomposition of A is given by:

1 12 -1 1 13 1
A=UJ=|—= —
A G
We next solve for the right polar decomposition. We could repeat the procedure of solving for the spectral
decomposition of AAT, but we take a shortcut: since we know the K that satisfies:

A=KU

will be unique, and U is unitary, we can simply multiply both sides of the above equation on the right by

U~ = UT to obtain K. Hence:
1ol 12 1] 121
1 1|5 l-1 2| T 3|

Therefore the right polar decomposition of A is given by:

1 [2 1 12 -1
A=EKU= \/5l1 3] \/5[1 21

K =AU =

Exercise 2.51

Verify that the Hadamard gate H is unitary.

Concepts Involved: Unitary Operators

Remark: The above calculation shows that H is also Hermitian.

Exercise 2.52

Verify that H? = 1.




Solution

Concepts Involved: Unitary Operators

See the calculation and remark in the previous exercise. O

Exercise 2.53

What are the eigenvalues and eigenvectors of H?

Solution

Concepts Involved: Eigenvalues, Eigenvectors

Using the characteristic equation to find the eigenvalues, we have:

1y 1
det(H—IA)zOzdet[‘/il 2 1:0:>/\2—1:
vz V2

Finding the eigenvectors, we then have:

D 1 L il A
[ﬁL _f_ | [v1) =0 = |v1) = L\/E
V2 V2 V2

1 1 1
- +1 == -1+ =
V2 2 1|2} =0 = |v2) = V2
o TwvET s
Normalizing, we have:
1 1
o) = ——— ' | oy = ——— | T T
N R 1
+V2 | ¥ -V2|

O
Exercise 2.54

Suppose A and B are commuting Hermitian operators. Prove that exp(A) exp(B) = exp(A + B). (Hint:
Use the results of Section 2.1.9.)

Solution

Concepts Involved: Operator Functions, Simultaneous Diagonalization

Since A, B commute, they can be simulatneously diagonalized; that is, there exists some orthonormal
basis [i) of V' such that A = ) . a;[i)i| and B = ", b; |i)(i|. Hence, using the definition of operator
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functions, we have:

exp(A) exp(B) = exp Zai )il | exp sz i)
= Z Z exp(a;) exp(by)[d) (ili") (i'|
=D > explas) exp(bir) i) ({6

i i

= Z exp(a;) exp(b;) |i)i
= Z exp(a; + b;) |i)i

= exp Z(ai + i) [iXi

K2

=exp(4 + B)

H [j

Exercise 2.55

Prove that U(t1,t2) defined in Equation (2.91) is unitary.

Concepts Involved: Unitary Operators, Spectral Decomposition, Operator Functions

Since the Hamiltonian H is Hermitian, it is normal and hence has spectral decomposition:
H=>) E|EXE|
E

where all E are real by the Hermicity of H, and |E) is an orthonormal basis of the Hilbert space. We
then have:

‘H“h‘”] ~exp {—iZEE|Ef>i<E| (t2 —t1>]

. ;xp<E“h”) |EXE]

U(t1,t2) = exp {




Hence calculating UT(¢1,t2) we have:

f(tr,t2) = Zexp( =BG pys T: ) <p(‘E(th‘”)> (1BXE))'
= S ) ot
Therefore computing U (t1,t2)U (t2,1) we have:
Uit )0 (ot) = | S =1 oy | | e ) e
D I e “))aEE/ BXE

E FE’

_ ;Xp<—E<th—f>) exp( 22210 1y
-3 12

=17

where in the second equality we use the fact that the eigenstates are orthogonal. We conclude that U is
unitary. O

Exercise 2.56

Use the spectral decomposition to show that K = —ilog(U) is Hermitian for any unitary U, and thus
U = exp(iK) for some Hermitian K.

Concepts Involved: Hermitian Operators, Unitary Operators, Spectral Decomposition, Operator Func-
tions

Suppose U is unitary. Then, U is normal and hence has spectral decomposition:
U=2 Xli)i
J

where |j) are eigenvectors of U with eigenvalues \;, and |j) forms an orthonormal basis of the Hilbert
space. By Exercise 2.18] all eigenvalues of unitary operators have eigenvalues of modulus 1, so we can let
Aj = exp(if;) where §; € R and hence write the above as:

U= Zexp(iej) |7)]




We then have:
= —ilog(U) = —ilog [ D" exp(i6) i)}l | = > —ilog(exp(i8;)) )il = > ~i(i8;) i)
J J J
=D 0l
J

We then observe that:
T

D011 =D 01X

as the 0;s are real and (|5)(j|)T = [j)}j|. Hence K is Hermitian. Then, multiplying both sides in
K = —ilog(U) by i and exponentiating both sides, we obtain the desired relation. O

Exercise 2.57: Cascaded measurements are single measurements

Suppose {L;} and {M,,} are two sets of measurement operators. Show that a measurement defined
by the measurement operators {L;} followed by a measurement defined by the measurement operators
{M,,} is physically equivalent to a single measurement defined by measurement operators {N,,,} with
the representation Ny, = M., L;.

Concepts Involved: Quantum Measurement

Suppose we have (normalized) initial quantum state [¢)g). Then, the state after measurement of L; is
given by definition to be:

Li|bo)

[Y0) = Y1) = ————=.
(0| L} Ly o)

The state after measurement of M,, on |¢1) is then given to be:

M,, Li|tho)
M |2b1) B (%ol L] L o)

: -
\/<¢1\MmMm|¢1> L} (ol MM Li|to)
v (Wol L Li|¢o) v/ (ol L Li|¢o)

1) = [th2) =

_ My Lijto) (ol L] Liltbo)
\/<¢0‘LILZ|¢O> \/<¢0|L;MLMmLIW0>
Mle|1llo>

 Wol L M. Mo L 0)




Conversely, the state of |¢)o) after measurement of N, = M,,, L; is given by:

Mle ¢
|tho) — [3) = - T| i .
\/<1/)0‘L1MmMle|1/’0>
We see that [i9) = [t)3) (that is, the cascaded measurment produces the same result as the single
measurement), proving the claim. O

Exercise 2.58

Suppose we prepare a quantum system in an eigenstate |¢)) of some observable M with corresponding
eigenvalue m. What is the average observed value of M, and the standard deviation?

Solution

Concepts Involved: Quantum Measurement, Expectation, Standard Deviation

By the definition of expectation, we have:

(M)yy = (VIM[p) = (bIml¢p) = m(P|y) = m

Where in the second equality we use that |¢)) is an eigenstate of M with eigenvalue m, and in the last

equality we use that [¢)) is a normalized quantum state. Next, calculating <M2>|w>, we have:

(M) = WM = (IMMI) = GIMIME) = (wlmeml) = (olm?h) = m?(W]) = m?.

Note that we have used the fact that M is Hermitian (it is an observable) to use that MT = M and
* = m as all eigenvalues of Hermitian operators are real. Now calculating the standard deviation, we
have:

m

A(M) =/ {M?) = (M)* = \/m? — (m)? = 0

Exercise 2.59

H [j

Suppose we have qubit in the state |0), and we measure the observable X. What is the average value of
X7 What is the standard deviation of X7

Solution

Concepts Involved: Quantum Measurement, Projective Measurement, Expectation, Standard Deviation,
Pauli Operators

By the definition of expectation, we have:

(X)yg) = (01X]0) = (0]1) =0
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Next calculating <X2>|0>, we have:
<X2>m> = (01X X]0) = (1]1) = 1
Hence the standard deviation of X is given by:

A(X) =/(X2)—(X)’=vI-0=1

Exercise 2.60

Show that v - o has eigenvalues 1, and that the projectors into the corresponding eigenspaces are given
by PL=(Ixv-0)/2.

Concepts Involved: Eigenvalues, Projectors, Pauli Operators

Let |v) be a unit vector. We already showed in Exercise that v- o has eigenvalues Ay =1, A_ = —1.
We next prove a general statement; namely, that for a observable on a 2-dimensional Hilbert space with
eigenvalues AL = +1 has projectors

I+0
Py = —5
To see this is the case, let Py = |op)Xoy|, P— = |o_Yo_|, I = |ox)Xoy| + |o—Xo—]|, and O =
lo4Xo4| — Jo—)Yo—|. We then have:
I+0 o4 X0+ | — Jo—Xo—
5 _ ‘ +>< +| 5 | >< | — |O+><O+| :P+
120 _ Jo_Yo_| + Jo_Yo_| — losXos| + lo_Yo-|
= = — =|| = P,
. . o Yo-|

Hence the general statement is proven. Applying this to O = v - o (which is indeed Hermitian and hence
an observable as each of X,Y, Z are Hermitian), we get that:

Pi:[:l:;/'lf

as claimed. O

Exercise 2.61

Calculate the probability of obtaining the result +1 for a measurement of v - o, given that the state prior
to measurement is |0). What is the state of the system after measurement if +1 is obtained?




Concepts Involved: Quantum Measurement, Projective Measurement, Pauli Operators

We recall from from Exercise [2.35] that:

V3 v — ’L"Ug

V.o = .
V1 + 102 —v3

] = 03 |0X0] + (v1 — iv2) [OX1| + (v1 4 év2) [1X0] — v [1X1].
Hence computing p(+), we get:

() = (01 (3100 + 3 (5100 + (1 +iv)1)

1+ wvs V1 + vy
— o (520 + 22 )

n V1 + V9

_1—|—U3
— Lty

1+ v3

o) = =

so the probability of measuring the +1 outcome is i;’i The state after the measurement of the +1
outcome is given by:

Pij0) _ BERj0)+ g2 1 ((1+ v3)|0) + (v1 + iv2)[1))

Vel /e 2(1+ v3)

10)

Exercise 2.62

H D

Show that any measurement where the measurement operators and the POVM elements coincide is a
projective measurement.

Concepts Involved: Quantum Measurement, Projective Measurement, POVM Measurement

Suppose we have the measurement operators M,,, are equal to the POVM elements E,,. In this case, we
have:

M,, = E,, = M} M,,

M} M,, is positive by Exercise [2.25] so it follows that M,, is positive and hence Hermitian by Exercise
Hence, M, = M,,, and therefore:

M,, = M} M,, = M2,




From which we conclude that M, are projective measurement operators. O]

Exercise 2.63

| r

Suppose a measurement is described by measurement operators M,,. Show that there exist unitary
operators U,, such that M,, = U,,v E,,, where E,, is the POVM associated to the measurement.

Solution

Concepts Involved: Quantum Measurement, POVM Measurement, Polar Decomposition

Since M,, is a linear operator, by the left polar decomposition there exists unitary U such that:

My, = U\ M}, M, = U\/Epy,

where in the last equality we use that M M,, = E,,. O

Exercise 2.64

(%) Suppose Bob is given a quantum state chosen from a set |¢1),..., |[ty,) of linearly independent
states. Construct a POVM {E4, Es, ..., Ep,+1} such that if outcome E; occurs, 1 < i < m, then Bob
knows with certainty that he was given the state [¢;). (The POVM must be such that (u;|E;[w;) > 0
for each i.)

Solution

Concepts Involved: POVM Measurement, Orthogonality

Let H be the Hilbert space where the given states lie, and let V' be the m-dimensional subspace spanned
by [1), ..., |tm). Foreach i€ {1,...,m}, let W; be the subspace of V spanned by {|wj) 1j# z} Let
Wi be the orthogonal complement of W; which consists of all states in H orthogonal to all states in W.
We then have any vector in V' can be written as the sum of a vector in W; and Wil NV (see for example
Theorem 6.47 in Axler's Linear Algebra Done Right). Therefore, for any |1;) we can write:

|[9:) = |wi) + [ps)

Where |w;) € W; and |p;) € W - NV. Define E; = [piXesl By construction, we have for any [) € H:

m

2
wiEd) = WL 5

so the E;s are positive are required. Furthermore, defining E; 11 = I — > ", E; we again see that for any
[v) € H:

(W|Eir|0) = W) = Y WlEv) =1 (|Elyp) =1— W 21-3 % =0
i=1

i=1 =il =il

so E;41 is also positive as required. Finally, to see that the E,... E,, have the desired properties, observe
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by construction that since |p;) € W;- NV, it follows that (¢;|p;) = 0 for any j # i (as the |p;) will be
orthogonal to all the vectors in {|1;) : j # i} by construction). Calculating (1;|E;|1;), we observe that:

2
|pi )Pl | (pilps) | 1
i | B i) = ((w; 5 i i) =—"—=—2>0
(Wil Bulgid = (Gor] + (oil) P2 () + [piy) = FEPL =
so if Bob measures E;, he can be certain that he was given the state |¢;). O

Remark: Our construction is not optimal (in the sense of minimizing p,,+1 = (Y| Fit1 [¢)). We thank
Thibaud Ardant for discussions about optimality of POVMs, and in particular for pointing out that a more
optimal POVM can be chosen by taking the denominators of F; to be «; instead of m (i.e. E; = M),

o
with o; = maxy >ir; [(pil@)|”. More generally, one wants to minimize a; subject to the positivity

constraint 1", L (pz-|<p>{2 < 1, which is a problem which cannot be generally determined without

additional data.

Exercise 2.65

Express the states (|0) + |1))/v/2 and (|0) — |1))/v/2 is a basis in which they are not the same up to a
relative phase shift.

Solution

Concepts Involved: Linear Algebra, Phase

Let us define our basis to be |[+) := (|0) + [1))/v/2 and |=) := (|0) — |1))/+/2. Our two states are then
just the basis vectors of this basis (|+),|—)) and are not the same up to relative phase shift. O

Exercise 2.66

Show that the average value of the observable X;Zs for a two qubit system measured in the state

(]00) + |11))/v/2 is zero.

Solution

Concepts Involved: Quantum Measurement, Expectation, Composite Systems, Pauli Operators
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Computing the expectation value of X775, we get:

(X1 Z2) = <<OO|+<H|) X7, <OO>+|11>)

V2 V2
< (00| + 11|> <X1Z200 +X12211>>
1
3
1
Z(0+0+0+0)

V2
5 (

00|\2 11|> <|10 101) >
(0

0/10) — (00[01) + (11]10) — (11|01))

Exercise 2.67

I
=
U

Suppose V is a Hilbert space with a subspace W. Suppose U : W +— V is a linear operator which
preserves inner products, that is, for any |w;) and |ws) in W,

(w1|UTU |wa) = (wy |ws)

Prove that there exists a unitary operator U’ : V +— V which extends U. That is, U’ |w) = U |w) for all
|w) in W, but U’ is defined on the entire space V. Usually we omit the prime symbol  and just write U
to denote the extension.

Concepts Involved: Inner Products, Unitary Operators

Let us decompose V' = WU(V L W), and suppose dim(V) = d and dim(W) = n < d. Let {|w;)},_, be
an orthonormal basis of W and let {|wi>}j:n+1 be an orthonormal basis of V' L W such that {\wl)}j:

forms an orthonormal basis over the whole space. Then, let us define the unitary extension U’ to be:

d n d
UI:UJFIVLW:ZZUM |9)] + Z )il

i=1 j=1 i=n+1

1

evidently U’ is an operator defined on the entire space V. Let us check that it has the desired properties.
Suppose |w) € W. Then, |w) = Y 7_, wy |wy), so

U'lw) =U |w) + Iy 1w |w) = U |w)
0




Then, let us check that U’ is unitary. Take any |v) € V, then we can write:

n d
= oklve) + D velok) = w) + o L w)
k=1 k=n-+1

Then, let us compute:

| @O |v) = ((w| + (v L w)UT + Iviw)(U + Iviw)(jw) + v L w))
= (U + (v L w|)(U [w) + (v L w|)

= (w|UTU |w) + (v L wjv L w)

= (wjw) + (v L wjv L w)

=

vfv) .

thus, U’ is a unitary on V. O

Remark: We thank Thibaud Ardant for pointing out an error in the first version of this solution.

Exercise 2.68

| r
\

Prove that |¢) # |a)|b) for all single qubit states |a) and |b).

Solution

Concepts Involved: Composite Systems, Entanglement

Recall that:

_|00) +[11)
V2

Suppose for the take of contradiction that |i)) = |a)|b) for some single qubit states |a) and |b). Then,
we have |a) = a|0) + 8|1) and |b) = 7|0) + &]1) for some a, 3,7,8 € C such that |a|* + ]8> = 1 and
Iy + 6] = 1. We then have:

|a}[b) = (a]0) + B]1))(7]0) + 4]1)) = a|00) + ad|01) + B]10) + B6[11).

Where we have used the linearity of the tensor product (though we supress the ® symbols in the above
expression). We then have:

00) 4 |11
by = 100) + 11) _ a]00) + ad|01) + B|10) 4 B5|11)
V2
which forces ad = 0 and 8y = 0. However, we then have at least one of a-y or 34 is also zero, and we
thus reach a contradiction. O

Exercise 2.69

Verify that the Bell basis forms an orthonormal basis for the two qubit state space.




Concepts Involved: Orthogonality, Bases, Composite Systems
Recall that the bell basis is given by:

|00) + |11)

00) —[11)
\/5 - =

| Boo) = 7

| Bo1)

We first verify orthonormality. We observe that:

{Boo|Boo) = <<OO| i <11|) <|00> i |11>) = % ((00]00) + (00[11) + (11|00) + (11[11)) =1
(Boo|Bo1) = ( (00 i 11') <|00 ﬁlll ) :% ((00]00) — (00[11) + (11|00) — (11]11)) =0
(Boo|Bio) = < 00'\}% 11') <|01 \210 > =% ({00]01) -+ (00]10) + (11]01) + (11[10)) = 0
(Boo|Bu1) = ( 00'\% 11') <|01 \/510 ) :% ({00]01) — (00[10) + (11]01) — (11]10)) =0
(Bo1|Bot) = ( OO|¢§ ”') <|00 = ) :% ((00]00) — (00[11) — (11]00) + (11[11)) = 1
(Bo1|Bio) = ( 00\/5 11') <|01 j§|10 ) :% ((00]01) + (00[10) — (11|01) — (11]10)) =0
(Bot|Bu1) = ( 00|ﬁ11|> <|01 ﬂlo > :% ((00/01) — (00[10) — (11]01) + (11]10)) = 0
(Bio|Bro) = ( 01'\“/} 10') <|01 :/Li'lo ) :% ({01]01) + (01]10) + (10]01) + (10[10)) =

(Buo|Bi1) = ( 01';% 10') ('01 \/5“0 ) :% ((01/01) — (01]10) + (1001) — (10[10)) = 0
(B11|By1) = ( o 10') ('01 10 > %(<01|01> (01]10) — (10[01) + (10]10)) =

so orthonormality is verified. We know show that it is a basis. Recall that we can write any vector |¢)) in
the 2 qubit state space as:

[) = @|00) 4+ 5|01) + v|10) 4 6]11)

where a, 8,7,8 € C and |a|® 4 |8]* 4 |y + |6]> = 1. We then observe that this is equivalent to:

(53 (25 () o+ ()
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<a+5> 100) + [11) a—5> 100) — [11) 5+7> o) +10) (5—7> 101) — |10)

V2 V2 < 2 V2 V2 V2 V2 V2
a o O 0 a o O 0
=(5+5+3-3) o+ (5-5+5+3)m
B, B .7 v B B .7,
+(2+2+2—2)I01>+(2—2+2+2)'10>

= a|00) + B]01) + |10) + §|11) = |¢))

Hence (%) shows that the Bell states form a basis. O

Exercise 2.70

(%) Suppose E is any positive operator acting on Alice's qubit Show that (|E ® I|¢)) takes the same
value when |[¢) is any of the four Bell states. Suppose some malevolent third party (‘Eve’) intercepts
Alice’s qubit on the way to Bob in the superdense coding protocol. Can Eve infer anything about which
of the four possible bit strings 00,01, 10, 11 Alice is trying to send? If so, how, or if not, why not?

Concepts Involved: Superdense Coding, Quantum Measurement, Composite Systems

Let F be a positive operator. We have E for a single qubit can be written as a linear combination of the
Pauli matrices:

E = a1[+a2X+a3Y—|—a4Z

To see that this is the case, consider that the vector space of linear operators acting on a single qubit
has dimension 4 (one easy way to see this is that the matrix representations of these operators have 4
entries). Hence, any set of 4 linearly independent linear operators form a basis for the space. As I, X, Y, Z
are linearly independent, it follows that they form a basis of the space of linear operators on one qubit.
Hence any E can be written as above (Remark: the above decomposition into Paulis is possible regardess
of whether E is positive or not).

We then have:

(Bool E ® I|Boo) = (<00|}2<11|> Bol <00>}2|11>)

= (<00|+\/§<11|) (a1l + as X + a3Y +aq2) ®I(
/(00 + (11] 00) + |11) |10) + |01)  §]10) — §01) 00) — |11)
( NG) )( N R Y S Y, R Y )

1
=§(a1+a1+a4—a4)

|00) + |11>>
V2

:a’l

where in the second last equality we use the orthonormality of {|00), [01), [10),[11) }. Repeating the same




process for the other Bell states, we have:
( 00| —
( 00|
1

:a’l

(11 00y — |11
(Bo1|E ® I|Boy) = |> a1[+a2X+a3Y+a4Z)®I(|>\/§|>)

11| |00) —|11) [10) — |01) i|10) 4 ¢|01) |00) + |11)
) ( ai ) + a2 72 + a3 72 + ay 73 )

(a1 + a1+ as — aq)

(01] + (10
(B1o|E ® I|Byo) = | |)

1 1
(] +aeX +asY +a2)®1 (|O>+|O>>

(%7 7

( 01|+ 10|) ( on+110) 1)+ 100y iftt) — ij00) +a401>\;§10>>
1

~ 7

vz vz T~

(a1 + a1 + aq — ay)

(Bo1|E ® I|By1)

( i 10') (I +aeX +a3Y +a4Z)®1 (|01>\;§|10>>
( (01] — 10|> ( o |01>\%|10> +a2|11> —100) T 1|11) -+ ¢]00) . |01) + 10))
1

V2 V2 VR
(a1 + a1 + as — aq)

:a,l

Now, suppose that Eve intercepts Alice’s qubit. Eve cannot infer anything about which of the four
possible bit strings that Alice is trying to send, as any single-qubit measurement that Eve can perform on
the intercepted qubit will return the value:

(Y| MTM ® I|p)

Where M is the (single-qubit) measurement operator. But, MM is positive, so by the above argument,
the measurement outcome will be the same regardless of which Bell state |¢) is. Hence, Eve cannot obtain
the information about the bit string. O

Exercise 2.71: Criterion to decide if a state is mixed or pure

Let p be a density operator. Show that tr(pz) < 1, with equality if and only if p is a pure state.

Concepts Involved: Trace, Density Operators, Pure States, Mixed States
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Recall that a density operator p is pure if:

p= [YXY

for some normalized quantum state vector |¢)).

Since p is a positive operator, by the spectral decomposition we have:
p= Zpi |2
i

where p; > 0 (due to positivity) and i) are orthonormal. Furthermore, by the property of density operators,
we have tr(p) = 1, hence:

tr(p) = tr Zpi |iXal | = Zpi tr( |iXil) = Zpi =1

where in the second equality we use the linearity of the trace. We obtain that 0 < p; < 1 for each 1.
Calculating p?, we have:

2= [ Sttt [ o 1) = 30 S piwe iyl = 30 Y puwe b e = Y02 i
Hence:
tr(pQ) = szz tr( |2><2|) = Zp? < Zpi =1

where in the inequality we use the fact that p? < p; as 0 < p; < 1. The inequality becomes an equality
when p? = p;, that is, when p; = 0 or p; = 1. In order for tr(p) = 1 to hold, we have p; = 1 for one i
and zero for all others. Hence, p in this case is a pure state. Conversely, suppose p is a pure state. Then:

tr(,ﬂ) = tr () ([v) () = tr([¥)y]) = 1.
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Exercise 2.72: Bloch sphere for mixed states

(%) The Bloch sphere picture for pure states of a single qubit was introduced in Section 1.2. This
description has an important generalization to mixed states as follows.

(1) Show that an arbitrary density matrix for a mixed state qubit may be written as

_I+r~0'

p 5 )

Where r is a real three-dimensional vector such that |r| < 1. This vector is known as the Bloch
vector for the state p.

(2) What is the Bloch vector representation for the state p = I/27?
(3) Show that a state p is pure if and only if |r|| = 1.

(4) Show that for pure states the description of the Bloch vector we have given coincides with that in
Section 1.2.

Concepts Involved: Trace, Density Operators, Pure States, Mixed States, Pauli Operators, Bloch Sphere

(1) Since {I, X,Y, Z} form an basis the vector space of single-qubit linear operators, we can write (for
any p, regardless of whether it is a density operator or not):

p=a1l +a X +asY +asZ

for constants a1, as, a3, as € C. Since p is a Hermitian operator, we find that each of these constants
are actually real, as:

ol +axX+asY +asZ =p=p =alI' +a3 X" +aiY" + a2 =all+a3X +a}Y +a}Z
Now, we require that tr(p) = 1 for any density operator, hence:
tr(p) = tr(a1l + ae X + asY + asZ) = ag tr(I) + ag tr(X) + astr(Y) + ag tr(Z) =201 = 1

from which we obtain that a; = % Note that in the second equality we use the linearity of the
trace, and in the third equality we use that tr(/) = 2 and tr(o;) = 0 for i € {1,2,3} (Exercise

2.36). Calculating p?, we have:
1
p* = ZI+ %X + %Y+ %ZJr %X + a2 X% + apas XY + ayay X Z

+ ‘;iy +azasV X +a2Y? + aza Y Z + %Z + 422X + asa3ZY + a2 22

Now, using that {o;,0;} = 0 for i,j € {1,2,3}, i # j and that 0? = I for any i € {1,2,3}




(Exercise [2.41)), the above simplifies to:

1
p2: (4+a§+a§+ai)[+a2X+a3Y+a4Z

Taking the trace of p? we have:

1 1
tr(pQ) = <4 + a2 +al+ ai) tr(I) + ag tr(X) + ag tr(Y) + aq tr(Z) = 2 <4 + a2 +al+ aﬁ)

From the previous exercise (Exercise [2.71]) we know that tr(p?) < 1, so:

N —

1 1
2(4+a§+a§+ai> <1 — a§+a§+ai§1 = y/ai+a3+a3 <

Hence we can write:

I+r, X+rY+r,Z I+4+r-o
p: 2 -2

with ||r|| < 1.

The Bloch representation for the state p = é is the above form with r = 0. This vector corresponds
to the center of the Bloch sphere, which is a maximally mixed state (tr(p?) is minimized, with

tr(s?) = )

From the calculation in part (1), we know that for any p:

5 Ltrs+ry+r2 Ltr2+ry+72
tr<p):2 4 - 2

if [r]l = 1, then r2 + 72 +r2 = 1. Hence, tr(p?) = 1 and p is pure by Exercise Conversely,
suppose p is pure. Then, tr(p?) =1, so:

1+T§+7‘2+T§

5 :1:>r§+r§+r§:1:>||r||:1.

In section 1.2, we looked at states that lie on the surface of the Bloch sphere, which we parameterized

) =cos(3)10) + ¢ sn3 )

as:
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Calculating the density operator corresponding to |¢), we have:

p= 1ol = cos? (3 ) 10401 +cos( 3 ) sin( 3 ) foxa

+ cos(i) sin(Z)ew |10 + sin® (g) |1)(1]

0 sin(9)e %% sin(6)e’® 0
=cos® | = | |0X0| + sin(@)e”™” JOX1] + sin(6)e? |1X0| 4 sin® ( = | 1)1
2 2 2 2
Conversely, we have (in the computational basis) our proposed form of p = 1+;»0’ can be represented
as:
147, Ty — 1T, T + 1T, 1—r,
= =272 oyo] + “E 2 o)) + = EE o)+~

Solving for ry, 7y, 7. by equating the two expressions for p (using Euler's formula and sin(26) =
2 cos(0) sin(#)), we have:

ry = cos(p)sin(f), 1, =sin(p)sin(d), r, = 2cos (g) — 1 =cos(0)

Calculating ||r|| we have:

x|l = /r2+7r2+72= \/cos2(<p) sin(6) + sin?(p) cos?(6) + cos2(6)

= 1/sin?(0) + cos2(6)
=1

so we see that indeed, the two definitions coincide for pure states (as ||r|| = 1).

O

. J

Exercise 2.73

(x%) Let p be a density operator. A minimal ensemble for p is an ensemble {pi, WZ)} containing a number
of elements equal to the rank of p. Let |¢)) be any state in the support of p. (The support of a Hermitian
operator A is the vector space spanned by the eigenvectors of A with non-zero eigenvalues.) Show that
there is a minimal ensemble for p that contains |¢)), and moreover that in any such ensemble |¢)) must
appear with probability

1
P o )

where p~! is defined to be the inverse of p, when p is considered as an operator acting only on the support
of p. (This definition removes the problem that p may not have an inverse.)
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Concepts Involved: Density Operators, Spectral Decomposition
Below, we will use the unitary freedom in the ensemble for density matrices which is also known as

Uhlmann's theorem. Specifically recall that p = ). p;|¢;) (¥s| = Ej gjlej){p;| for ensembles {pi’ |¢i>}
and {q;, |¢;)} if and only if

Vi i) = Zuij\/q_j|30j>

for some unitary matrix u;;.

Using the spectral decomposition of the density matrix we have
T
p=>_ Melk)(k| with A >0
k=1

where all the eigenvectors with eigenvalue 0 have been removed. Thus, the set of vectors S = {|k>};=1
forms a spanning set set for the support of p. An element in the support of p can thus be decomposed as

i) = > carlk) = > (klebi)|k)
o o

Assuming that |¢;) occurs with probability p;, we can use the Uhlmann's theorem quoted above to arrive
at the relation

?
VBilve) =) uirV/ Aelk) = Vi Y_(klva)k),
k k
which allows us relate the elements of one of the columns (i th) of the unitary matrix to

i/ M = /Dilkli).

Such a relation can always be satisfied for a unitary matrix with dimension r. As u is unitary, we have

;|Uik|2:1 = 1 :;W\M

k
R o .
I e
1
(il S ) (klen)
1

(Wilp=tahs)
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[15) = pp™" [¥:)
p= Y palvidilo )

g=il

= Zpi<1/fi|ﬂ_l|1/)j>|7/fi>~

i=1
But now note that {[¢;)}_, are linearly independent and [1);) := Y77 &;|¢s).
= pi(ilp~ i) = 1.
Thus, the probability associated with the state |¢;) in the ensemble is given by

1
P o Ty

Exercise 2.74

Suppose a composite of systems A and B is in the state |a) |b), where |a) is a pure state of system A,
and |b) is a pure state of system B. Show that the reduced density operator of system A alone in a pure
state.

Solution

Concepts Involved: Density Operators, Reduced Density Operators, Partial Trace, Pure States, Com-
posite Systems

Suppose we have |a)|b) € A ® B. Then, the density operator of the combined system is given as
pAB = (la)|b))((a|(b]) = |a)Xa| ® |b)b|. Calculating the reduced density operator of system A by tracing
out system B, we have

p" =trp(pas) = trp(a)al ® [bXb]) = |aXal tr([bXE) = laXal (blb) = |aXal-

Hence we find that p4 = |a)(a| is indeed a pure state. O

Exercise 2.75

For each of the four Bell states, find the reduced density operator for each qubit.

Solution

Concepts Involved: Density Operators, Reduced Density Operators, Partial Trace, Composite Systems
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For the bell state |Byg), we have the density operator:

_ <|00> + 11>> <<00| + <11|> _ |00)00] + [11)X00] + [00)X11| + [11)(11]
V2 V2 2

Obtaining the reduced density operator for qubit A, we have:

_ trp(|00X00]) + trp(|00X11]) + trp(11X00[) + trp(|11)(11])

p = trg(p) 5
_10X0[(0]0) + [0X1[ (1]0) + |1XO] {0[1) + [1X1|(1[1)
2
_ |0Xo] + [1X1|
2
1
T2

Obtaining the reduced density operator for qubit B, we have:

_ tra(]00X00]) + tra(|00X11[) + tra(|11)X00]) + tra([11)X11])

p” =tra(p) = 5
_ {00} [0X0[ + (1]0) [OX1] + (0]1) [1XO] + (1]1) [1)(1|
2
_ 10X0[ + [1X1]
2
I
T2

We repeat a similar process for the other four bell states. For |By;), we have:

b (|OO) - |11>> (<OO| = (11) _ |00X00| — [00)11] — |11)X00| + |11)11|

V2 V2 2
oA = trp(100X00[) — trp(]00)11]) — trp(|11X00]) + trp([11)X11])
2
_ 10X0[ (0]0) — [0X1[ (1]0) — [1XO] {O[1) + [TX1](1[1)

2

I
=3
. _ tea([00)00]) — tra(100)11)) — tra(J11(00]) + tra([11)11)
2
(010) [0)0] + (1]0) |0X1] + (O[L) [1X0] + (1]1) |1X1]
2

I
2
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For |B1g), we have:

B <|01> + |10>> (<o1| + <1o> _01)01] + [01)(10] + [10)01] + [10)(10]
TR va o) 2
a_ trp(J01X01)) + trp(J01X10]) + trp([10K01)) + trp(10)X10])
2
0XO] (L1} [0XL1 (O1) + [1)O] (1]0) + [1X1] {0J0)
2

pr tr4 (JO1Y01]) 4 tra(|O1X10]) + tra(|10)X01]) + tra(]10)X10])
2
(010) [1X(1] + (110) [1XO[ + (O]L) [OXL| + (1[1) [1X1]
2

1
2

Finally, for |B11) we have:

. <|01) — |10)> (<01| — <10> _ |01X01| — |01)10] — |10)X01| + |10)10|

NG 2 2
a4 _ fra(J0100L]) — trp(J01)10]) — trp(JLOXOL) + trp(|10X10)
2
_ [0)o] (1] =) 0L (0]1) — [1X0] ¢1j0) + [11 {0]0)
2
B I
=3
Jp _ tea([01{01]) — tra([01)10]) — tra(10X01)) + tra([10)10)
2
_ {010} |11 — (1]0) |1X0] — (0]1) |0X1] + (1]1) |1X1]
2
_ I
=3

Exercise 2.76

H [j

Extend the proof of the Schmidt decomposition to the case where A and B may have state space of
different dimensionality.

Concepts Involved: Schmidt Decomposition, Singular Value Decomposition, Composite Systems

Note that for this problem we will use a more general form of the Singular Value Decomposition than
proven in Nielsen and Chuang (that may have been encountered in a linear algebra course). Given an
arbitrary m X m rectangular matrix A, there exists an m X m unitary matrix U and n X n unitary matrix
V such that A = UXV where X is a m X n rectangular diagonal matrix with non-negative reals on the

diagonal (see https://en.wikipedia.org/wiki/Singular_value_decomposition).



https://en.wikipedia.org/wiki/Singular_value_decomposition

Let |m),|n) be orthonormal bases for A and B. We can then write:
A= amn|m)n)

for some m x n matrix of complex numbers a. Using the generalized SVD, we can write:
min

where d;; is a rectangular diagonal matrix. We can then define i) = > umi|m), |ig) = >, win|n),
and \; = d;; to yield the Schmidt decomposition. Note that we take ¢ = min(m,n) and our sum only
has as many terms as the dimensionality of the smaller space. O

Exercise 2.77

(%) Suppose ABC' is a three component quantum system. Show by example that there are quantum
states |¢)) of such systems which can not be written in the form

P) = ZAi|iA>|iB>|z'c>

where \; are real numbers, and |i4), |iB), [ic) are orthonormal bases of the respective systems.

Solution

Concepts Involved: Linear Algebra, Schmidt Decomposition, Composite Systems

Consider the state:

000) 4 [011)

[¥) = 10) ® | Boo) = /2

we claim that this state cannot be written in the form:

V) = Z Ailia)lig)lic)

for orthonormal bases |i4), |iB), |ic). Suppose for the sake of contradiction that we could write it in this
form. We then make the observation that:

p* = trpe([v)Xyl) Z/\Q |ia)ial
p” = trac(lP)Xvl) ZA i )in]

p¢ = trap([¥)X¢l) ZA licXicl .-

From this, we conclude that if it is possible to write |¢) in such a form, then the eigenvalues of the reduced




density matrices must all agree and be equal to A\?. Computing the density matrix of the proposted
[t)) =10) ® | Boo), we have:

_]000)(000| + [000)011] + [011)(000] 4 [011)(011]|
o 2

Computing the reduced density matrices p# and p?, we find that:

pt = trpo(p) = |0X0|

0)X0| 4+ |1X1
P =) = 0L 1001
However, the former reduced density matrix has eigenvalues A7 = 1,13 = 0, and the latter has A} = 1,
A3 = 3. This contradicts the fact that the A?s must match. O

Remark: Necessary and Sufficient conditions for the tripartite (and higher order) Schmidt decompositions
can be found here https://arxiv.org/pdf/quant-ph/9504006.pdf.

Exercise 2.78

Prove that a state |¢) of a composite system AB is a product state if and only if it has a Schmidt number
1. Prove that [1) is a product state if and only if p** (and thus p?) are pure states.

Concepts Involved: Schmidt Decomposition, Schmidt Number, Reduced Density Operators, Composite
Systems

Suppose |t)) is a product state. Then, [¢)) = |04)|0p) for some |04),|0p), and we therefore have |¢))
has Schmidt number 1 (it is already written in Schmidt decomposition form, and has one nonzero \).
Conversely, suppose |¢)) 1) =1|04)|0g) +0]|14)|15) when writing |¢) in
its Schmidt decomposition. Therefore, |) = |i4)|ip) and |¢) is a product state.

Next, take any |¢) and write out its Schmidt decomposition. We then get:

:Z,\i\mw]g).

Hence:
p=7) AliaXial ® lin)is|.
Taking the partial trace of p to obtain p“, we have:

pA:trB Z/\ tre(lia)ial ® |ig)in|) Z/\ lia) ZA|tr lig) ZB| Z)\ lia)Xial.
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https://arxiv.org/pdf/quant-ph/9504006.pdf

Identically:

p? =tra(p) = Z)\? lisXiB|.

Now, suppose that [¢) is a product state. Then, |¢)) has Schmidt number 1. Hence, only one of A1, Ag
is nonzero. Hence, p?* = |iaXia| and p® = [ig)ig|, so p?, p? are pure. Conversely, suppose p?, p?
are pure. Then, we have p = |ia)ia| and p? = |ig)(ig|, so it follows that one of A;, Ay in the above
equations for p?, p® must be zero. Therefore, |¢)) has Schmidt number 1, and is hence a product state.

O

. J

Exercise 2.79

Consider a composite system consisting of two qubits. Find the Schmidt decomposition of the states

00) + [11)  J00) + [01) + [10) + [11) . ]00) + [01) + |10)
v2 o 2 ’ V3

Concepts Involved: Singular Value Decomposition, Schmidt Decomposition, Composite Systems

For the first two expressions, by inspection we find that:

|00) +[11) 1 1
S = l010) + iy
|00) 4 [01) + |10) + [11)

= 1[+)[+) +0]=)[=)

2
For the third expression, we require a little more work. We start by identifying:
1
|00) + |01) + |10) N
7 =) aili) |s)

4,5=0

thus we have the matrix:

1 |1 1
1= o

this has the singular value decomposition:

2 2 24 /B 2 2

A—UDV = | V10-2v8  V10+2v5 [6 0 1 V10-2v5 V10425
- - 2 _ 2 0 3—5 _ 2 2

V10+2v35 V10—2v35 6 Viorevs  V10-2v5

The diagonal entries D (the singular values of A) yield the Schmidt coefficients, and the columns/rows
of U/V yield the Schmidt basis, so defining:

3+5
6 bl

_3-+5

A =
! 6

A3




2 2 2 2

10— 2v/5 0)+ \/10+2\/5|1>’ P = \/m|0>_ V10— 2/5

we find the Schmidt decomposition:

[1a) =

Ry

|00) + |01) + |10)
V3

=M [14) 114) + 25" 24) (— [24))

Exercise 2.80

H [j

Suppose [¢) and |p) are two pure states of a composite quantum system with components A and B, with
identical Schmidt coefficients. Show that there are unitary transformations U on a system A and V on
system B such that |¢) = (U ® V)|y).

Solution

Concepts Involved: Schmidt Decomposition, Unitary Operators, Composite Systems

We first prove a Lemma. Suppose we have two (orthonormal) bases {|i)},{]i’)} of a (n-dimensional)
vector space A. We claim that the change of basis transformation U where |i’) = U|i) is unitary.

To see this is the case, let U = ). |i')(i|. By orthonormality, we see that Ul|i) = |i’) as desired. Computing
UT, we have UT = Y, (|¢')i|)T = >, |i)}¢’|. By orthonormality, we then see that UTU =}, [i)i| = I
and hence U is unitary.

We now move onto the actual problem. By assumption, we can write [¢)) = Y. Ailia)|ig) and |¢) =
Zj Ajlia)|is) where \; = \; if i = j. By the lemma, there exists unitary change-of-basis matrices U, V'
such that |i4) = Ul|ja) and |ig) = V|jp). Hence, we have:

[9) = 3" Mlialis) = 3 AOUNVIie) = U @ V)Y Nilialia) = U & V)le)

J J

which is what we wanted to prove. [

Exercise 2.81: Freedom in purifications

Let |AR;) and |AR,) be two purifications of a state p to a composite system AR. Prove that there
exists a unitary transformation Ug acting on system R such that |[AR;) = (Ia ® Ug)|ARy).

Solution

Concepts Involved: Schmidt Decomposition, Purification, Unitary Operators, Composite Systems

Let |AR;),|AR,) be two purifications of p? to a composite system AR. We can write the orthonormal
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decomposition of p4 as pA = 3. p; |i4)(i#|, from which it follows that we can write:
[AR) =) VBilih) i)
[AR2) =) /Bili)i'™)

for some bases {[i)}, {|i’)} of R. By the Lemma proven in the previous exercise, the transformation Ug
such that |i) = Ug|i’) is unitary, so hence:

|ARy) = Z Vilih)]if) = Z VDili*) (Urli'™®)) = Z VDi(Lali*)) (URlR))
= (14 ® Ur) Z Voilit) i)

= (Ia ® Ur)|ARy)

which proves the claim. O

Exercise 2.82

(%) Suppose {pi, |w1>} is an ensemble of states generating a density matrix p = >, p;[1;) (¢;| for a
quantum system A. Introduce a system R with orthonormal basis |7).

(1) Show that .. /pi|vi)|i) is a purification of p.

(2) Suppose we measure R in the basis |i), obtained outcome 7. With what probability do we obtain
the result 4, and what is the corresponding state of system A?

(3) Let |[AR) be any purification of p to the system AR. Show that there exists an orthonormal basis
|#) in which R can be measured such that the corresponding post-measurement state for system A
is |;) with probability p;.

Concepts Involved: Purification, Schmidt Decomposition




(1) To verify that } . \/piltbs)|i) is a purification, we see that:

trr (Z mw»m) (Z \/@<wj|<j|> =D Vs [Yi)es| trr(li) )
=22 VB W16,
=D /P il
- Zp i)
= pz

(2) We measure the observable M; = I, ®) ", P, = Ia®)_, |i)i]. The probability of obtaining outcome
i is given by p(i) = (AR|(14 ® P;)|AR) (where |AR) = >, \/pi|¥:)|i)), which we can calculate to
be:

p(i) = (AR|(1a ® [i)i|)|AR)
= (Z \/17j<¢j|<j> (La ® [i)i]) (Z @WH@)
J k
= ZZ VPV PE (5 |Vk) 50
=P

The post measurement state is given by:

(In ® P)|AR) _ (Ia® [iXi]) X0, /Bil¥ili)
(i) VDi
2 VPili)0i
- VPi
_ VDilYa)ld)

i
= |yhi)]4)

so the corresponding state of system A is |¢;).

(3) Let |AR) be any purification of p to the combined system AR. We then have |AR) has Schmidt
Decomposition:

|AR) = Z Ailia)|ir)

for orthonormal bases |i4), [ir) of A and R respectively. Define a linear transformation U such that
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>\i|iA> = Zj Uijpj|’(/}j>. We then have:

JAR) =Y > Uiipslby) | lir) =D pilws) > Usslir)-
i j j i
We note that we can move the U;; to system R as R has the same state space as A by construction.
Letting |j) = >, Uij|ir) be our orthonormal basis of R, the claim follows (by part (2) of the
question).

Problem 2.1: Functions of the Pauli matrices

H D

(%) Let f(-) be any function from complex numbers to complex numbers. Let n be a normalized vector
in three dimensions, and let @ be real. Show

f(0) + f(=0)
2 2

. sowton

Concepts Involved: Linear Algebra, Spectral Decomposition, Operator Functions.

f(bn o) =

From Exercise [2.35] we recall that n - o has spectral decomposition n- o = |ni)Xni| — |[n_}n_|. We
then have (by the definition of operator functions):

f0n- o) = f (0(InsXni| — [n-Xn_|)) = £(0) Iny Xni| + f(=0) [n_)n_].

We then use the fact proven in the solution to Exercise that we can write the projectors Py = |ni)}n4|
in terms of the operator n - o as:

I+n-o

Ina)nel = ==

Hence making this substitution we have:

fom- ) = 16) (F5-) + 10 (5.

Grouping terms, we obtain the desired relation:

f(0) + f(=9)
2 2

J(on- o) =

Remark:
Arguably, the most used application of the above identity in quantum information is when f(fn - o) =




exp{i(#/2)n- o }. In this case (as in Exercise [2.35), we have

) = exp{6/2} —l—;xp{—&/Q}I N exp{6/2} —2exp{—9/2}n o

= cos Q I +isin Q n-
= col > ) 5 o

Problem 2.2: Properties of Schmidt numbers

exp{i(6/2)n

(%*) Suppose |1) is a pure state of a composite system with components A and B.

(1) Prove that the Schmidt number of |¢) is equal to the rank of the reduced density matrix pg =
tre(|¥){¥|). (Note that the rank of a Hermitian operator is equal to the dimension of its support.)

(2) Suppose [¢) = >, |;)|B;) is a representation for [¢)), where |a;) and [3;) are (un-normalized)
states for systems A and B, respectively. Prove that the number of terms in a such a decomposition
is greater than or equal to the Schmidt number of |¢)), Sch(v)).

(3) Suppose |¢) = alp) + B|7y). Prove that

Sch(v) > |Sch(p) — Sch(v)]

Concepts Involved: Schmidt Decomposition, Schmidt Number, Reduced Density Operators, Composite
Systems

(1) We write the Schmidt decomposed [¢/), and therefore the density matrix py, as:
Z)\ lia) lig) = [¥X¥] = Z)\z lia)Xial ® |iBXis|

Taking the partial trace of subsystem B in the |ip) basis, we obtain the reduced density matrix p4
to be:

pa = tra([Y)V]) ZA lia)ial

Sch(t)) of the A;s are nonzero, and therefore p4 has Sch(t)) nonzero eigenvalues - therefore the
rank of its support is Sch(v).

(2) Suppose for the sake of contradiction that some decomposition |i) = Z;V=1 |oej ) |B;) had less terms
than the Schmidt decomposition of [¢)), i.e. N < Sch(v).
The density matrix of [¢) is:

N

py =Xl = D oy Xow| ®|8;XBx|

j=1,k=1




Tracing out subsystem B, we obtain the reduced density matrix of subsystem A:

N
pa=Teg(py) = > |o;Xew|(B;]8r)

j=1,k=1

where we have used that Tr(|31)(32]) = (B1]82). From the above, it is clear that p4 has rank at
most N, as the support of p4 is spanned by {|a1),...,|an)}. But then the rank of py4 is less than
Sch(v), which contradicts our finding in part (a).

(3) If Sch(p) = Sch(~) then there is nothing to prove as Sch()) is non-negative by definition. Suppose
then that Sch(p) # Sch(y). WLOG suppose Sch(p) > Sch(vy). We can then write:

9 =2 - )

If we Schmidt decompose |p) and |¢)), we have written |p) as the sum of Sch(vy) + Sch(¢) (unnor-
malized) bipartite states. Applying the result from part (2) of this problem, we then have:

Sch(y) < Sch(y) + Sch(t)
which we rearrange to obtain:
Sch(y) > Sch(p) — Sch(y) = [Sch(y) — Sch(v)]

which proves the claim.

Problem 2.3: Tsirelson’s inequality

(%) Suppose @ =q-0, R=r-0,S=s-0,T =t-0, where q,r,s, and t are real unit vectors in three
dimensions. Show that

(Q®S+R®S+RT-Q®T)>=41+[Q,R|®[S,T]
Use this result to prove that
Q®S)+(R®S)+(RRT) — (Q®T) <22

so the violation of the Bell inequality found in Equation (2.230) is the maximum possible in quantum
mechanics.

. sowtion |

Concepts Involved: Tensor Products, Commutators, Composite Systems
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We first show that N2 = I for any N = n - o where n is a unit vector in three dimensions. We have:

3
N2 = (Z TLi(Ti)z
i=1
= Tl%()’% + n%og + ngog —+ 77,1712(0’102 + 020’1) —+ n1n3(0103 —+ 0'30'1) —+ n2n3(020'3 —+ 0'302)
By Exercise o? =1 and {0;,0;} =0 for i # j, so the above reduces to:
N2 =2l +nil+nil=n2+n3+nd)l=1
where we use the fact that n is of unit length. Using this fact, we have:

(Q®S+RRS+RIT-QRT)*’=Q*’®S5*+QR®S*+QR® ST - Q*® ST
+RQRS*+R’®S5?+R?®ST - RQ® ST
+RQITS+R*QTS+R*®T? - RQ ® T?
—Q?®TS—QR®TS—QR®T?+ Q*® T?
=IQI+QRRI+QRRST -1 ST
+ROQRI+I®RI+I®ST - RQ®ST
+RQTS+I®TS+IQI—RQQI
—I®TS—QR®TS —QRQI+IQI
=4I+ RQXTS —RQRST+QR®ST -QR®TS
=4I+ QR® (ST —TS) — RQ ® (ST —TS)
=4I+ [Q,R|® [S,T]

which proves the first equation. We have (4I) = 4 (I) = 4. Since each of Q, R, S,T have eigenvalues
+1 (Exercise [2.35)), we also ave that ([Q, R] ® [S,T]) < 4 as the tensor product of commutators consists
of 4 terms, each of which has expectation less than or equal to 1. We therefore have by the linearity of

expectation (Exercise that:
<@®S+R®S+R®T—Q®ﬂ$:QH+@M®WIDg&
Furthermore, we have:
(QeS+R8S+RAT-QaT) <((QeS+R®S+R8T-Q®T))
so combining the two inequalities we obtain:
(QeS+R®S+ROT-QaT))” <8
Taking square roots on both sides, we have:

(Q®S+R®S+RT-Q®T)) <2V2
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and again by the linearity of expectation:
QR8)+(R®S)+(RT) - (QeT) <2V2

which is the desired inequality.
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3 Introduction to computer science

Exercise 3.1: Non-computable processes in Nature

(%) How might we recognize that a process in Nature computes a function not computable by a Turing
machine?

Solution

Concepts Involved: Turing Machines, Computability

One criteria is natural phenomena that appear to be truly random; Turing machines as defined in the text
are deterministic (though there are probabilistic variations that would solve this issue) and hence would
not be able to compute a random function. From a more direct point, if a process in Nature was to
be found to compute a known non-computable problem (e.g. solve the Halting problem or the Tiling
problem) then we may conclude (trivially) that the process would not be computable. However since the
domain of inputs that we could provide top such a natural process would have to be finite, there would be
no concrete method in which one could actually test if such a process was truly computing a non-Turing
computable function (as a Turing machine that works on a finite subset of inputs for an uncomputable
problem could be devised). O

Exercise 3.2: Turing numbers

(%%x) Show that single-tape Turing machines can each be given a number from the list 1,2,3,... in
such a way that the number uniquely specifies the corresponding machine. We call this number the
Turing number of the corresponding Turing machine. (Hint: Every positive integer has a unique prime
factorization p{*py* ... p;*, where p; are distinct prime numbers, and ay, . . . aj are non-negative integers.)

Solution

Concepts Involved: Turing Machines, Cardinality

Lemma 1. If {A,,} | is a sequence of sets that are countably infinite (that is, they can be put in bijection
with the natural numbers N) then their union A = |J)_, A4,, is also countably infinite.

Proof. Write A,, = {®n1,Tn2, Tns, ...} (which we can do as each of the A, s are countably infinite).
Then, we form an array:

Ay

Ay =

Ay =

Then, we can re-number the elements along the diagonal lines (i.e. z11, %21, Z12, 31, T22,213,...). This
new enumeration corresponds to a countably infinite set. From there, we let T" C N be the remaining
labels in the enumeration after removing the repeated elements from the sequence. Then, |T'| = |A|, and
hence A is at most countably infinite. A cannot be finite as A; C A and A; is not finite. Hence A is

countably infinite. O
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Lemma 2. The set of all finite sequences of elements from a countably infinite set B is also countably
infinite.

Proof. Denote B,, the set of length n sequences consisting of elements from B. We show that B, is
countably infinite by induction.

Base Case: |B| = |Bi|, so By is countably infinite.

Inductive Step: Suppose that By, is countably infinite for k > 1. Then, define By ; which is the set of
k + 1 length sequences, consisting of all sequences in By and then terminating with the ith element of B.
|Bk,i| = |Bg| so By, is countably infinite, and then Bj11 = |J;=, By is countably infinite by Lemma 1.
This concludes the argument by induction.

Finally, the set of all finite sequences of elements from B is simply (J,-; B, which is a union of countably

infinite sets and therefore countably infinite again by Lemma °. O
Solution. A single-tape Turing machine can be uniquely specified by a finite integer sequence as follows.
First, we state the number of states || = N, then enumerate the states ¢; = —1,q5 = 0,1 =

1,...,qn—2 = N — 2. We then state the size of the alphabet |I'| = L and enumerate the alphabet
>=-2b=-1,0=0,1=1,...,L —3 =L — 3. We then write the sequence of symbols appearing on
the initial tape, starting from square 0, stopping when we encounter the last non-blank symbol. Finally, we
list the program lines, each of which is a five-tuple of integers (as each of the states and symbols appearing
in the program line we have associated to an integer, and the action s is one of —1,0,1). Between each
part of this sequence we put a “space integer” -3.

As an example, the Turing machine in the text which computes the constant function (and let us say for
the sake of example the tape starts with the number 7 on it, so 110 in binary followed by infinite blanks)
has the associated finite integer sequence:

5,-1, 0, 1,2 ,3 -3 4,-2,-1,01,-3,1,1,0,-3,—1,-2,1,-2,1,

=
AT S I AP I T S 7 e o)
1,0,1,-1,1,1,1,1,-1,1,1,-1,2, —-1,-1,2,-1,2,—-1,—-1,2,-2,3,-2,1,3,—-1,0,1,0
(q1,0,q1,b,4+1) (q1,1,q1,b,+1) (q1,b,q2,b,—1) (q2,b,q2,b,—1) (g2,>,93,>,+1)  (g3,b,qn,1,0)

Because the number of states is finite, the size of the alphabet is finite, the number of non-blank squares
on the initial tape is finite, and there is a finite number of lines in the program, the above algorithm
produces a finite sequence of integers for a given Turing machine.

Now, observe that the integers are countably infinite, as:

f+ N — Z

z n even 1
n — 2 q ( )

—2>= nodd
is a bijection. So too then is the set of all finite integer sequences by the Lemma 2. Since the finite
integer sequences describing Turing machines as produced by the above prescription are a subset of all
finite integer sequences, we must therefore be able to associate any single-tape Turing machine to a unique
natural number, as claimed. O

74




Exercise 3.3: Turing machine to reverse a bit string

(%) Describe a Turing machine which takes a binary number x as input, and outputs the bits of x in reverse
order. (Hint: In this exercise and the next it may help to use a multi-tape Turing machine and/or symbols
other than >, 0,1 and the blank.)

Concepts Involved: Turing Machines.

For a two-tape Turing machine, recall that program lines are of the form <q,x1, X9, ¢, T, 2k, 51, 32>, with
q the internal state of the machine, tape 1 (2) reads 1 (z2) at the current position, the internal state of
the machine changes to ¢/, z1 (x2) is overwritten with 2} (), and tape 1 (2) is moved according to s;
(s2) being 0,+1, or —1.

As the hint suggests, we consider a multi-tape construction, in particular a two-tape construction (as is
discussed in the text, such a machine may be simulated by a single-tape machine). We suppose the input
is on the first tape, which starts with >, followed by x written in binary (and blanks thereafter), and the
second tape starts on > and is otherwise completely blank. We will write the output on the second tape.
The program is as follows (enumerated for clarity):

1 :{gs,>,>, q1,>,>,+1,0)
2 :(q1,0,>,¢1,0,>,+1,0)
3:q1,1,5,q1,1,,+1,0)
4 :{q1,b,>,q2,b,>,—1,+1)
5 :(q2,0,b,¢2,0,0, -1, +1)
6 :(q2,1,b,q2,1,1,—1,+1)
7 {(q2,>, b, qn,>,b,0,0)

Line 1 starts the machine and sets it into state ¢;. Lines 2/3 then proceed to have the machine travel
along the first tape without modifying it. Line 4 runs when the end of the input x is reached, putting the
machine into state ga. From there, lines 5/6 run, wherein the first tape is traversed in reverse, and its
(reversed) bits are written onto the second tape. Line 7 runs when the start of the first tape is reached,
at which point the program halts, with the reversed bitstring written onto the second tape. O

Exercise 3.4: Turing machine to add modulo 2

(%*) Describe a Turing machine to add two binary numbers  and y modulo 2. The numbers are input
on the Turing machine tape in binary, in the form z, followed by a single blank, followed by a y. If one
number is not as long as the other then you may assume that it has been padded with leading Os to make
the two numbers the same length.

Concepts Involved: Turing Machines

We take the digits of x,y to be organized from most to least significant going from left to right. We use




a three tape construction (with instruction lines of the form <q,xl,x27x37q’,:r’1,x’2,xg,81752,53>); the
first tape will hold the input (of the form described in the question-i>, then the bits of x, then a blank,
then the bits of y, then blanks), the second tape is used for convenience and will hold a copy of = (so
that we can read the bits of x,y simultaneously), and on the third tape we write the output. Both the
second/third tape start with > and otherwise only contain blanks. The program is as follows (enumerated
for clarity):

1 :{qs,>,>, >, q1,>,>, >, +1,+1,0)

2 :(q1,0,b,>,¢1,0,0,>,+1,+1,0)

3:{q1,1,b,>,q1,1,1,>,+1,+1,0)

4 :(q,b,b,>,q,b,b,>, +1,0,+1)

5 :(q2,0,b,b,¢2,0,b,b,+1,0,+1)

6 :(g2,1,b,b,q,1,b,b,+1,0,+1)

7 :(q2,b,b,b,qs3,b,b,b,—1,—1,0)

8 :{(q3,0,0,b,¢3,0,0,0,—1,—1,—1)
9:(g3,1,0,b,q3,1,0,1,—-1,—1,—1)
10 :(gs,0,1,b,¢3,0,1,1,—1, -1, —1)
11:(gs,1,1,b,q4,1,1,0,—1, -1, —1)
12 :(g4,0,0,b,¢3,0,0,1,—1,—1,—1)
13 :(q4,1,0,b,q4,1,0,0, -1, -1, —1)
14 :(qs,0,1,b,44,0,1,0,—1, -1, —1)
15 :(qs,1,1,b,q4,1,1,1, -1, -1, —1)
16 :(gs, b,>, b, g, b,1>,0,0,0,0)

17 (g4, b,>, b, qn, b,>,1,0,0,0)

Line 1 starts the machine and sets it into state 2. Lines 2/3 proceed to have the machine copy z onto
the second tape. Line 4 puts the machine into g2, wherein Lines 5/6 move the tapehead on the first tape
to the end/least significant digit of y (in tandem moving the tapehead of the third tape), until reaching
a blank, wherein line 7 transitions the machine into state g3. Note at this point the third tapehead has
moved n + 1 squares (for n-bit z,y), to account for the fact that the addition may produce a n + 1 bit
number.

Lines 8-15 are performing bitwise addition of x,y (from the second/first tape) and writing the result onto
the third tape. Whether or not the carry bit is 0/1 is encoded into the internal state g3/q4. Finally, in
lines 16-17, after going through all n bits of z,y, the machine writes 0/1 in the n + 1th position (based
on whether the state is ¢3/q4) and halts. O

\. J

Exercise 3.5: Halting problem with no inputs

(%) Show that given a Turing machine M there is no algorithm to determine whether M halts when the
input to the machine is a blank tape.
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Concepts Involved: Turing Machines, Halting Problem

Suppose for the sake of contradiction such an algorithm (called HALTBLANK) existed. Now, suppose we
have a Turing machine that computes some function x(y) (with corresponding Turing number z). Then,
consider the family of functions x,(z) which compute x(y) irrespective of the input z (in particular, even
if the input is the blank tape/empty) - since there exist Turing machines x/valid programs for computing
x(y), there also exist Turing machines z, /valid programs for computing z,(z). Then, HALTBLANK could
be run on x, to determine whether it halts when the input is a blank tape. But then we have an algorithm
that determines whether or not the Turing machine with number z halts upon input of the number v, i.e.
an algorithm that solves the Halting problem - contradiction. O

Exercise 3.6: Probabilistic halting problem

(%) Suppose we number the probabilistic Turing machines using a scheme similar to that found in Exercise
3.2 and define the probabilistic halting function h,(x) to be 1 if machine z halts on input of = with
probability at least 1/2 and 0 if machine x halts on input of & with probability less than 1/2. Show that
there is no probabilistic Turing machine which can output h,(x) with probability of correctness strictly
greater than 1/2 for all .

Concepts Involved: Turing Machines, Halting Problem

Suppose for the take of a contradiction such a probabilistic Turing machine existed, which carried out the
algorithm HALTP(x) which outputs h,(z) with probability p. > 1/2. Then, we can consider an algorithm
computing TURINGP(x), defined analogously to TURING(x) of the standard halting problem proof of Box
3.2:

TURINGP(x)

y = HALTP(x)
if y=0 then
| halt

else
| loop forever

end

This is a valid (probabilistic) program with some Turing number ¢t. Suppose h,(t) = 1 - this occurs
if TURINGP halts on input ¢ with probability > 1/2. But by inspecting TURINGP, halting happens if
y = HALTP(t) = 0 which is outputted with probability 1 — p. < 1/2, contradiction. Conversely, suppose
hy(t) = 0 - this occurs if TURINGP halts on input ¢ with probability < 1/2. But by inspecting TURINGP,
halting happens if y = HALTP(¢) = 0 which is outputted with probability p. > 1/2, again a contradiction.

Thus the assumption of the existence of a Turing machine that can output h,(z) with probability p. > 1/2
for all x must be false. O
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Exercise 3.7: Halting oracle

Suppose a black box is made available to us which takes a non-negative integer x as input, and then
outputs the value of h(x), where h(-) is the halting function defined in Box 3.2 on page 130. This type
of black box is sometimes known as an oracle for the halting problem. Suppose we have a regular Turing
machine which is augmented by the power to call the oracle. One way of accomplishing this is to use a
two-tape Turing machine, and add an extra program instruction to the Turing machine which results in the
oracle being called, and the value of h(z) being printed on the second tape, where z is the current contents
of the second tape. It is clear that this model for computation is more powerful than the conventional
Turing machine model, since it can be used to compute the halting function. Is the halting problem for
this model of computation undecidable? That is, can a Turing machine aided by an oracle for the halting
problem decide whether a program for the Turing machine with oracle will halt on a particular input?

Concepts Involved: Turing Machines, Halting Problem

The answer is that the halting problem for this model is indeed undecideable/a Turing machine + halting
oracle cannot decide whether a program for a Turing machine + oracle will halt on a particular input. This
is seen by promoting all appearing functions/algorithms in Box 3.2 to be with Turing machine + halting
oracle. In full gory detail, take the function:

ho!(x) 0 if machine = + halting oracle does not halt upon input of z
o(x) =
1 if machine = + halting oracle does halt upon input of x

and suppose for the sake of contradiction that the halting problem for the Turing machine + halting oracle
model of computation is decidable - then there exists some Turing machine + halting oracle algorithm, to
evaluate ho(x), which we can call HALTO(xz). Then, consider an algorithm computing TURINGO(x):

TURINGO(x)

y = HALTO(x)
if y=0 then
| halt

else
| loop forever

end

which is a valid program with associated Turing number ¢. Then h(t) = 1 iff TURINGO(¢) halts on ¢,
but upon inspection of the program it halts on input ¢ if and only if A(t) = 0 - contradiction. Indeed, the
addition of the halting oracle does not change the argument whatsoever! O

\ J

Exercise 3.8: Universality of NAND

Show that the NAND gate can be used to simulate the AND, XOR, and NOT gates, provides wires, ancilla bits
and FANOUT are available.




Solution

Concepts Involved: Logic Gates

We start by showing how we can get a 1 qubit using two 0 ancilla bits and a NAND gate.

0
1

We will now show how to simulate the NOT, AND, and XOR gates. We note that we will use “1" to denote
as shorthand a 1 bit constructed using two ancilla bits (as above). a/b represent the input bits. We start
with the NOT gate.

Next, we simulate the AND gate.

a
—a
1
a
aAb
b 1

For the XOR simulated gate, we note that we first use FANOUT twice to copy both input bits.

o
a®b

b a

-

Having simulated the three gates using the NAND gate only, we conclude that the NAND is universal. [

Exercise 3.9

Prove that f(n) is O(g(n)) if and only if g(n) is Q(f(n)). Deduce that f(n) is ©(g(n)) if and only if
g(n) is ©(f(n)).

Solution

Concepts Involved: Asymptotic Notation
Suppose f(n) is O(g(n)). Then, there exists ¢ > 0 such that for all n > ng, f(n) < cg(n). Therefore,
we have 1 > 0 such that for all n > ng, f(n) < g(n). Hence, g(n) is Q(f(n)). Conversely, if g(n) is
Q(f(n)), there exists ¢ > 0 such that for all n > ng, ¢f(n) < g(n). Hence, we have 1 > 0 such that for
all n > ng, f(n) < 1g(n) and hence f(n) is O(g(n)).

Therefore, if f(n) is ©(g(n)) then f(n) is O(g(n)) and Q(g(n)), and by the above argument, g(n) is
O(f(n)) and Q(f(n)) and hence g(n) is O(f(n)). The converse holds in the same way. O
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Exercise 3.10

Suppose g(n) is a polynomial of degree k. Show that g(n) is O(n') for any | > k.

Solution

Concepts Involved: Asymptotic Notation

By assumption, g(n) = ag + a1n' + aan? + ... + axn® with ap # 0. For n > 1 we have that n! > nk if
I >k, and hence if I > k we have that a;n' > a;n’ for all i € {0,...,k}. Therefore, we have that:

(ao+a1+...+ak)nl2a0+a1n1+...+aknk=9(“)

for n > 1 and hence g(n) is O(n!). O

Exercise 3.11

Show that logn is O(n*) for any k > 0.

Solution

Concepts Involved: Asymptotic Notation

Let £ > 0 and ¢ > 0. By the definition of the exponential we have that:

exp (an) _ i (an®)7 _ i

il
= =0

akj nkj

g!

now, there exists some jo € Z for which kj, > 1. Since for n > 0 the terms in the above sum are
non-negative, we find:
k ijOnij
exp(cn ) > —
Jo*
Now, choose c sufficiently large such that ¢¥© > j)!. We then find that:

cFiopkio

exp(cnk) > — > nkio
Jo:

Then for n > 1 it follows that n*% > n as kj, > 1 and so:
exp(cnk) >n
Since the logarithm is monotonic, we may take the log of both sides and preserve the inequality:
en® > logn

So we have shown that for any k& > 0, there exists ¢ > 0 such that for all n > 1, en® > logn. Hence,
logn is O(n¥) for any k > 0. O
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Exercise 3.12: n!°¢" is super-polynomial

Show that n* is O(n!°9") for any k, but that n!°8™ is never O(n*).

Concepts Involved: Asymptotic Notation

First, note that for any k, e* < n for sufficiently large n > ny and so k < logn by monotonicity of the
logarithm. Therefore, for n > ng it follows by monotonicity (of exponentiation) that n* < n!°8™ and so
n¥ is O(nlo8™).

Now, consider an arbitrary a > 0. It still follows for sufficiently large n > ng that e** < n and so
ak < logn and n®n* < nl°8™ But for any ¢ > 0 n® > c for sufficiently large n and so:

an < ,nlog n

So since for any ¢ > 0 there exists some n/, for which n > n/, implies en® < nl°g™ it follows that nl°s™
y 0 o 'mp
is never O(n¥). O

Exercise 3.13: n'°¢” is sub-exponential

(x) Show that c" is Q(n'°8™) for any ¢ > 1, but that n!°8™ is never Q(c").

Concepts Involved: Asymptotic Notation

First note from Exercise 1.11 that logn is O(n*) for any k > 0. Specifically, take k = 1/2; then there
exists a > 0 such that for n > ng:

an'/? > logn
and therefore squaring both sides:
logn

a’n > lognlogn = logn

0 2 0
Now for any ¢ > 1, we can define a’ = ore > 0 and write:

na’logc = log ¢ > log n'°&"

Exponentiating both sides preserves the inequality, and so:

’
na

’
c — 4 > nlogn

and so there exists a constant — > 0 such that for n > ng, ¢ > —n'6™ and therefore " is Q(n'°¢").

Now, let b > 0 be some arbitrarily small constant. For sufficiently large n, we have that na’ log c+logb > 0
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and so for sufficiently large n it further follows that:
log b + na' log ¢ = log (bc"“/) > log n'°8"
where a’ is defined as it was previously. Therefore exponentiating both sides:
b = pe® ¢ > plogn
so for sufficiently large n, for any arbitrarily small constant b’ it follows that &’c¢™ > n'°¢™ and so n'°¢" is

never Q(c™). O
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Exercise 3.14

Suppose e(n) is O(f(n)) and g(n) is O(h(n)). Show that e(n)g(n) is O(f(n)h(n)).

Concepts Involved: Asymptotic Notation

By assumption, we have that e(n) < ¢1 f(n) for some ¢; > 0 and for all n > ny and that g(n) < cah(n)
for some ¢y > 0 and for all n > ny. Let ng = maxny,ny. We then have that for n > ng that:

e(n)g(n) < c1f(n)ezh(n) = (crca)(f(n)h(n))

so therefore e(n)g(n) is O(f(n)h(n)). O

Exercise 3.15: Lower bound for compare-and-swap based sorts

(%) Suppose an n element list is sorted by applying some sequence of compare-and-swap operations to
the list. There are n! possible initial orderings of the list. Show that after k of the compare-and-swap
operations have been applied, at most 2* of the possible initial orderings will have been sorted into the
correct order. Conclude that Q(nlogn) compare and swap operations are required to sort all possible
initial orderings into the correct order.

Concepts Involved: Asymptotic Notation, Compare-and-Swap

We prove the first statement by induction. After 0 steps, we have that 1 = 2° out of the n! possible
orderings are already sorted. Let k € N,k > 0 and suppose that after k swaps, at most 2¥ of the initial
orderings have been sorted into the correct order. We now consider the state of the list after the k + 1th
swap. Each of the 2 initial orderings from the previous step are correctly sorted already (so the swap does
nothing), and there are a further 2¥ initial orderings that are one swap away from the 2* from the previous
step, and hence the k + 1th swap will put 2% more initial orderings into the correct order. Therefore, after
2F+1 compare and swaps, there are at most 2F + 2F = 2*+1 possible initial orderings that are sorted into
the correct order. This proves the claim.

Using the above fact, we have that in order to have all n! possible initial orderings correct after k
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steps that 2¥ > nl. Taking logarithms on both sides, we have that log(2¥) > log(n!) and hence k >
log(n!). Using Stirling's approximation for factorials (https://en.wikipedia.org/wiki/Stirling},
27s_approximation), we have that:

k > mnlogn —nloge + O(logn)

from which we conclude that k is Q(nlogn) and hence Q(nlogn) compare and swap operations are
required to sort all possible initial orderings into the correct order. O
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Exercise 3.16: Hard-to-compute functions exist

(%%x) Show there exist Boolean functions on n inputs which require at least 2" /logn logic gates to
compute.

The correct bound should be 2™ /n logic gates. Alternatively, the assumption that the number of wires is
fixed to be n throughout the computation can be added, in which case the bound is indeed 2" /logn (see

remark).

Concepts Involved: Logic Gates, Boolean Functions, Computational Complexity

A Boolean function on n inputs has 2™ possible input bitstrings and 2 possible outputs for each bitstring.
Thus there are a total of 22" Boolean functions on 7 inputs.

Let C'(m) be the number of possible circuits consisting of m logical operations. Suppose we have a logical

gate that acts on f wires and outputs f + 1 wires; at the ith step (for ¢ = 1,...m) there are (""'}_1)

choices of wires where this logical gate could act, and so a total number of circuits:

Clm) = ﬁ (") o+ mm

If we have g available types of logic gates, at each step of the above we have g choices, and so the total
number of possible circuits becomes:

C(m) = O((n +m)’™g™)

We need m large enough such that C(m) > 22" in order to be able to compute all possible Boolean
functions, and so:

O((n 4 m)fmgm) > 2%"
taking logarithms of both sides:
O(fmlog(n +m) + mlog(g)) > 2" log(2)
Neglecting constants and considering that m > n, this requires:

mlog(m) = Q(2")



https://en.wikipedia.org/wiki/Stirling%27s_approximation
https://en.wikipedia.org/wiki/Stirling%27s_approximation

which holds so long as:

27l

m =
n

Since this is the number of gates required to compute all possible Boolean functions on n inputs, it must
be the case that some Boolean functions require this gate count, and the claim follows. O

Remark: Note that if we only consider logic gates that preserve the number of wires from input to

output, then there are (?)g = O(n’9) possible choices of gates in the circuit and so O(nf9™) possible

circuits of m gates. Then, requiring O(n/9) > 22" we find that m = Q(lf;n) so the original problem

statement holds with the assumption that the number of wires is fixed to be n throughout the circuit.

Exercise 3.17

(%) Prove that a polynomial-time algorithm for finding the factors of a number m exists if and only if the
factoring decision problem is in P.

Concepts Involved: Factoring, Computability, Computational Complexity

: Supposed a polynomial time algorithm for finding the factors of a number m exists. Then, this
solves the factoring decision problem in polynomial time - for a given [ < m, simply take the minimum of
all obtained prime factors (of which there are O(logm) many) and check whether it is less than (YES) or
greater than (NO) .

: Suppose the factoring decision problem is in P, so we can compute Factoring(m,[) in poly
time. From this, we can construct a polynomial time algorithm for finding all prime factors of a number
m as follows. We look for the smallest prime factor via binary search:

(1) Compute Factoring(m,m/2).

(2) If YES, then we know that the prime factor is in [0,m/2), so then compute Factoring(m,m/4).
If NO, we know that the prime factor is in [m/2,m], so then compute Factoring(m, 3m/4).

(3) Repeat the above step (halving the size of the set each time) until the smallest factor p; of m is
obtained, and store it.

(4) Set m — m/p;.

(5) Repeat the above steps until the residual m is no longer composite, at which point the prime
factorization of m has been fully determined.

The binary search requires O(logm) calls to Factoring, and we solve for O(logm) factors, so overall the
algorithm involves O(log? m) calls to Factoring (which runs in poly time) and thus the entire algorithm
runs in polynomial time, as desired. O

Exercise 3.18

(%) Prove that if coNP # NP then P # NP.




Solution

Concepts Involved: Computational Complexity
We prove this via the contrapositive. Suppose P = NP.

Let L € NP; since L € P, there exists a Turing machine T that decides L in poly time. Now, let M
be a Turing machine that simulates T" on all inputs (and ignores any input after a blank), and accepts if
T rejects, and rejects if T' accepts. Then, for ¢ L, there exists a witness string w - in particular any
dummy string (say, w = z itself) and then M will accept in poly time (since T rejects z in poly time)
when started in « — blank — w. For x € L, for all strings w, M rejects in poly time when started in
x — blank — w (as T accepts z in poly time). Thus, L € coNP, and so NP C coNP.

The argument for coNP C NP is analogous (swap NP < coNP and x € L +> « ¢ L in the argument
above), and so we conclude coNP = NP. O

Exercise 3.19

(x) The Reachability problem is to determine whether there is a path between two specified vertices
in a graph. Show that Reachability can be solved using O(n) operations if the graph has n vertices.
Use the solution to Reachability to show that it is possible to decide whether a graph is connected in
O(n?) operations.

The corrected exercise is that Reachability can be solved using O(n?) operations if the graph has n
vertices, and that this can be used to decide whether a graph is connected in O(n?) operations.

Solution

Concepts Involved: Graph Theory, Reachability

Reachability can be solved using a graph search algorithm, for example breadth-first-search, which we
give below:




BFSREACH(G, V1, V2)

if VI = V2 then
| return True
end

tovisit = ]
visited = ]

current = V1

for v adj to current in G do
| tovisit.append(v)

end

while tovisit # () do

visited.append(curr)

current = tovisit[0]

tovisit.remove(tovisit[0])

if current = V2 then
| return True

end
for v adj to current in G do
if v ¢ visited then
| tovisit.append(v)
end
end

end
return False

The above algorithm explores all vertices reachable from V; (starting by looking at adjacent vertices to
V1, then vertices adjacent to those vertices, hence “breadth first”), halting if V5 has been reached. Note
that no vertex/edge is explored twice, since visited vertices are marked and ignored in further iterations.
In the worst case scenario, the above algorithm explores every vertex and edge of the graph, and thus
requires O(|V| + |E|) operations. A dense graph can have |E| = O(|V|*) edges (e.g. W for a
fully connected graph), and so the above algorithm solves Reachability in O(|V|?) = O(n?) operations.
Since reachability is transitive (i.e. if there exists a path between Vi, V5 and Vs, V3, then there exists
a path between Vj, V5 by connecting the two paths), to show that a graph is connected (i.e. that any
vertex can be reached by any other vertex), it suffices to show that from one vertex V' every other vertex
V' can be reached. Thus, to verify a graph is connected, we can run BFSREACH(G, V, V') a total of
n —1 = O(n) times, for a fixed vertex V and ranging over all other vertices V’. If we get TRUE for all
runs then we conclude that the graph is connected, and if we get FALSE for any of the runs, we conclude
that the graph is not connected. Since we run an O(n?) algorithm O(n) times, the verification requires
O(n?) operations. O

Exercise 3.20: Euler’s theorem

(%) Prove Euler's theorem. In particular, if each vertex has an even number of incident edges, give a

constructive procedure for finding an Euler cycle.
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Concepts Involved: Graph Theory, Euler Cycles.

An Euler cycle of a graph G = (V, E) is an ordering of the edges E such that every edge in the graph is
visited exactly once.

Suppose G = (V, E) is fully connected and each vertex has an incident number of edges. Then, the
following algorithm (due to Hierholzer) constructs an Euler cycle (using the RANDOMCYCLE algorithm
as a subroutine):

RANDOMCYCLE(start, E)

path = []

choose random e = (start, next) € E incident to start
path.append(e)

E.remove(e)

current = next

while current # start do
choose random e = (current, next) € E incident to start

path.append(e)
E.remove(e)

current = next
end

return path
EULERCYCLE(V, E)

pick random vertex v from V
cycle = RANDOMCYCLE(v, E)
for e in cycle do
if e[0] has unremoved edges in E then
path = RANDOMCYCLE(e[0], E)
cycle.append(path, location=before edge €)
return to start of for loop
end
end
return cycle

Let us discuss why this algorithm indeed succeeds, by walking through a given run of it:
(1) Pick at random v € V to be the starting vertex.

(2) Pick a random path of incident edges, removing each edge from E as it is added to the path.
Continue this procedure until you return to v. This is guaranteed as the path cannot terminate
anywhere else (since every vertex in the graph has an even number of incident edges, if a vertex is
entered, there will always exist an exit edge).

(3) At the conclusion of the previous step, we are guaranteed to have a cycle, but not a Euler cycle (there
may remain unexplored edges). Thus, let us iterate through the vertices appearing in the already-
constructed cycle; if we encounter a vertex v’ that has unexplored edges (i.e. edges unremoved from
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E), then run step 2 again, using v’ as the start/return vertex. Insert the path obtained this way to
the cycle obtained from the previous step.

(4) Run step 3 until no vertices on the cycle contain unexplored incident paths. Since the graph is
connected, this will mean that no unexplored edges remain on the cycle. At this point, the cycle
contains every edge once (each edge is removed as a candidate after it is added to the path) and is
thus a Euler cycle. Thus Euler's theorem is proven by construction.

O
Exercise 3.21: Transitive property of reduction

(%) Show that if a language L; is reducible to the language Lo and the language Lo is reducible to L
then the language L; is reducible to the language Ls.

Concepts Involved: Reducibility, Turing Machines

By assumption, there exist Turing machines T, T" operating in polynomial time such that if T is given
input z it outputs R(x) with = € Lo if and only if R(x) € Ly and if T” is given input z it outputs R'(z)
with z € Ls if and only if R'(x) € Lo.

Define T" to be the Turing machine which given input x, sequentially simulates 77 and then T'. This can
be done as follows. First, ensure that the programs of 77, T do not contain any shared internal states; if
they do share common states, simply rename all states of 7" such that this is no longer the case. Next,
set the program of T" to be simply all program lines of T, 7" combined. The last subtlety is to ensure the
correct start, halting, and transition behaviour. Next, the starting state q;f” of T" to be that of 77, q;f/.
Set the halting state g7 to be that of T', ¢/ Finally, replace the halting state ¢/~ of T’ with a transition
state girans, and add the following lines to the program:

<q*cransv 0, Gtrans, 0, _1>
<Qtrans, 1, Gtrans, 1, 71>

<Qtran57 [>a QZ7 D7 O>

The step of making sure T”,T do not share internal states ensures that the two simulations can run
independently sequentially. T starts by simulating 7" with input x, until it reaches what would have been
the halting state q,q;' (having written R’(z) onto the tape), now gans. Then, the above three lines of the
program run, which ensure that the Turing machine returns to the starting square, >, and then starts the
simulation of T" on input R’'(x), which leads to output R(R'(z)).

That R(R'(z)) € Ly <= x € L3 follows from R'(z) € Ly < z € Ly and R'(z) € 1 < =z €
Ly. It remains to show that 7" runs in polynomial time. The T” part of T” runs in polynomial time,
and produces (as an intermediate) R'(z), the size of which is bounded by some polynomial in |z|, say
p(|z|). Thus the T part of 7" runs in polynomial time in p(|x|), which is just another polynomial in |z|
(composition of polynomials yields another polynomial) - thus 7" runs in polynomial time in |z|, and we
conclude Ly is reducible to Ls. ]




Exercise 3.22

Suppose L is complete for a complexity class, and L’ is another language in the complexity class such
that L reduces to L’. Show that L’ is complete for the complexity class.

Concepts Involved: Reducibility, Completeness

Let L” be any language in the complexity class. Since L is complete for the complexity class, L” reduces
to L, and since L reduces to L', by transitivity of reduction (see previous exercise) L” reduces to L’. Thus
L' is complete for the complexity class. O

Exercise 3.23

(%) Show that SAT is NP-complete by first showing that SAT is in NP, and then showing that CSAT
reduces to SAT. (Hint: for the reduction it may help to represent each distinct wire in an instance of CSAT
by different variables in a Boolean formula.)

Concepts Involved: Computational Complexity, Reducibility, Completeness

If ¢ is a Boolean formula, then ¢ € SAT if ¢ is satisfiable. Then, consider the Turing machine M which
given input ¢-blank-z (for an assignment ), outputs ¢(x).

If ¢ € SAT, then there exists a witness string w, namely the satisfying assignment, for which M accepts
in polynomial time when given @-blank-w as input. If ¢ ¢ SAT, then for any string w it will be the case
that M rejects in polynonimal time when given ¢-blank-w as input (as there is no satisfying assignment).
Thus, SAT € NP.

To see that CSAT reduces to SAT, we require a Turing machine operating in polynonimal time that when
given input x outputs R(z), and = € CSAT if and only if R(z) € SAT. This is realized by a Turing
machine which maps each input wire wy,...,w, in a Boolean circuit to a Boolean variable x1, ..., x,,
and maps each AND(i1, i) gate (with i, 45 the input wires) to (i1 A i), each OR(i1,42) gate to (i1 V ia),
and each NOT(¢) gate to —i. The Boolean formula is then output as the composition of these translated
gate operations. This runs in poly time in the circuit size, since each gate in the circuit has constant size
input/output and thus translates to Boolean clauses in constant time. Thus CSAT reduces to SAT.
Taking these two facts together, we conclude SAT is NP-complete. O
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Exercise 3.24: 2SAT has an efficient solution

(%*) Suppose ¢ is a Boolean formula in conjunctive normal form, in which each clause contains only two
literals.

(1) Construct a (directed) graph G(y) with directed edges in the following way: the vertices of G
correspond to variables z, and their negations —z; in . There is a (directed) edge (o, 8) in G if
and only if the clause (—aV ) or the clause (8V —a) is present in . Show that ¢ is not satisfiable
if and only if there exists a variable x such that there are paths from x to —x and from —x to z in

G(p).

(2) Show that given a directed graph G containing n vertices it is possible to determine whether two
vertices v; and vy are connected in polynomial time.

(3) Find an efficient algorithm to solve 2SAT.

Concepts Involved: Computational Complexity, Boolean Logic, Graph Theory

(1) : Suppose there exists some variable = such that there are paths from z to -z and —x to
x. This implies that there exist paths of vertices x, y1, Y2, .., Yn, 7 and T, Y1, Yh, ..., Yy, 72’
with y;,y, either variables or their negations, and so (—z V y1), (—y1 V ¥2),. .., (—yn V —x) and

(x VL), (=yi Vya),...(—y,, V) appear as clauses in .

To better understand what this means, consider the following Boolean expression:
(xVy)A(myVz)

and suppose we wish it to be true/evaluate to 1. If y = 0, then the first clause is false, so it must
be that z = 1. If y = 1, then the second clause is false, so it must be that = 1. In particular, for
this to be true it must be that (z V z) = 1.

Applying this argument repeatedly for the two sets of clauses we found above, we have:

(mzVy) AN Vy) A Ay Vo) =1 = (Vo) =1 = —x=1

(VYDA VyR)A Ay, V) =1 = (zVa)=1 = z=1

But then since ¢ contains both sets of these clauses, it must be that for ¢ = 1 we have that x = 1
and —x = 1 simultaneously; this is not possible, so ¢ is not satisfiable.

: Suppose now that there are no such variables = for which there are paths from z to -z
and —x to x. Then, a satisfying assignment for ¢ can be constructed as follows.

(a) Choose variable z;. If there is a path from 1 to —z1, then to have a satisfying assignment this
implies (from the previous argument) that (—zV —z) = =z = 1 so set x; = 0 and alternatively
if there is a path from —z; to x;, then set 21 = 1 (by assumption, it cannot be the case that
both paths exist). If neither exists, set ; = 0,1 randomly.




(b) Consider all directed paths starting from xp/terminating at —xz;, or starting from

-z /terminating at 1, which in order for ¢ to be satisfied imply (—21 Vy)/(y V —z1) = 1
or (x1 Vy)/(yV x1) =1 for y variables or negations. If 2y was set to be 0, then consider all
such (z1 Vy)/(y V1) =1 and set y = 1, and if z; was set to be 0, then consider all such
(mz1Vy)/(yV-x1) =1and set y = 1.
This assignment of ys is guaranteed to be possible - WLOG suppose x; = 1 and suppose for
the sake of contradiction there were paths from z; to y and x; to —y. But then there would
also exist a path from y to -y, and by transitivity, a path from 27 to —z;. If in step (a) we
had set 1 = 1 because there was a path from -z to x1, we find that there exist both paths
21 to —x1 and —xq to x7 - contradiction. If in step (a) we had set x; = 1 because there were
no paths of the form z; to —z; or —x; to x1, we again get a contradiction as we have just
constructed a path from z; to —x1. Thus, we have shown any y assigned in the (b) step are
guaranteed to have a consistent assignment.

(c) Continue down the list of variables 2,3, ... until an unfixed variable z; is encountered, and
repeat steps (a)/(b) using ;. Repeat until all variables have been assigned.

Since the above steps specify variables in such a way that that all clauses of ¢ are true, ¢ is thus
satisfiable.

(2) In Ex. we constructed an O(n?) search algorithm (with n the number vertices) to deduce if
two vertices were connected in an undirected graph. By modifying the algorithm to only consider
adjacent vertices connected by a directed edge, and also by running it twice (swapping vy <> vg as
start/endpoints), the algorithm generalizes to the directed case, still running in O(n?) (polynomial)
time.

(3) Constructing G(¢) takes O(|V'|+|E|) operations, with number of vertices |V | = 2n (n variables and
their negations) and number of edges |E| at most |V|(|[V| — 1) = 2n(2n — 1) for a fully connected
directed graph, and so requires O(n?) operations. Then, for any given variable = to check z,
are connected we can run the search algorithm of (2) in O(n?) time. We do this for each of the n
variables, which takes n - O(n?) = O(n?®) time. If for all variables x,  and —z are not connected,
then we conclude that ¢ is satisfiable. If for any of the x we find that = and —x are connected, we
conclude that ¢ is satisfiable. Hence, we have solved 2SAT in O(n?) (polynomial) time.

O

\. J

Exercise 3.25: PSPACE C EXP

The complexity class EXP (for exponential time) contains all decision problems which may be decided
by a Turing machine running in exponential time, that is time O(2"k), where k is any constant. Prove
that PSPACE C EXP. (Hint: If a Turing machine has [ internal states, an m letter alphabet, and uses
space p(n), argue that the machine can exist in one of at most Im?("™) different states, and that if the
Turing machine is to avoid infinite loops then it must halt before revisiting a state.)
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Solution

Concepts Involved: Computational Complexity, Turing Machines

Following the hint, if a Turing machine has a m letter alphabet and uses space p(n), then the number
of possible states of the memory is m?(™ . The total number of states is the product of the number
of internal states and memory states, and so is lm?(™. Since a Turing machine is deterministic, if it
revisits an internal state, then it will loop (infinitely many times). Thus, for a decision problem to be in
PSPACE, the Turing machine must halt/decide before revisiting a state, and in particular this means
that it must halt/decide in < ImP(™) time (else by the Pigeonhole principle, there will be an internal state
that is visited more than once).

For any polynomial p(n), there exists some sufficiently large k for which Im?(™ < on” (this can be seen
by taking logarithms, wherein ip(n)logm < n* follows for sufficiently large k - see Ex. , and so if a
decision problem is in PSPACE, it is also in EXP. Thus PSPACE C EXP. O

Exercise 3.26: L C P

The complexity class L (for logarithmic space) contains all decision problems which may be decided by a
Turing machine running in logarithmic space, that is, in space O(log(n)). More precisely, the class L is
defined using a two-tape Turing machine. The first tape contains the problem instance, of size n, and is a
read-only tape, in the sense that only program lines which don't change the contents of the first tape are
allowed. The second tape is a working tape which initially contains only blanks. The logarithmic space
requirement is imposed on the second, working tape only. Show that L. C P.

Solution

Concepts Involved: Computational Complexity, Turing Machines

The argument is analogous to the last problem. The number of possible states of a Turing machine with
| internal states, an m letter alphabet, and log(n) memory is Im!°€(™)_ For a decision problem to be in L,
the Turing machine must halt/decide in < Im©(°e(™) time.

We recall that P = |J, TIME(n*). We can always find a sufficiently large & for which im©@Ues() <
n® (this is perhaps easiest to see after taking logarithms of both sides, where we see log(l) +
O(log(n))log(m) < klog(n) for sufficiently large k), and so if a decision problem is in L, it is also
in P; thus L C P. L]




Exercise 3.27: Approximation algorithm for VERTEX COVER

Let G = (V, E) be an undirected graph. Prove that the following algorithm finds a vertex cover for G
that is within a factor of two of being a minimial vertex cover.

Ve =10
E'=E
while E' # () do

let (o, B) be any edge of E’

VC =VCU/{a,p}

remove from E’ every edge incident on « or 3
end
return VC

Concepts Involved: Graph Theory, Vertex Covers.
Recall that a vertex cover of a graph G = (V, E) is a set of vertices V' such that every edge in the graph
has one or both vertices contained in V.

It is clear that the above algorithm outputs a vertex cover of G; for any e € E, e must be removed from
E’ at some step k, by which it is incident to either ay; or Bi (or both), which are contained in the output
vertex set V.

To see that the VC output from the algorithm is within a factor of two of the minimal vertex cover
(which we call MV C), consider that at step k of the loop, the algorithm adds vertices ay, 8 to VC
corresponding to edge e, = (ag, Ok). Because MV C is a vertex cover, for any e € E, either one or both
of its vertices are contained in MV C, and in particular this is true for each e;. Thus, at least one of
g, B is in MV C' - in comparison, the algorithm adds both ay, Bx to VC, and thus VC' is at most a
factor of two larger than MV C. O

Exercise 3.28: Arbitrariness of the constant in the definition of BPP

Suppose k is a fixed constant, 1/2 < k < 1. Suppose L is a language such that there exists a Turing
machine M with the property that whenever © € L, M accepts = with probability at least &, and whenever
x ¢ L, M rejects x with probability at least k. Show that L € BPP.

Concepts Involved: Computational Complexity, Turing Machines, Chernoff Bound

If £ > 3/4, then automatically L € BPP as if © € L then M accepts with probability at least k& > 3/4
and if z ¢ L then M rejects with probability at least k& > 3/4.

If £ < 3/4, then consider a Turing machine M’ which simulates M n times (with n a function of k), and
then accepts/rejects based on majority vote of the n outcomes. Writing k = %—i—e, by the Chernoff bound
(see Box 3.4), if z € L (z ¢ L) M’ accepts (rejects) with probability at least 1 — e~2¢""_ Setting:

3

2
1_672en>7
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we can take logarithms of both sides to obtain:
n > log(4)/2¢

so taking n to be large enough to satisfy the above bound, we find that if z € L (z ¢ L), M’ accepts
(rejects) with probability at least 3/4, so L € BPP. O

| r

Exercise 3.29: Fredkin gate is self-inverse

Show that applying two consecutive Fredkin gates gives the same outputs as inputs.

Concepts Involved: Fredkin Gates. Recall the input/output table of the Fredkin gate:

Inputs Outputs
a b c|d bV ¢
00 0|0 0 O
00 10 0 1
01 0[]0 1 O
0O 1 1|1 0 1
10 0|1 0 O
1 0 1/{0 1 1
1 1 0|1 1 O
11 1]1 1 1

F[F[(0,0,0)]] = F[(0,0,0)] = (0,0,0)
F[F[(0,0,1]] = F[(0,0,1)] = (0,0, 1)
F[F[(0,1,0]] = F[(0,1,0)] = (0,1,0)
F[F[(0,1,1)]] = F[(1,0,1)] = (0,1,1)
F[F[(1,0,0)]] = F[(1,0,0)] = (1,0,0)
F[F[(1,0,1)]] = F[(0,1,1)] = (1,0,1)
F[F[(1,1,0)]] = F[(1,1,0)] = (1,1,0)
F[F[(1,1,1)]] = F[(1,1,1)] = (1,1,1)
We conclude that the Fredkin gate is self-inverse. O

Exercise 3.30

Verify that the billiard ball computer in Figure 3.14 computes the Fredkin gate.




Concepts Involved: Fredkin Gates

By tracing out the billiard trajectories, we can confirm that the Fredkin gate truth table of Fig 3.15 (also

see Ex. [3.29) is reproduced.

O
Exercise 3.31: Reversible half-adder

Construct a reversible circuit which, when two bits = and y are input, outputs (z,y, ¢,z @ y), where ¢ is
the carry bit when z and y are added.

Concepts Involved: Logic Gates, Reversible Computation

The following circuit accomplishes this task:

X X
y y
0 d— ¢
0 ——b Dy

x,y are left invariant since they are only acted on by controls. The two controlled-NOT gates compute
x@y=x+y (mod 2) on the fourth bit, and the Toffoli sets the carry (third) bit to 1 if both z,y are 1.
The circuit is reversible, since both controlled-NOT and Toffoli gates are reversible. O




Exercise 3.32: From Fredkin to Toffoli and back again

(%%x) What is the smallest number of Fredkin gates needed to simulate a Toffoli gate? What is the smallest
number of Toffoli gates needed to simulate a Fredkin gate?

Solution

Concepts Involved: Fredkin Gates, Toffoli Gates

Toffoli from Fredkin. First, note that since Fredkin gates conserve the number of 1s while Toffolis do
not, it is impossible to construct a Toffoli from a Fredkin without the use of (non-resettable) ancilla. If
we allow for such ancilla, we get a three-Fredkin construction (with a/b the controls and ¢ the target of
the simulated Toffoli):

a a
b * b
c c® ab
0
1
The action of the circuit is:
(a,b,c,c,e) a=0,b=0
(@,5,¢,0,1) > (a,b,¢, ¢, ) (a,b,c¢,c,c) azO_> (a,b,¢,¢,¢c) a=1,b=0
B B (a,b,¢c,¢,c) a=1 (a,b,c,c,¢) a=0,b=1
(a,b,¢,c,c) a=1,b=1

From which we can see that a,b are always left invariant and c is flipped only if a = 1,0 = 1 - this is
precisely the Toffoli.

So three Fredkins is sufficient. That one Fredkin is not enough can be seen from the fact that the Toffoli
needs to control off of two bits (and act trivially on them) while the Fredkin only controls off of one bit.
For two Fredkins, since the Toffoli needs to control off of both qubits a/b, this forces the control of the
first Fredkin to be on a and the second to be on b (or vise versa). Further, since a/b cannot be acted on
nontrivially, this further forces one part of the controlled-SWAP of the Fredkin to be on ¢, while the other
must act on an ancilla. This means at most what two Fredkin’s can accomplish is swapping the state of ¢
with pre-determined ancilla bits, depending on the state of a/b. But since the ancilla are pre-determined
(while the output bit of a Toffoli depends on the input), it is impossible to make a Toffoli this way from two
Fredkins. Thus three Fredkins are necessary/are the minimum, which the above construction saturates.
Fredkin from Toffoli. Since the Toffoli gate is a controlled-CNOT gate, and the Fredkin gate is a controlled-
SWAP gate, we can use adapt the SWAP-as-three-CNOT construction of Figure 1.7 to make a Fredkin out of
three Toffolis:
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So three Toffolis is sufficient. That one Toffoli is not enough immediately follows from the fact that the
Fredkin gate acts nontrivially on two bits, while the Toffoli only acts nontrivially on a single bit. For two
Toffolis, one of the Toffolis must have target on bit a while the other must have target on bit b if both
are to be acted on nontrivially. Further, one of the controls for both Toffolis must be on ¢, as ¢ controls
the action on bits a/b for the Fredkin. The only other control could be the (non-target) a/b bit, and so
the only possibility is:

D
a \%

b S
@

up to a swap of the order of the two gates. But this sends (1,0,1) — (1,1,1) which is not the correct
action of the Fredkin (and in the case where we swapped the order, we would find (0,1,1) — (1,1,1)
which again is not the correct action). The only other possibility is that the non-c control is tied to an
external ancilla; if the control is tied to a 0 ancilla, the gate drops out. If the control is tied to a 1 ancilla,
the Toffoli becomes a CNOT with control on ¢ and target on a/b. If we do this, we get one of (depending
on whether we remove the control on a, b or both):

pany pany M
a \% a \% a \u
M D pany
b v b \\% b \%
c @ c

The first sends (1,0,1) — (1,1,1), the second sends (1,0,1) — (0,0, 1), and the third sends (0,0,1) —
(1,1,1), none of which are the correct action. A similar analysis goes through for the cases with swapped
order, and having exhausted the possibilities, we conclude that 2 Toffolis cannot form a Fredkin. Thus 3

Toffolis are necessary/the minimum (which our construction saturates). O
Problem 3.1: Minsky machines
(%%x) A Minsky machine consists of a finite set of registers, ry,ro,...,7, each capable of holding an
arbitrary non-negative integer, and a program, made up of orders of one of two types. The first type has
the form:

m

03

The interpretation is that at point m in the program register r; is incremented by one, and execution
proceeds to point n in the program. The second type of order has the form:
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The interpretation is that at point m in the program, register r; is decremented if it contains a positive
integer, and execution proceeds to point n in the program. If register r; is zero then execution simply
proceeds to point p in the program. The program for the Minsky machine consists of a collection of such
orders, of a form like:

The starting and all possible halting points for the program are conventionally labeled zero. This program
takes the contents of register r; and adds them to register r5, while decrementing r; to zero.

(1) Prove that all (Turing) computable functions can be computed on a Minsky machine, in the sense
that given a computable function f(-) there is a Minsky machine program that when the registers
start in the state (n,0,...,0) gives as output (f(n),0,...,0).

(2) Sketch a proof that any function which can be computed on a Minsky machine, in the sense just
defined, can also be computed on a Turing machine.

Problem 3.2: Vector games

(x%x) A vector game is specified by a finite list of vectors, all of the same dimension, and with integer
co-ordinates. The game is to start with a vector x of non-negative integer co-ordinates and to add to x
the first vector from the list which preserves the non-negativity of all the components, and to repeat this
process until it is no longer possible. Prove that for any computable function f(-) there is a vector game
which when started with the vector (n,0,...,0) reaches (f(n),0,...,0) (Hint: Show that a vector game
in k 4+ 2 dimensions can simulate a Minsky machine containing k registers.)

Concepts Involved: Computability, Minsky Machines

Since we showed in the previous exercise that all Turing computable functions can be computed on a
Minsky machine, it suffices to show that any Minsky machine may be simulated by a vector game.
Following the hint, for a Minsky machine with k registers, we consider the following vector game in k + 2
dimensions. The state vector is of the form:

X = (T15T27 oo 77’1@,(]1,(]2)




with coordinates 1,. .., k simulating the state of registers 1,... &, and coordinates k+ 1, k+ 2 simulating
the point in the program.
The orders are translated as follows; for each order of the first type (increment):

m n

include the vectors:

0,...,0, 1 ,0,...,0,—m, n )

_

J k+1 k42
0,...,0, n , —n)
—~—
k+1 gkt

And for each order of the second type (decrements):

include the vectors:

0,...,0, =1,0,...,0,—m, n )
~~ —~—

~—

J k+1 k+2
(0,...,0, . n , —m)
M~
k+1 kt2

and:

0,...,0, —m,
( p)
k+1 k42

0,...,0, p , —p)

~ ~~

E+1  k+2
In both of these cases, the first vector of the pair has the action of doing the incrementation/decrementa-
tion/passing of register j according to the state (as encoded in the k + 1th place), and the second vector
has the action of transitioning the state by moving the stored value from the k + 2nd place to the k + 1th
place.
Add these vectors into the list of vectors of the vector game, ordered from most to least negative in the
k+ 1th and k + 2th entries (this is done to ensure that, e.g. if the k+ 1th entry of x is —m, we do not run
any instructions corresponding to points n < m). Playing this vector game with input (rq,...,7,,0,0)

will then simulate the Minsky machine with input (r1,...,75).
O
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Problem 3.3: Fractran

(%) A Fractran program is defined by a list of positive rational numbers ¢y, ...,q,. It acts on a positve
integer m by replacing it by g;m where i is the least number such that ¢;m is an integer. If there is ever a
time when there is no 7 such that g;m is an integer, then execution stops. Prove that for any computable
function f(-) there is a Fractran program which when started with 2" reaches 2/(") without going through
any intermediate powers of 2. (Hint: use the previous problem.)

Concepts Involved: Computability, Vector Games

From the previous problem, we know that for any computable f(-) there exists a vector game that whens
started with (n,0,...,0) reaches (f(n),0,...,0). Let vq,...v, be the list of such vectors defining the
above vector game, all of length k. We construct a Fractran program that simulates this vector game as
follows; to each v; = (v}, v?,v3,...,vF), associate:

AR R A R A B
1.2 .3 k
@ = 2" 35" ... p
where py, is the kth largest prime number. These ¢; (which are rational as v¥ € Z/the vectors have integer
coordinates) make up the Fractran program.
The progression of the vector game that x — x + v; where 7 is the least index such that x + v; has non-
negative components maps exactly onto the progression of the Fractran program, where m — ¢;m where
i is the least number such that ¢;m is an integer (negative components in the vector game = prime
factors in the denominator of ¢;m, making it non-integral). Thus, if we start the Fractran program with 2",
we reach 2f("). No intermediate power of 2 is reached - if this was the case and some intermediate power

2™ was reached, this implies that the simulated vector game reaches (m,0,...,0) before (f(n),0,...,0),
which implies the simulated Minsky machine reaches the (m, 0, ..., 0) state - but based on our construction
in Ex. [B.1]this Minsky machine would halt and give (m, 0, ..., 0) as output, never reaching (f(n),0,...,0)
- contradiction. O

Problem 3.4: Undecidability of dynamical systems

(%%x) A Fractran program is essentially just a very simple dynamical system taking positive integers to
positive integers. Prove that there is no algorithm to decide whether such a dynamical system ever
reaches 1.

Concepts Involved: Computability, Fractran, Halting Problem

It will be useful to recall Lemma 2 from our solution to Exercise [3.2] that the set of all finite sequences of
elements from a countably infinite set is also countably infinite.

First, note that @ (the set of rational numbers) is countable (to see this, consider the formal definition of
the rationals as:

Q={(m,n):meZneN}/~
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where ~ denotes the equivalence relation (my,n2) ~ (ma,ns) if ming = maony. This is of course just the
formalization of the familiar notion of rational numbers as the ratio of two integers, and two rationals being
identified via cross multiplication of denominators. Lemma 2 then implies that Q is countably infinite, as
it is the set of length 2 sequences (modulo an equivalence relation) with elements taken from Z, N, both
countably infinite sets.

Then, recalling that a Fractran program consists of a finite list of rationals/non-integer fractions q1, . . . , ¢y,
we can again apply Lemma 2 to conclude that the set of Fractran programs is again countably infinite.
Thus, each Fractran program can be associated with a natural number n in a way that uniquely specifies
the program.

From Problem for any computable function f(-), there exists a Fractran program which when started
with 2" reaches 2/(") without going through intermediate powers of 2. Now, suppose for the sake of
contradiction that there was an algorithm to decide whether a Fractram program reaches 1. Then, the
function:

0 program n started on 2" does not reach 1
r(n) =

1 program n started on 2" reaches 1.

is computable, and thus there exists a Fractran program F' with number f that when started on 2" reaches
27(n) without going through intermediate values of 2. Now, consider whether F started on 2/ reaches 1.

e If yes, then it reaches 1 = 27(f) without reaching intermediate values of 2 (i.e. as a final state), but
1=2"Y) — r(f) =0, which is only true if f does not reach 1; contradiction.

e If no, then r(f) = 0, so it reaches 27(f) = 29 =1, again a contradiction.

Thus we get a contradiction, and we conclude that no algorithm to decide whether a Fractran program
reaches 1 exists. O

Problem 3.5: Non-universality of two bit reversible logic

(%) Suppose we are trying to build circuits using only one and two bit reversible logic gates, and ancilla
bits. Prove that there are Boolean functions which cannot be computed in this fashion. Deduce that the
Toffoli gate cannot be simulated using one and two bit reversible gates, even with the aid of ancilla bits.

Concepts Involved: Logic Gates, Boolean Functions, Toffoli Gates

Consider the constant Boolean function f(x) = 1. This cannot be computed using one/two-bit reversible
gates, since circuits composed of reversible circuits can only compute bijective functions. However, it is
also not a useful example in the sense that any reversible circuit (not just reversible circuits consisting of
1/2-bit reversible logic gates) would not be able to compute it.

A more useful characterization follows from the fact that circuits of one/two-bit reversible gates can only
compute affine functions, i.e. functions of the form f(z) = Az + b for a binary and reversible matrix A
and binary vector b. Our solution is an adaptation of the very elegant discussion of Cyclone, as can be
found on StackExchange!
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First we claim that any bijective function f(z) : {0,1}> — {0,1}? if affine:
flz)=Az+0b

for A € GLax2(Zs) and b a binary length 2-vector.

To see this, first consider that there are 4! = 24 such total possible bijective functions (4 choices of outputs
for z = (0,0)T, then 3 remaining choices for (0,1)%, 2 for (1,0)7, and 1 for (1,1)%).

Then, let us count the possible affine functions. There are 4 choices for b - (0,0)7, (0,1)%, (1,0)7, (1,1)T

and 6 choices for A:
1 0 0 1 0 1 1 0 1 1 1 1
0O 1|’{1 o|’|1 1|’|1 1|’|1 0|’|0 1

making for 6 - 4 = 24 apparent choices of affine f; let us verify that each such f is unique. Letting
f(x)=Ax+b, f'(x) = Az + ¥V, if f = f then for all inputs x:

Az +b=Az+b0 = (A-A)z+(B-V)=0

setting = = (0,0)7, we find b =¥, and then considering z = (1,0)7 we have:

li / li
apo — @ aopr — a apo — @
g Ol 11 0] =0 = 01 =0 = app = ajg, a10 = @]
/ / / 00 10
aio —ayp @11 — agy aio — Qjg

and an analogous calculation for x = (0,1)7 shows that ag1 = af;,a11 = a}; and so A = A’. Thus
each f is unique, and so indeed the 24 affine functions specified by the 6 A and 4 b coincide with the 24
possible bijective 2-bit binary functions.

The above shows that the action of any reversible one/two-bit gate is affine. The action of such a gate
when embedded into a circuit on multiple bits (and ancilla) is still affine - simply consider the larger matrix
A/larger vector b that has trivial action on the other bits. Further, the composition of many such gates
is seen to be affine, since the composition of two affine functions fi(z) = Ajx + by, fo(x) = Asx + by is
again affine:

f20 fi(x) = f2(A1x + b1) = A2(A17 + b1) + by = Az A1 + (A2by + bo)

with matrix A3 A; and vector Axb; + bs.

Thus, we have shown that any function computable by one/two bit reversible logic gates (and ancilla)
must be affine - any non-affine Boolean function cannot be computed in this fashion.

Before moving onto the next part of the function, note that the sum of any two affine functions is again
affine:

fi(x) + fa(x) = A1z + b1 + Asz + by = (A1 + Ag)x + (b1 + b2).

and analogously for the difference of two affine functions.
Now, let us recall the Toffoli gate; translating the truth table of Figure 3.17 into vectorial form, the Toffoli
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gate is a function T": {0,1}* — {0,1}” such that:

a a 1 0 0f |a 0 0 0] |a 1 0 0 0 0 O
T(x)=T(|b]|)= b =10 1 0| [b|+]0O O Ol |b]=1(0 1 Olxz+ |0 O O|=x
c c® ab 0 0 1] |c 1 1 0f |c 0 0 1 1 1 0

Suppose for the sake of contradiction that 7" was affine; clearly the identity function I(xz) = « is affine,
so by our earlier observation, T'— I must be affine, and hence the function:

0 0
D(zx)= {0 0
1 1

o O O
S

must be affine. but the above matrix is non-invertible, and hence D cannot be affine - contradiction. We
thus conclude that the Toffoli cannot be simulated with one/two bit reversible gates. O
Remark: This result is in stark contrast to the quantum case, where (for example) {CNOT, T, H} forms
a universal gateset, consisting of only one/two qubit reversible gates!

Problem 3.6: Hardness of approximation of TSP

Let » > 1 and suppose that there is an approximation algorithm for TSP which is guaranteed to find the
shortest tour among n cities to within a factor 7. Let G = (V, E) be any graph on n vertices. Define an
instance of TSP by identifying cities with vertices in V', and define the distance between cities ¢ and j to
be 1 if (i,7) is an edge of G, and to be [r]|V|+ 1 otherwise. Show that if the approximation algorithm
is applied to this instance of TSP then it returns a Hamiltonian cycle for G if one exists, and otherwise
returns a tour of length more than []|V]. From the NP-completeness of HC it follows that no such
approximation algorithm can exist unless P = NP.

Concepts Involved: Graph Theory, Reducibility, Computational Complexity, Hamiltonian Cycles

Suppose G has a Hamiltonian cycle - then, a tour taking the Hamiltonian cycle is of length n = |V|, which
is optimal /minimal (as all n cities must be visited on the tour, and the minimum distance between cities
is 1). Any other tour requires at least taking one path between cities that is not an edge of G, and so has
a total distance of at least ([R]|V|+ 1)+ |V|—1= [r]|V|+|V] = ([r] +1)|V|, which is not within the
shortest tour to within a factor r. Hence, te approximation algorithm must return the Hamiltonian cycle
if it exists.
Conversely, suppose no Hamiltonian cycle for G exists. Then, any tour involves at least one path that is
not an edge of G, which has total distance at least ([r] + 1)|V| > [r]|V].
Thus the approximation algorithm finds a Hamiltonian cycle for G if it exists, solving HC in polynomial
time. Thus, by the NP-completeness of HC, no such approximation algorithm can exist unless P = NP.
O
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Problem 3.7: Reversible Turing machines

(woxx)

(1) Explain how to construct a reversible Turing machine that can compute the same class of functions
as is computable on an ordinary Turing machine. (Hint: It may be helpful to use a multi-tape
construction.)

(2) Give general space and time bounds for the operation of your reversible Turing machine, in terms
of the time t(z) and space s(z) required on an ordinary single-tape Turing machine to compute a
function f(x).

Problem 3.8: Find a hard-to-compute class of functions (Research)

(x%x) Find a natural class of functions on n inputs which requires a super-polynomial number of Boolean
gates to compute.

Concepts Involved: Boolean Functions, Computability, Circuit Lower Bounds

To the authors’ knowledge, this remains an open problem. Indeed, it's worth noting that showing such a
bound for any NP-complete function would imply P # NP. An interesting result by Razborov and Rudich
(Natural Proofs. Journal of Computer and System Sciences, 55(1):24-35, 1997.) is that any boolean
functions that are “natural” (satisfying a constructivity and largeness condition) cannot be used to show
super-polynomial lower bounds. O]

\. J

Problem 3.9: Reversible PSPACE = PSPACE

(%) It can be shown that the problem ‘quantified satisfiability’, or QSAT, is PSPACE-complete. That
is, every other language in PSPACE can be reduced to QSAT in polynomial time. The language QSAT
is defined to consist of all Boolean formulae ¢ in n variables z1, ..., z,, and in conjunctive normal form,
such that:

Fo1 Vo Jas - - - Vo, @ if nis even;
Fo1 Vo Jas - Iz, 0 if nis odd.

Prove that a reversible Turing machine operating in polynomial space can be used to solve QSAT. Thus, the
class of languages decidable by a computer operating reversibly in polynomial space is equal to PSPACE.

Problem 3.10: Ancilla bits and efficiency of reversible computation

(xxx) Let p,, be the mth prime number. Outline the construction of a reversible circuit which, upon the
input of m and n such that n > m, outputs the product p,,pn, that is (m,n) — (pmpn, g(m,n)) where
g(m,n) is the final state of the ancilla bits used by the circuit. Estimate the number of ancilla qubits
your circuit requires. Prove that if a polynomial (in logn) size reversible circuit can be found that uses
O(log(logn)) ancilla bits then the problem of factoring a product of two prime numbers is in P.
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4 Quantum circuits

Exercise 4.1

In Exercise 2.11, which you should do now if you haven't already done it, you computed the eigenvectors of
the Pauli matrices. Find the points on the Bloch sphere which correspond to the normalized eigenvectors
of the different Pauli matrices.

Solution

Concepts Involved: Eigenvalues, Eigenvectors, Pauli Operators, Bloch Sphere
Recall that a single qubit in the state |1)) = a|0) + b|1) can be visualized as a point (6, ) on the Bloch
sphere, where a = cos(6/2) and b = ¢'#sin(6/2).

We recall from that Z (and I) has eigenvectors |0),|1), X has eigenvectors |+) = 0+ |-y =

V2
%, and Y has eigenvectors |y, ) = %, ly_) = %. Expressing these vectors as points on the

Bloch sphere (using spherical coordinates), we have:

10) = (0,0);[1) = (,0) ; |4) =

2 (G st = (5.3 ) o= (

]

(%) Let = be a real number and A a matrix such that A% = I. Show that

i
VRS
S
o
N—

[\

exp(iAx) = cos(z)I + isin(x)A

Use this result to verify Equations (4.4) through (4.6).

Solution

Concepts Involved: Operator Functions
Let |v) be an eigenvector of A with eigenvalue ). It then follows that A%|v) = A\2|v), and furthermore
we have A%|v) = I|v) = |v) by assumption. We obtain that A> = 1 and therefore the only possible
eigenvalues of A are A\ = £1. Let |v1),..., |vk) be the eigenvectors with eigenvalue 1 and |vgy1), ..., |vn)
be the eigenvectors with eigenvalue —1. By the spectral decomposition, we can write:
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so by the definition of operator functions we have:

k n
exp(iAx) = Z exp(iz) |v; {v;| + Z exp(—ix) |v; {v;] .

=1 i=k+1

By Euler’s identity we have:

k n
exp(iAx) Z cos(z) + isin(z)) |v)vi| + Z (cos(z) — isin(z)) |v;)v;l.

i=1 i=k+1

Grouping terms, we obtain:
exp(iAzx) = cos(z Z |vi Xv;| + @ sin(z Z |vs Xv;| — Z |v; Yvi
1=k+1
Using the spectral decomposition and definition of I, we therefore obtain the desired relation:
exp(iAx) = cos(x)I + isin(x)A.

Since all of the Pauli matrices satisfy A? = I (Exercise[2.41]), for § € R we can apply this obtained relation

to obtain:
0 )
oS 5 —isin g
—isin g cos 2

exp(—i6X/2) = COS<Z>1 - z-sin(g)X

2 2
0 0 cos? —sin?
—i0Y/2) = cos( 2 |I —isin( 2 |Y = |2 2
exp(—ifY/2) cos<2> zs1n(2> sin & COSg]
0 0 cos & —isin? 0 e”/2 0
— —cosl 2 VT —isin( 2 )7z = 2 2 —
exp(—i0Z/2) —c05(2>1 13111(2)2— 0 - —l—ising] = l 9 £i0/2
which verifies equations (4.4)-(4.6). O

Show that, up to a global phase, the /8 gate satisfies T' = R, (w/4)

Concepts Involved: Rotations
Recall that the T gate is defined as:

106



We observe that:

eiiﬂ/s 0 —im 1 0 —iT
RZ(/]T/4) = [ 0 eiﬂ'/S sE & 0 eiﬂ'/4 =€ /ST

]

Express the Hadamard gate H as a product of R, and R, rotations and e’ for some .

Concepts Involved: Linear algebra, Quantum Gates

We claim that H = R, (7/2)R.(7/2)R.(7/2) up to a global phase of ¢e~"/2. Doing a computation to
verify this claim, we see that:

e—im/4 T _jginZ| |e—im/4
Rz(ﬂ/2)Rz(7r/2)Rz(7r/2)[ . 6“9/4] l P 4“ 0 ei@]

—isinf  cos §
e—iTr/4 0 % _ﬁ e—iTr/4 0
0 62'71'/4 _ 0 e2'7r/4

4 4
i 1
V2 V2

_e—zﬂ'/2 €z7r/2

1 _e—iTr/4 0 e—iﬂ'/4 _Z'eiﬂ'/4
—\ﬁ 0 /4| | —jein/4 eim/4
1 femz 4
_\/i —i ei'rr/2

1

V2

[ e—in/2 _e—m/j

_e—iT(/2 1 1
V2 |1 -1

_ 67i7r/2H
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Remark: If you are more algebraically minded, the following may appeal to you.

R.(7/2)R.(7/2)R,(7/2) = 2[ (1-i2)1—-iX)(1—-1i2)
:2\[(1—ZZ—ZX ZX)(1—-1i2)
:2\[(1—zZ—zX ZX —iZ —XZ - 1+iZX7)
= 2\[( 20X —21Z) (using ZXZ = —X)
=: —H

Exercise 4.5

Prove that (fi - )2 = I, and use this to verify Equation (4.8)

Solution

Concepts Involved: Rotations, Pauli Operators

Expanding out the expression, we see that:

n-0)?=n,X+nY +n,2)?
Y
=n2X? +nlY? + n2Z% + ngny (XY + YX) +non.(XZ + ZX) + nyn.(YZ + ZY)

Using the result from Exercise that {o;,0;} =0if i # j and 02 = I, we have:
(h-o)?=(n2 +n§+n§)[= I

where we use the fact that fi is a vector of unit length. With this shown, we can use the result of Exercise
[£2] to conclude that:

exp(=ibh - /2) = cos@) _ z-sin(g)(ﬁ o)

which verifies equation (4.8). O

Exercise 4.6: Bloch sphere interpretation of rotations

(%) One reason why the R () operators are referred to as rotation operators is the following fact, which
you are to prove. Suppose a single qubit has a state represented by the Bloch vector A. Then, the effects
of the rotation Rz () on the state is to rotate it by an angle 8 about the 0 axis of the Bloch sphere. This
fact explains the rather mysterious looking factors of two in the definition of the rotation matrices.
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Concepts Involved: Rotations, Density Operators, Pauli Operators, Bloch Sphere

Let A be an arbitrary Bloch vector. WLOG, we can express A in a coordinate system such that 1 is
aligned with the Z axis, so it suffices to consider how the state behaves under application R,(6). Let
A = (Ag, Ay, A;) be the vector expressed in this coordinate system. By Exercise the density operator
corresponding to this Bloch vector is given by:

I+X-o
o 2

We now observe how p transforms under conjugation by R, (6):

T+ X4+NY+)NZ
- r.0)( X

Using that XZ = —ZX from Exercise [2.41] we make the observation that:
R.(0)X = (cos(%)[ - isin(%)Z) X
=X (cos(%)]—l— isin(%)Z)
—0 .. (-0
=X (cos(7>1 = zsm(7>Z>

= XRZ(_Q)

Similarly, we find that R.(9)Y = R,(—6)Y (same anticommutation) and that R,(6)Z = ZR.(9) (all
terms commute). With this, the expression for R.(8)pR. ()" simplifies to:

R.(0)pR.(0)! = R.(9) (I R ) R.(~6)

B (IRZ(Q)+>\1XRZ(—9)+/\yYRz(—9) +/\ZZRZ(9)> R.(-6)
= 2 2\
T+ X XR(—20) + A\, YR.(—20) + \.Z

- 2

Calculating each of the terms in the above expression, we have:

XR.(—20) = X <cos(‘729> - isin(_T%)>Z>

X (cos() +isin(0)Z)

cos(0)X +isin(6) X Z
= cos(0) X + isin(0)(—iY")
= cos(0)X +sin(9)Y
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YR.(—20) =Y (cos(9) + isin(6)2)
=cos(0)Y +isin(6)YZ
= cos(A)Y + isin(0)(iX)
= cos(A)Y —sin(0)X.

Plugging these back into the expression for R.(0)pR.(6)" and collecting like terms, we have:

i1+ (Ag cos(0) — Ay sin(6)) X + (Azsin(€) + Ay cos(9))Y + )\ZZ-

R.(6)pF.(0) 5

From this expression, we can read off the new Bloch vector A" after conjugation by R, (f) to be:
A = (Agcos(0) — Ay sin(6), Ay sin(0) + Ay cos(6), \.).

Alternatively, suppose we apply the 3-dimensional rotation matrix A.(#) to the original bloch vector A.
We have:

cosf) —sinf 0O [Ag Az cosf) — Ay sin 6
A, (0)X = |sinf cosf® O |Ay| = |Apsind + A\, cosO
0 0 ]- )\z )\Z

We see that we end up with the same resulting vector A’. We conclude that the conjugation of p under
R.(0) has the equivalent effect to rotating the Bloch vector by 6 about the Z-axis, and hence the effect
of Rs(f) on a one qubit state is to rotate it by an angle 6 about 1. O

Show that XY X = —Y and use this to prove that XR,(6)X = R,(—0).

Concepts Involved: Rotations, Pauli Operators

For the first claim, we use that XY = —Y X and X2 = I (Exercise [2.41) to obtain that:

XYX=-YXX=-YI]=-Y.
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Using this, we have:

><
><
[

X (cos = isin(§>Y> X
co(2) 13 - isn( 2 7 x

o

(

D D

)2
-l

(=0).

Exercise 4.8

H [j

An arbitrary single qubit unitary operator can be written in the form
U = exp(ia)Ra(0)
for some real numbers & and 6, and a real three-dimensional unit vector 1.
1. Prove this fact.
2. Find values for «, 8, and i1 giving the Hadamard gate H.

3. Find values for «, 0, and 1 giving the phase gate

]

Concepts Involved: Unitary Operators

1. By definition, for any unitary operator U we have UTU = I, so for any state vector (¢|¢) =
(Y|UTU ). Therefore, all unitary Us are norm-preserving, and hence for a single qubit correspond
to some reflection/rotation in 3-dimensional space (up to a global phase factor). Hence, we can
write U = exp(ia) Ra () for some fi (rotation axis), 6 (rotation angle) and a (global phase).

2. Using the fact that H = X—\}LEZ and that modulo a factor of i that X/Z correspond to rotations
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R.(m) and R, (), we find that:

H:—:Z

V2 V2
=i <cos(g>l - isin<72T> (\}EX +OY + \}§Z>>

= /2 <COS<72T>I - isin<72r> (\}EX +0Y + \22))

Note that in the second last equality we use that cos(%) = 0 and hence % 0s(Z) = cos

iRy () + iR, (1) _ . <2cos(g)1 —isin(3)X — isin(

SIE

SN—

N
N———

o (
the last expression, we can read off using the definition of R5(#) that i = ( L0, % , 0 =m, and

_x
oa=7.

3. We observe that:

Hence:

Remark: For part (2), one just can use the definition
O 0 .. (6
R:(0) = exp(—ifn - 3/2) = cos 3 I —isin 3 (neX +nyY +n.2),

and the fact H = (X + Z) /+/2, to arrive at cos (g) =), Ry =y = %,ny =0.

| '
\

Exercise 4.9

Explain why any single qubit unitary operator may be written in the form (4.12).

Concepts Involved: Unitary Operators, Rotations, Gate Decomposition
Recall that (4.12) states that we can write any single qubit unitary U as:

ei(@—B/2-58/2) oq 1 _eila—B/2+5/2) sin 2
ei(a+B/2-6/2) gip % eila+B/246/2) COS%

where a, 8,7, € R.
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Let U be a single qubit unitary operator. We then have UTU = I, so identifying:

i SRS

b

From the diagonal entries we obtain that |vi| = |v2| = 1 and from the off diagonal entries we obtain that
(v1,v2) =0 and hence the columns of U are orthonormal. From the fact that |v|, is normalized, we can
parameterize the magnitude of the entries with v € R such that:

U =

we obtain that:

la|® + |c]*  a*b+c*d
ab* + cd* b + |d|

la| = cosz, lc| = sin 2.
2 2

From the orthogonality, we further obtain that b = —c* and d = a*, from which we have [b] = ||

and |d| = |a|. Furthermore, (also from the orthogonality) we can parameterize arg(a) = —g — ¢ and

arg(b) = g — g For 3,5 € R. Finally, multiplying U by a complex phase e!* for o € R preserves the
unitarity of U and the orthonormality of the colums. Combining these facts gives the form of (4.12) as

desired. ]

Exercise 4.10: X — Y decomposition of rotations

Give a decomposition analogous to Theorem 4.1 but using R, instead of R..

Concepts Involved: Unitary Operators, Rotations, Gate Decomposition

By Theorem 4.1, we have the decomposition of the single-qubit unitary HUH for «, 3,7.0 € R:
HUH = ¢“R,(8)Ry(7)R-(9)

Conjugating both sides by H and inserting H? = I in between each of the rotations on the RHS, we
obtain:

H?UH? =U =" (HR,(B)H)(HR,(v)H)(HR.(6)H)
Now using the result of Ex. HR,(0)H = R.(#) and HR,(0)H = R,(—0) and so:
U = e Ra(B)Ry(—7) R (6)

which is the desired decomposition of U. O
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Exercise 4.11

(%*) Suppose m and 1 are non-parallel real unit vectors in three dimensions. Use Theorem 4.1 to show
that an arbitrary single qubit unitary U may be written

U = " *Ra(B) R (7)Ra(0)

The stated verison of this exercise is incorrect. The above form only holds if fi,m are orthogonal.
Otherwise, the correct decomposition is

U = €*Ra(f1)Ra(1) Ra(B2) R (12) - - -

Solution

Concepts Involved: Unitary Operators, Rotations, Gate Decomposition

Any U € U(2) can be written as U = ¢!V, where V € SU(2), so it suffices to express arbitrary V € SU(2)
using Ry and Ry,.
Define

W(7) == Ra(m) R (v)Ra(m) Rin (—7)

We show that W () = R;(8) for some axis ¢ L 7. Compute

Te(W(y) 7 - G) = Tr(Rpn (v) R () R (—7) 7 - G R (7))
= —Tr(Rm(v)(ﬁ &) Rin(=7))
—Tr(n-0)=0
This implies ¢ - 7. = 0, so W() is a rotation about a direction orthogonal to 7. Denote this axis by 7 .
If we choose 7 such that the resulting rotation angle 0 satisfies 6/7 ¢ Q, then the sequence {W ()"} is

dense in {R;, ()}, so arbitrary R;, (¢) can be implemented using only Ry and Ry,.
Now recall the Euler decomposition

V =R.(a)R:(B)R.(7)

Let V' be any unitary such that
Va-§Vi=2, V(o -dvi=X
Then
VIR.(a)Ro(B)R:(7)V = Ra(c)Ra, (B)Ra(7)

and each R;, factor can be expressed as a product of R; and Ry, as shown above.
Therefore, every U € U(2) can be decomposed into a finite sequence of rotations about any two non-
parallel real axes n and m. O

Exercise 4.12

Give A, B,C, and « for the Hadamard gate.
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Concepts Involved: Gate Decomposition
Recall that any single qubit unitary U can be written as U = e/*AX BXC where ABC = I and o € R.

First, observe that we can write:
1 . 1 1 ,
T E 11] - [Oz Q] lf W] Ll) ﬂ — &"/2R, (m)R, (~7/D)R.(0)
V2 [l - 7z »
so defining A, B, C according to the proof of Corollary 4.2, we have:
A= R.(m)Ry(—7/4)

B = Ry(m/4)R.(—7/2)
C=R,(—7/2)

anda:%. ]

Exercise 4.13: Circuit identities

It is useful to be able to simplify circuits by inspection, using well-known identities. Prove the following
three identities:

HXH=2; HYH=-Y; HZH=X.

Concepts Involved: Pauli Operators

By computation, we find:
11 1]fo 1][1 1 12 o0 1 0
HXH_E 1 -1 |1 0] 1 —1]_5[0 —2]_[0 -1
pyg— L[t 1]fo <[t 1]_1
211 7 2
11 1]t ol 1 1o 2 0 1
HZH_§ 1 -1/ |0 =1 [1 4]‘5{2 0]_[1 ol_X

Remark: Notice once we have proved HXH = Z, we can directly ssy HZH = H(HXH)H = X as
H? = 1. If one wants to prove everything algebraically, the following calculation suffices.

1 1 1
HXH:= (X+2)X(X+2)=(I+2X)(X+2) = ;(X +Z+Z+XZX)=Z

1 1 1
HYH =3 (X +2)Y (X +2) = 5 (XY + 2Y) (X + 2) = 5(XYX + ZXY + ZYX + ZYZ) = Y
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Exercise 4.14

Use the previous exercise to show that HT'H = R, (n/4), up to a global phase.

Solution

Concepts Involved: Rotations

From Exercise we know that 7' = R_(7/4) up to a global phase e~*"/%. We hence have:

HTH = e "/*HR,(n/4)H

=e /8 <cos(78r) —zsm( )Z)
— g~i7/8 (cos(g)l = zsln )

= e ™8R, (n/4)

where in the second last equality we use the previous exercise, as well as the fact that HIH = H? = [
from Exercise [2.52 O

Exercise 4.15: Composition of single qubit operations

(%) The Bloch representation gives a nice way to visualize the effect of composing two rotations.

(1) Prove that if a rotation through an angle 8; about the axis 1; is followed by a rotation through an

angle 35 about an axis fig, then the overall rotation is through an angle 315 about an axis 15 given
by

C12 = C1C3 — 81820 - fip
S12M12 = S1CoMy + €182 — S189Mg X Ny,
where ¢; = Cos(ﬁi/2), S; = sin(ﬁi/2), Cl2 = cos(ﬂlg/Q), and s1g9 = sin(Bu/Q).
(2) Show that if 81 = 3 and fi; = Z these equations simplify to
cla = 2 — §%% - iy

s19M19 = s¢(2 + fig) — s%fy X 2

Concepts Involved: Rotations, Bloch Sphere
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(1) It suffices to show that Ra,(B2)Ra, (f1) is equivalent to Ra,,(S12).

Rﬁ2 (52)Rﬁ1 (ﬂl) = (CQI — iSQﬁQ . O') . (61[ — iSlfll o &)
=coc11 —i(0182ﬁ2 -0+ cos10 - 0') — $981 (ﬁg 'O’) . (fll . 0')
—_—
(ﬁ2~ﬁ1)1+i(ﬁ2><ﬁ1)-0'

= [6261 — S§9851 (flg . ﬁl)] I—1 [Clsglfz + CQSll’fl + $281 (ﬁg X ﬁl)] o

Identifying this operation to a single rotation Rga,,(f12) = c12] — is12012 - 0, we arrive at the
required relations (up to a presumable typesetting error)

C12 = C2C1 — 8281 (ﬁz : fll)

S120112 = €182H2 + Co8111 + S281 (fig X 117)

(2) Setting $1 = B2 and fi; = Z in the formulas proven above combined with the fact that ¢ = ¢; =
005(51/2) = cos(ﬁ2/2) = ¢y (and similiarly s = s1 = s3), we have:

C12 = 62 —S2i~fl2

S1ofi19 = SCZ + cshiy — $2hy X 2 = sc(z + fg) — 21y X Z.

Remark: For the sake of completeness, we provide a proof of the identity used in part 1 of the solution.
First note the familiar Pauli matrix relation o;0; = 0;;1 + i€;j,01 (Exercise [2.43). Now massaging this
equation gives

a;ioibjo; = a;b;i; + i (abjeijn) on
(a-b)[-’-i(aXb)kaa

where we have used standard Einstein index notation. Thus in matrix form, we have

(a-0)-(b-o)=(a-b)I +i(axb) -o.

\. J

Exercise 4.16

What is the 4 x 4 unitary matrix for the circuit

[}

Ho]

in the computational basis? What is the unitary matrix for the circuit

Z2

o ()
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Concepts Involved: Unitary Operators, Tensor Products.

The unitary matrix for the first circuit is given by:

1 1 0 0
1 0 1 1 1 111 -1 0 0

I ® Hy = = =
1®2[01(8\/51—1]\/50011
0 0 1 -1

The unitary matrix for the second circuit is given by:

10 1 0O
1 |1 1 1 0 110 1 0 1

HelL=— = —
1®2\/§l1—1®01]\/§10—10
01 0 -1

Exercise 4.17: Building a CNOT from controlled-Z gates

Construct a CNOT gate from one controlled-Z gate, that is, the gate whose action in the computational
basis is specified by the unitary matrix

1 0 0 O
01 0 0
0 0 1 0
0 0 0 -1

Solution

Concepts Involved: Controlled Operations

We showed in Exercise [4.13that HZH = X. Hence, to obtain a CNOT gate from a single controlled Z
gate, we can conjugate the target qubit with Hadamard gates:

c cC —eo—
S e
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We can verify this via matrix multiplication, using the result from the previous exercise:

1 10 o0]ft oo ot 10 o0
11t =10 olfo 10 ofl|t =10 o0
(heH)(CZi)(he ) =51 o 1 1llo o1 ollo o1 1
0 01 -1f[0 00 -1] [0 0 1 -1
2 0 0 0
~1{0 2 00
210 0 0 2
0020
=CXip

CX12:=0)(0|®I+|0){0] ® X
=|0)(0| ® HH + |0){0| ® HZH
= (I®H)(CZ2)(I®H).

Exercise 4.18

Show that

Solution

Concepts Involved: Controlled Operations
It suffices to verify that the two gates have the same effect on the 2-qubit computational basis states (as
it will then follow by linearity that they will have the same effect on any such superposition of the basis
states). Checking the 8 necessary cases, we then have:

CZ1,5(|0), ® [0);) = |0); @ |0),

CZ2,1(|0>1 ® |0>2) = |0>1 ® |O>2

CZ12(]1); ®0),) = [1); ® Z]0), = [1); ® |0),

CZ2,1(|1>1 ® |O>2) = |1>1 ® |0>2

CZ1,5(|0), @ [1);) = [0); @ [1),

CZ3,1(10); ® [1);) = Z|0); ® [1), = [0); ® 1),

CZ12(|1); ® [1)5) = [1); ® Z|1), = [1); ® —[1), = —(|1); ® [1);)
CZ2,1(|1>1 ® |1>2) = Z|1>1 ® |1>2 = *|1>1 ® |1>2 = *(|1>1 ® ‘1>1)
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from which we observe equality for each. The claim follows. O

Remark: More compactly, we have CZ; o|b1bs) = |b1) ® Z%|by) = (—1)%102|b1by) for computational
basis states by, by € {0,1}.
Using this form we can write

CZy 2|bibg) = (—1)°22|byby)
= (=1)"2"|byby)
= 7%|b;) @ |bo)
=: CZ31|b1b2).

Exercise 4.19: CNOT action on unitary matrices

The CNOT gate is a simple permutation whose action on a density matrix p is to rearrange the elements
in the matrix. Write out this action explicitly in the computational basis.

Concepts Involved: Controlled Operations, Density Operators

Let p be an arbitrary density matrix corresponding to a 2-qubit state. In the computational basis, we can
write p as:

a11  ai2 613 Q14
G21 Q22 Q23 A24
asz1 a3z 33 a34
aq1 Q42 Q43 Q44

1%

Studying the action of the CNOT gate on this density matrix, we calculate:

1 0 0 O a1 a1z ai13 Qai4 1 0 0 O
01 0 O ag1 Q22 Q23 424 01 0 O
cX CXio=
129 1,2 0 0 0 1 asz1 a3z a33 0as4 0 0 0 1
0 0 1 0 41 Q42 Q43 QA44 0 0 1 0

a1 a2 a3 a4
Q21 QG22 G23 (24
a41 Q42 (43 A34
aszr azz2 asz ass

S O O =
o O = O
= O O O
o = O O

ai1 aiz2 G4 Qi3
21 Q22 G24 Q23
Q41 Q42 Q44 Aa33
aszr asz2 as4 Aass
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Exercise 4.20: CNOT basis transformations

Unlike ideal classical gates, ideal quantum gates do not have (as electrical engineers say) ‘high-impedance’
inputs. In fact, the role of ‘control’ and ‘target’ are arbitrary — they depend on what basis you think of a
device as operating in. We have described how the CNOT behaves with respect to the computational basis,
and in this description the state of the control qubit is not changed. However, if we work in a different
basis then the control qubit does change: we will show that its phase is flipped depending on the state of
the ‘target’ qubit! Show that

——
——

Introducing basis states |+) = (|0) & [1))/+/2, use this circuit identity to show that the effect of a CNOT
with the first qubit as control and the second qubit as target is as follows:

Thus, with respect to this new basis, the state of the target qubit is not changed, while the state of the
control qubit is flipped if the target starts as |—), otherwise it is left alone. That is, in this basis, the
target and control have essentially interchanged roles!

Concepts Involved: Controlled Operations

1 1 1 1
11 1 1 1 11 -1 1 -1

H ®Hy, = - _L
1®22[1—1691—1]211—1—1
1 -1 -1 1
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Now conjugating CNOT; » under H; ® Hs, we have:

1 1 1 1 1 0 0 O 1 1 1 1
11 -1 1 -1 01 0 O 1 -1 1 -1
H H X102(H Hy) = -
(e )0l ) =31 o 4 4lloo0o0 1|1 1 -1 -1
1 -1 -1 1 o o1 011 -1 -1 1
(4 0 0 0
~1]o 0 0 4
o 0 0 4 0
_O 4 0 O
:CXQ,:[
which proves the circuit identity. We know already that:
CX3110)|0) = |0)|0)
CX3,1]1)|0) = [1)]0)
CX31(0)[1) = |1)[1)
CX2.1|1)1) = |0)]1)
so using the proven circuit identity and the fact that H|0) = |+), H|1) = |—), we obtain the map:
[+ +) = [H)]+)
|=)+) = (=) +)
[+ =) = [=)]=)
|=)=) = [+)]=)
which is exactly what we wanted to prove. ]

Remark: Algebraically,

(H® HICX,2(H® H) = (H® H)Y(I® H)(CZ12)(I ® H)(H ® H)
=(H®I)(CZ)(HRI)
=(H®I)(CZ1)(H &)
=CXy;.
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Exercise 4.21

Verify that Figure 4.8 implements the C?(U) operation.

— ———

fan)
A\

-

Concepts Involved: Controlled Operations, Gate Decomposition
Let us analyse the second circuit. First, note that circuit in symmetric in the top two control registers. If
c1 = 0, the transformation applied to the final register is either I or VVT = I. The same is the case if
ca = 0. When ¢; = ¢ = 1, the unitary applied to the final qubit is VV = U. O
Remark: Note that the VT in not applied for ¢; = ¢ = 1 because of the first CNOT gate. This is the
clever part of the construction.

Exercise 4.22

(x) Prove that a C?(U) gate (for any single qubit unitary U) can be constructed using at most eight
one-qubit gates, and six controlled-NOTs.

Solution

Concepts Involved: Unitary Operators, Controlled Operations, Gate Decomposition

We use Figure 4.8 as our starting point (as depicted in Ex. [4.21]). We then replace the controlled-V/
operations with the construction of Fig. 4.6:

—

with the decomposition V = exp(ia)AX BXC and VT = exp(—ia)CTX BT X AT, This gives the C%(U)
circuit:

fan
A\
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On the last qubit we have AAT = CTC = I, which removes these gates. Further, the a-phase
commute through the controls, so let us move these towards the front of the circuit:

gates

R
B N Pany
C o N
C B Pan) P S [ I N Pan) B A
AV AV B ) \V%
Then we make use of the identity:
Fan) — Fan)
N> = N>
—&— S—

which follows from the fact that both circuits leave the first qubit unchanged, both circuits apply X

to the

second qubit only if the first qubit is |1), and both circuits apply X to the third qubit only if the second

qubit is |1).
With this identity, we move the sixth CNOT past the fifth/fourth:

_________________

—Jcho—{B}—< b——| BT [—o—o—— B}

The part of the circuit in the dashed box commutes with controls on the second qubit, so we can
it to the start of the circuit:

A\
fan)

move

Ay
fan)
A\
fan
A\

[clo—{B}o—6—&— 5|

The fifth/sixth and ninth/tenth CNOTs mutually cancel, leaving us with:

(0%

—Q

®-
@

D

N Ve
L \J

A\

[c— Bl s B} A]—

which is an implementation of C2?(U) only using eight one-qubit gates and six CNOTs, as claimed.

O
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Exercise 4.23

(%) Construct a C'(U) gate for U = R,(6) and U = R, (6), using only CNOT and single qubit gates. Can
you reduce the number of single qubit gates needed in the construction from three to two?

Solution

Concepts Involved: Unitary Operators, Controlled Operations

We again apply the construction of Fig. 4.6 (see Ex.

:

with U = e ®AXBXC with ABC = 1.
We start with R, (), which we can write as:

R,(0) = e""R,(0)R,(0)R.(0) = e"°R,(0/2) X R, (—0/2) X I

So we have the C'(R,(f)) gate as depicted above with « =0, A = R,(0/2), B = R,(—0/2), C = 1.
This is a construction with only two single qubit gates required.
For R;(6), we can write:

0 0 o

Ry (8) = R ( )Ry(e)RZ(_g) = eiORZ(g)Ry(i)XRy(_i)XRZ( 2)

Y
2
So we we have the C'(R,(f)) gate as depicted above with a = 0, A = R.(%)R,(4), B = R,(-%),.C =
R.(—%). This requires three single-qubit gates.

It is impossible to realize a C*(R,(0)) gate using using only two CNOTs and two single-qubit gates -
we prove this at the end of this solution. However, we note that if we had access to two controlled-Z
gates instead, then we could do a two CZ and two single-qubit gate construction. This follows from the
observation:

and so a C*(R,(0)) could be realized as:
—_— o——
— Ra(0) — — Ra(3) R.(3)

Impossibility proof for constructing C*(R,(0)) with 2 CNOTs + 2 single-qubit gates. Since the state of
the first qubit must be left invariant, no non-trivial single-qubit gates can act on the first qubit and both
targets of the CNOT gates must act on the second qubit. Therein, we have three choices of single-qubit
gate locations (before the two CNOTs, in-between, and after). One of the single-qubit gates must be placed
in between (else, the CNOTs would cancel, as they are self-inverse). By symmetry, it suffices to consider
the case where one of the single qubit gates comes before (call it C') and the other after (call it B), i.e.
we have:
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—cleo{B}lo—

Suppose for the sake of contradiction that the above realizes C'(R,(6)) for arbitrary 6.
If the control qubit is 0, we have:

CB=1

and hence B = CT, and so BC = CTC =TI as well.
Conversely, if the control qubit is 1, we have:

CXBX = R,(9)
wherein right multiplying both sides by X and taking the trace, we obtain:
Tr(CXB) = Tr(R,(0 + 7)) = Tr(BCX) = Tr(X) = Tr(R,(6 + 7))

where we have used that X2 = I and the cyclicity of the trace on the LHs. Since X is traceless, it must
be the case that Tr(R, (6 + 7)) vanishes, and so:

Tr(R.(0 + 7)) :Tr(cos(e—;ﬂ)I—isin(e—;W)X) :2cos<9—~2_7r> =0 = 0=2nm,necZ

So only R, (2nm) = I can be implemented in this way - contradiction. O

Remark: Thank you to Sam Buercklin for pointing out an error in the C'(R,(6)) construction of the
original version of this solution, as well as for the proof sketch for the impossiblility of realizing C* (R, (0))
using 2 CNOTs + 2 single-qubit gates.

\. J

Exercise 4.24

(%) Verify that Figure 4.9 implements the Toffoli gate.

——

——— =

_EB_

7=
[ri s}

=flE
&
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Concepts Involved: Controlled Operations

As usual, by linearity it suffices to analyze the action of the circuit on computational basis states.

First, let us analyze the action of the circuit on the first two qubits. If the first qubit is in state |0), then
the CNOTs drop out, and the T gate leaves the first qubit invariant. The action on the second qubit is
TITTS = S'S =T and so it is left invariant.

If the second qubit is in state |1), then the CNOTs apply. The first qubit transforms as T'[1) = '™/ |1).
The action on the second qubit is:

SXTTXT' = Se /ATt = ¢~i7/48

where we use the identity:

0 1] |1 0 0 1 e/t . 1 0 4
XTTX = o = — 7”1—/4 . = 717\'/4T
[1 0‘| |}J e’”r/4‘| [1 0‘| [ 0 1‘| ‘ [0 6”7/4‘| ‘

The e~""/* cancels the phase on the first qubit, leaving just the action S |0) = |0) if the second qubit is
|0) or S'|1) =i |1) if the second qubit is |1). In summary, the action on the first two qubits is [11) — 4 |11)
for |11) and the other basis states are left invariant.

Next, we analyze the action of the circuit on the last qubit. If the first qubit is in |0), then the second/fourth
CNOTs drop out, leading to cancellation of the TTT's on the last qubit, followed by the cancellations of the
first/third CNOTs and the Hadamards. Similarly, if the second qubit is in |0), the first/third CNOTs drop
out, leading to a similar cascade of cancellations of all gates on the last qubit. The only interesting case
is thus when both the first and second qubit are in the |1) state, in which case the resulting gate on the
third qubit is:

HTXT'XTXTIXH = HTe "/*TTe ""/*TH = e " /2HZH = —iX

where we have used the T conjugation identity and 7% = Z. Thus, if the first two qubits are in the |11)
state, we apply —iX to the last qubit, the phase of which is cancelled by the phase i on the second qubit.
In summary, the given circuit applies X to the third qubit if the first two qubits are in |11), and does
nothing otherwise. This is exactly the Toffoli. O
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Exercise 4.25: Fredkin gate construction

(%) Recall that the Fredkin (controlled-swap) gate performs the transform

(1 00 000 0 0]
01000000
00100000
00010000
00001000
00000O0T0
00000100
00000O0GO0 1

1. Give a quantum circuit which uses three Toffoli gates to construct the Fredkin gate (Hint: think of
the swap gate construction — you can control each gate, one at a time).

2. Show that the first and last Toffoli gates can be replaced by CNOT gates.

3. Now replace the middle Toffoli gate with the circuit in Figure 4.8 to obtain a Fredkin gate construc-
tion using only six two-qubit gates.

4. Can you come up with an even simpler construction, with only five two-qubit gates?

Concepts Involved: Controlled Operations

1. We recall the SWAP gate composed of three CNOT gates (Figure 1.7 in N&C):

D
'

A\ N
U N\ %

Since the Fredkin gate is simply the SWAP gate controlled by an additional qubit, we can simply
control each of the three gates in the above construction, as suggested by the hint. In particular we
swap qubits 2/3 if the first qubit is in the |1) state, so:

pany
N
N D
A\ A\
2. We claim that:
pany
A\
yanY yan)
N N
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is also the Fredkin gate. In both circuits, the first qubit is left invariant (only acts as a control).
The action on the second qubit is unchanged by removing the two Toffolis. The action on the third
qubit requires a little more thought. If the first qubit is |0), then in the original circuit all three gates
do not fire, in the updated circuit the middle Toffoli drops out, leading the two CNOTs to cancel. If
the first qubit is |1) state, in both the original and updated circuit we are left with the three-CNOT
SWAP gate on the remaining two qubits. Hence we have argued that the action of the two circuits
on the computational basis states, and hence all states, are the same.

. We use the construction of Fig. 4.8 (See Ex. [4.21)) to rewrite the remaining central Toffoli in the
Fredkin as:

— \% I_V’fJ &I—o—

A
\J

D
A\
D
'y

A\

where V' = w Viewing the dashed box as a single two-qubit gate, we see that this
construction only requires six two qubit-gate.

. Noting that the last controlled-V and CNOT gate can be commuted freely to the center of the circuit,
we obtain:

oD
A\

The second dashed box can also be viewed as a single two-qubit gate, and thus we can reduce the
two-qubit gate count to five.
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Exercise 4.26

Show that the circuit:

— Ry(7/4) —— Ry(7/4) —b— By(—7/4) —&— Ry(—7/4) |—

differs by a Toffoli gate only by relative phases. That is, the circuit that takes |c1,co,t) to
egifler,c2,t) le1, co, t @ ey - ca), where ef(cr.e2,t) is some relative phase factor. Such gates can be some-
times be useful in experimental implementations, where it may be much easier to implement a gate that
is the same as the Toffoli gate up to relative phases than it is to do the Toffoli directly.

Note: Many printings of the book are missing that the rotation angles should be 7 /4.

Concepts Involved: Controlled Operations, Rotations

First, much like the Toffoli, the above circuit leaves the first/second qubit invariant. What is left to check
is the action on the third qubit.

If the first qubit is |0), then the central CNOT drops out, and then the inner Y-rotations cancel, followed
by the remaining CNOTs and the outer Y-rotations. If the first qubit is |1) and the second qubit is |0),
then the first/last CNOTs drop out, leaving us with a X conjugated by R, (7/2):

Ry (n/2)X Ry(—7/2) = R, (1/2)R,(7/2)X = Ry(m)X = —iYX = —Z

So the action on the third qubit is —Z, which applies a relative phase F to a computational basis state.
If both qubit 1 and 2 are in |1), then we have:

Ry (n/4) X R, (n/4) X Ry (/4 X Ry(~n/4) = Ry(w/) R, (~/9) X2R, (~m/4) R, (n/4) X = X

we see the Y-rotations cancel, leaving just a single X-gate on the third register, as is required for a Toffoli.
O
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Exercise 4.27

(%*) Using just CNOTs and Toffoli gates, construct a quantum circuit to perform the transformation

O O O O o o o
O O O o O+ O o
O O O O = O O O
SO O O O O O O
O OB O O O O O
O R O O O o o O
= e o e o o @ @
o O O O o o~ o

This kind of partial cyclic permutation operation will be useful later, in Chapter 7.

Concepts Involved: Controlled Operations, Permutations

The key observation is that CNOT and Toffoli gates are permutation matrices in the computational basis. Let
us write permutations in cyclic notation, e.g. for n = 8 the expression (123)(45) denotes the permutation
which sends 1 -2 —-3 — 1,4 — 5 — 4 and 6/7/8 to themselves. The multiplication of permutations
via composition. Labeling the computational basis states by 1 = |000), 2 = |001), 3 = |010)... in
their binary representation, the C'X; 5 controlled gate (with qubit 1 as control and qubit 2 as the target)
represents the permutation:

CXi12 =

)

= (57)(68)

O O O o o o o
SO OO OO o~ O
S O O O o~ O O
S O O O+ OO o
SO R O O O o o O
= O O O O o o o
o O O = O O o o
S OB OO O o O

We can construct the analogous expressions for all possible CNOT and Toffoli gates on three qubits:

CX13=(56)(78)
CXs1 = (37)(48)
CXo3 = (34)(78)
CXs31 =(26)(48)
CXs0 = (24)(68)
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Toffoli; = (48)
Toffoliz = (68)
Toffoliz = (78)

The transformation given in the question is the permutation (2345678) and now we can reason from the
permutations directly. In particular, observe that:

(2345678) = (34)(56)(78)(2468)
= (34)(56)(78)(24)(68) (48)
= (34)(56)(78)*(78)(24) (68) (48)
[(34)(78)] [(56)(78)] [(78)] [(24)(68)] [(48)]
= 0 X5 3C X, 3ToffolizC X3 2 Toffoliy

where the first two lines follow by permutation composition, the third follows by the fact that cycles square
to the identity, and the fourth by the fact that disjoint cycles can be freely commuted. As a circuit:

D
\

Fan)
N

fan)
A\
D
A\
D
'y
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Exercise 4.28

(»x) For U = V2 with V unitary, construct a C°(U) gate analogous to that in Figure 4.10 (reproduced
below), but using no work qubits. You may use controlled-V and controlled-V T gates.

&}

)
)
control qubits {  |c3)
)
)
)

[
les
10) —D D
|0) D D
work qubits 1
|0) D D

=
-
a
WV
g
a
A\

target qubit U |

This question is impossible as stated - a proof based on determinants of the available gates (see this
stackexchange post| for details) shows that it is not possible.

Concepts Involved: Controlled Operations, Gate Decomposition

Given that the exercise is incorrect as stated, we solve two alternative versions. Both generalize the C?(U)
operation of Fig 4.8 (pictured again below) to n controls, using two different methods.

— ———

fan)
'

——— = *

vk i

D
'y

In the first version, we assume we have access to C''(X),C*(V), and C*(V'T) gates for v U (rather
than V2 = U. Then, by using these gates to create a quantum circuit for the logical identity

Zxkl — Z (g, ® zk,) + Z (Th, @ Thy @ Thy) — .-+ (-1)"" (210220 ... @ 3,) =2"" (21 A
k1 k1 <ko k1<ko<ks
——

v Vi v

(where each positive term in the sum corresponds to V and each negative term to V1) we obtain a C™(U)
gate. In particular we use a Gray code sequence where each step of the circuit differs from the previous in
one bit only. This is not a requirement, but ensures the implementation is as efficient as possible in the

mgA...
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https://cs.stackexchange.com/questions/80538/is-it-possible-to-construct-a-c5u-with-v2-u-and-no-work-qubits-nielsen-ch

number of CNOT gates - in particular allowing us to implement the operation in 27~! CY(V), 2n=1 — 1
C*(VT1), and 2" — 2 CNOT gates. Fig 4.8 is the n = 2 version of this identity, where the first step realizes
+x5 (implementing V), the second step realizes —x; @ 2o (implementing V1) and the last step realizes
+x1 (implementing V7). The higher n construction can be viewed as the nested version of the n = 2
case. Although it is tedious, let us show in explicit detail the constructed circuit for n = 5. Consider V'
such that V2" = V16 = U/, and we implement the Gray code sequence:

oORr P OO R P OO, RFRPROOREFPROOFRRPFEFOORFRRFREOOREFEOO KR
O O - H M= = O O OO MFMFE MM O OQOCOMMMEMEOO OO MMM =O
O O OO HMHKFE FEF HMHMH M2 OO OOOOOO FFE MM MEFHKMFEFBEEBOO O
OO O OO 0O 0O+, R MHPFHEPFMHRERPERPREAEPREFRREFERRFROOOODOOO
= T e T T o T S e S e e O e e e L = T = T T ==l o B o Ml e B e i o B o Bl e Bl e Bl o Bl o M e S o Bl o Bl

Using the following circuit with 16 C*(V'), 15 C*(V'1), and 30 CNOT gates:
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The second version is where we assume we have access to C"~(X), C"~1(V), and C"~ (V') gates with
V2 =U. Then, we claim that the below circuit implements the C™(U) operation, generalizing the circuit
of Fig. 4.8 via

WV
fanY
A\

——— - ya
\J

The proof is analagous to Ex. First we observe that the first n — 1 control qubits are left invariant
(controls) and the nth control qubit is also left invariant due to X2 = I. For the target qubit, if any of the
first n — 1 qubits are in |0), then the C"~1(X) and C"~1(V) gates drop out, leaving C*(V)C (VT) = 1.
If the first n — 1 qubits are in |1) while nth qubit is in |0), then the first C1(V) gate drops out, while the
CY (V1) and C"~1(V) gates activate, again leading to V1V = I. When all n qubits are in |1), the middle
C*(V'1) gate drops out while the C*(V) and C"~1(V) gates fire, having the action of V2 = U on the
last qubit. This is precisely the desired action of a C™(U) gate. Taking this construction for n = 5 yields
the C°(U) in terms of C*(X),C*(V), and C1(V))/C*(V'T) gates. O

Exercise 4.29

(»x%) Find a circuit containing O(n?) Toffoli, CNOT and single qubit gates which implements a C™(X)
gate (for n > 3), using no work qubits.

Solution

Concepts Involved: Controlled Operations

Remark: This special case of an ancilla-free C™(X) has been further explored in the literature, with [this
series of blog posts by Craig Gidney presenting an O(n) construction, and O(poly(n)) constructions being
presented in arXiv:2402.05053 and |Nature Communications 15, 5886.

Exercise 4.30

| r
\

(%*x) Suppose U is a single qubit unitary operation. Find a circuit containing O(n?) Toffoli, CNOT and
single qubit gates which implements a C"(U) gate (for n > 3), using no work qubits.

Solution

Concepts Involved: Controlled Operations, Gate Decomposition

The construction goes in three steps, following arXiv:9503016. The first step is a C™(X) construction
that requires n — 2 work qubits (and hence n control + n — 2 work qubits + 1 control qubit = 2n — 1
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qubits total); for this we modify the construction of Fig. 4.10 (as seen in Ex. [4.28)). The circuit is shown
below for n = 5:

——

fan)
'
D
'y

D
A\
D
A\
fan)
A\
fan)
A\

fany
A\
oD
Ay
oD
A\

D D
N\ N

Looking at the first part of the circuit on the LHS, we can see that for m € {1,...n — 2}, the n + mth
bit is flipped if the first m bits are 1. Hence if the first n bits are 1 then this correctly flips the target
2n — 1th qubit (the desired C™(X) action), at the expense of flipping work qubits n+ 1...2n — 2. The
second part of the circuit then undoes the flips on these work qubits.

The Toffoli count of this circuit is O(n), and we note that the work qubits can be initialized arbitarily and
are reset at the end of the circuit.

The second step is to improve the work qubit count for the C"(X) gate. Lettingn >3 and m = [5]+1,
we observe that the C"(X) gate can be written as a circuit that requires 1 work qubit only (and hence n
control + 1 work qubit + 1 target qubit = n + 2 qubits total), via the composition of two C"(X) gates
and two C"~™*1(X) gates (shown below for n = 7):

——

——

_69_

A\ N
U N\ %

This circuit has the desired operation as if any of the first n qubits are in the 0 state, the C™(X)s on the
RHS drop out or annihilate, and only if all first n qubits are in the 1 state is the n + 2th qubit flipped.

For the two C™(X) and C"~™~1(X) gates in the construction, we can use the construction from step 1
- these appear to require m —2 = [§] — 1 and (n —m + 1) — 2 = n — [5] work qubits. However, we
do not require any additional ancilla, as we can just use the other qubits in the circuit that are idle during
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the C™(X)/C"~™%1(X) gates (as the construction from step 1 works with work qubits of arbitrary intial
state, and leaves the state of the work qubits unchanged).

The construction of step 2 requires 20(m) 4+ 2(n —m — 1) = 40(n) = O(n) Toffoli gates.

The third and final step is the construction for the C™(U) operation in Ex. [4.28}

S (N S

- - - T 1T
———
. S Py

yanY FanY
A\ A\

The C'(V)/C* (V1) gates can be implemented by the construction of Fig. 4.8 using O(1) elementary
gates (4 single qubit gates and 2 CNOTs). For the two C™~1(X) gates, we use the construction of step
2, requiring O(n) elementary gates/Toffolis and a single work qubit; instead of using an additional ancilla
we can simply use the last qubit in the circuit as a temporary work qubit.

The cost of the C™(U) operation can then be determined inductively. Also note that we have a work-
qubit free construction for C1(V'), C?(V) and via the inductive hypothesis, we may assume that C"~*(V)
is constructed without work qubits. If we denote the gate complexity of C™(U) as C(n), we have the
recursive relation:

Cn)= 0O(1) + On) +C(n—1)=0(n)+C(n—1)
——

~—~— ——
crvy/cr(vi)  Cnmi(X)  Cnmi(V)
By induction we can see that:
C(n)=0(n)+0n—1)+0(Mn—2)+...+O0(1) =n-0(n) = O(n?)

and hence the number of elementary operations required to implement C"(U) is O(n?). This construction
required no work qubits, completing the induction. O]

Exercise 4.31: More circuit identities

Let subscripts denote which qubit an operator acts on, and let C' be a CNOT with qubit 1 the control qubit
and qubit 2 the target qubit. Prove the following identities:

CX,C = X1 X»
CYiC =YX,
CZ:.C = 7,
Choc=re
CYsC = Z,Ys
CZsC = 7175

R..1(0)C = CR..1(0)
Ry2(0)C = CR, 5(6).
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.

Concepts Involved: Controlled Operations, Rotations, Pauli Operators

e |n the computation basis, we have

CX.Clq1,q2) = CXilq1, 1 @ q2)

=Clq, 1 © q2)
=101, 1 @1 D q2)
= a1, q2)
= X1 Xo|q1, q2)-

e Similarly,

CZ:Clar,q2) = CZ1|q1, 1 @ q2)
=C(-D%"q1,q1 B q2)
=(-1)%"|q1,q1 ® 1 ® q2)
= (=1D)"|q1,q2)
= Zi|q1,q2)-

[ ]

CYiC = iCX1Z,C = iCX1(CC)Z,C = i(CX,C)(CZ:C) = iX1 X271 = Y1 Xs.

CRz,l(e)C = C(aIl + bZl)C = aI1 + bC’ZlC = aIl + bZl = Rz71(0)

O

J

Exercise 4.32

Let p be the density matrix describing a two qubit system. Suppose we perform a projective measurement
in the computational basis of the second qubit. Let Py = |0)(0] and P; = |1)(1| be the projectors onto
the |0) and the |1) states of the second qubit, respectively. Let p’ be the density matrix which would be
assigned to the system after the measurement by an observer who did not learn the measurement result.

Show that

p' = PopPy+ PipP;

Also show that the reduced density matrix for the first qubit is not affected by the measurement, that is

tra(p) = tra(p').
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Concepts Involved: Density Operators, Projective Measurement

The density matrix for the system after the measurement is given by

P = popo + p1p1 (2)
PopPO Plppl
=Tr(pFPy))—— + Tr(pP) ———— 3
(p O)Tr(pPo) (p 1)Tr(pP1) (3)
= POPPO ale Plppl (4)
Finally, we have
TI'Q( ) TI'Q(POpPO -+ Plppl)
= Tra(pPy) + Tra(pPY)
= Tra(pPo) + Tra(pP1)
= Tra(p(Po + P1))
= Tra(p)
O

\ J

Exercise 4.33: Measurement in the Bell basis

The measurement model we have specified for the quantum circuit model is that measurements are
performed only in the computational basis. However, often we want to perform a measurement in some
other basis, defined by a complete set of orthonormal states. To perform this measurement, simply unitarily
transform from the basis we wish to perform the measurement in to the computational basis, then measure.
For example, show that the circuit

————{

performs a measurement in the basis of the Bell states. More precisely, show that this circuit results in
a measurement being performed with corresponding POVM elements the four projectors onto the Bell
states. What are the corresponding measurement operators?

Concepts Involved: Quantum Measurement, POVM Measurement

The full action of the circuit is equivalent to the following four operators
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Mo = 100) (00| (Hy ® I2) CNOT) = )((00] + (11]) = |00)XBool

1
—100
\/§|

wfwwwmm®MWm=§ymmHﬂW=mmm
wfmmmwm®mwm=§¢WMWﬂm=mmm

My = |11) (1] (1 @ F2) 0NOT) = —=[11)((01] = {10]) = 1)

Therefore, it is easy to see that (M,’C)T M, are projections onto the Bell states

(Méo)T Moo = |Boo)XBool
(M(Sl)T Mo1 = |Bo1XBo1
(]V*"{O)Jr Mo = |B1o)B1ol
(M3,) " Myy = B B

O

\

Exercise 4.34: Measuring an operator

Suppose we have a single qubit operator U with eigenvalues +1, so that U is both Hermitian and unitary, so
it can be regarded as both an observable and a quantum gate. Suppose we wish to measure the observable
U. That is, we desire to obtain a measurement result indicating one of the two eigenvalues, and leaving
a post-measurement state which is the corresponding eigenvector. How can this be implemented by a
quantum circuit? Show that the following circuit implements a measurement of U:

Concepts Involved: Quantum Measurement

141



1

|W(t)) = NG (10) +11)) Jux)
W (t,)) = % (10) jus) + |1)U}ues))
— 5 (10 fus) £ 1) fus)
= | us)

[W(t3)) = [0/1)]ux)

This shows that the above circuit implements a measurement of U for input states, 1) = |uL).
Now, as U is also Hermitian, |uy) forms a full basis and thereby, we can extend the result to arbitrary
input states simply via linearity.

O

Exercise 4.35: Measurement commutes with controls

A consequence of the principle of deferred measurement is that measurements commute with quantum
gates when the qubit being measured is a control qubit, that is:

(Recall that the double lines represent classical bits in this diagram.) Prove the first equality. The rightmost
circuit is simply a convenient notation to depict the use of a measurement result to classically control a
quantum gate.

Solution

Concepts Involved: Quantum Measurement, Controlled Operations

Let A and B be two qubits, where A is the control for a controlled-U gate acting on B. Suppose the
joint state is
|¥) = a|0)4 ® |wo)B + B|1)a ® [p1)B-

Applying the controlled-U gate yields:

[T = a|0)4 ® |po)B + B|1)a @ Ulp1)B.

Now, measuring qubit A in the computational basis, we obtain:
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e With probability |a|?, outcome 0, post-measurement state:
0)4 ® [0)B-

e With probability |3|?, outcome 1, post-measurement state:
|1)a ®@Ulep1)p-

Now consider measuring A first, obtaining classical outcome = € {0,1}, and then applying the gate U”
to B. The resulting state is:

|z)a @ U*|z)B-

In both scenarios, the final joint state and measurement statistics are identical. Therefore, the controlled-
U gate commutes with measurement on the control qubit, and the coherent control may be replaced with
classical control:

C-U <= Measure A, then apply U” to B.

This is a direct consequence of the principle of deferred measurement. O

Exercise 4.36

Construct a quantum circuit to add two two-bit numbers x and y modulo 4. That is, the circuit should
perform the transformation |z,y) — |2,z + ymod 4).

Concepts Involved: Controlled Operations

Writing © = x1x9,y = y1y2 in binary, we have:
x4+ ymod4d =x129 + y1yomod4d = [z1 B y1 & (z2 - y2)][x2 D Y2

so realizing the mod 2 addition via controlled gates, we have:

X1 1
X2 Z2
hn D D 1 ® Y1 D (22 ¥2)
z+y mod 4
Y2 () T2 D Y2
where the first two registers are preserved as they only act as controls. O
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Exercise 4.37

(%) Provide a decomposition of the transform

1 1 1 1
11 i -1 —i
201 -1 1 -1

1 —i -1 i

into a product of two-level unitaries. This is a special case of the quantum Fourier transform, which we
study in more detail in the next chapter.

Solution

Concepts Involved: Quantum Fourier Transform, QR Decomposition, Two-level Unitaries

We provide the standard QFT decomposition

Fy =SWAP - (I ® H) - CPhase (%) - (H ® I)

where each gate in the decomposition is a two-level unitary. O

Remark: For a general construction for arbitrary unitaries, one has to make full use of the QR decompo-
sition. For a n X n dense unitary matrix, one needs n(n — 1)/2 two level unitaries in the decomposition.

Exercise 4.38

| '
\

(x) Prove that there exist a d x d unitary matrix U which cannot be decomposed as a product of fewer
than d — 1 two-level unitary matrices.

Solution

Concepts Involved: Unitary Operators
A two-level unitary is a d X d unitary matrix that acts nontrivially only on a 2-dimensional subspace; that
is, it modifies only two components of any vector it acts upon.

Let e; = (1,0,...,0)7 € C? be the first standard basis vector. Suppose we apply k& two-level unitaries
Vi, Va,...,Vj to e to obtain v = ViV, - - Vieq. Since each Vj acts non-trivially on at most two coordi-
nates, and e; has only one nonzero entry, the number of nonzero entries in v is at most k + 1. Thus, if
k < d—1, v cannot have all d entries nonzero.

Now consider a unitary matrix U € U(d) whose first column has all entries nonzero. Such matrices exist,
as they form an open dense subset of U(d). If U were a product of fewer than d — 1 two-level unitaries,
then its first column would violate the bound above, leading to a contradiction. Therefore, any such U
requires at least d — 1 two-level unitaries in its decomposition. O
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Exercise 4.39

Find a quantum circuit using single qubit operations and CNOTs to implement the transformation

O O O O o o o~
e oo oe e o
St O O O O 8 OO
o O O o = O o o
O O O = O o o o
SO OB OO O O O
S = O O O O o o
QU O O O O 6 © O

~ a
here U =
where b

cl| . . . .
d] is an arbitrary 2 X 2 unitary matrix.

Solution

Concepts Involved: Controlled Operations, Gate Decomposition

The following quantum circuit that acts on the span(|010),|111)) subspace via U does the trick:

D D D D
3 3 \ 3

——of—— o Hx{x}

The Toffoli construction of Figure 4.9 (see Ex. and the C%(U) construction of Figure 4.8 (see Ex.
then reduces this circuit to single qubit gates, CNOT, and C'(V))/C' (V1) operations where V2 = U.
Writing V = e?* AX BXC, the construction of Fig 4.6 then reduces the circuit to be solely composed of
single qubit gates and CNOTs. U

Exercise 4.40

For arbitrary o and 3 show that

E(Ra(@), Ru(o+ B)) = |1 - exp(i8/2)

)

and use this to justify (4.76).

Solution

Concepts Involved: Rotations

We start with the rotation operators

a+B

Rn(a) = G_i%nlg, Rn(Ol + ﬁ) = €_i 2 n-a.
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The error between them is

E(Rn(a), Bn(a+ ) = [[Rn(e) = Rn(a + B)llop-
= [[Bn(@) = Rn(a)Bn(B)llop
= [ = Bn(B)llop

where we have used R, (a + 8) = R,(a)R,(5) and the fact that operator norms are invariant under
unitary operators.

We now notice that I — R,,(8) is normal, i.e. (I — R,,(8))(I — R.(B))' = (I — R.(8))T(I — R.(B)).
For normal operators, the operator norm coincides with the largest eigenvalue.[Ref]

The eigenvalues of I — R,,(/3) are given by

8 ]
1—¢€'2 and 1-—e'2.
Thus, the operator norm is

i B _;8
1= R(B)llop = max (|1 — %], ]1 — %))

since both are equal. Thus, the error

E(Rp(e), Ru(a+ B)) = |1 — €'%].

Exercise 4.41

This and the next two exercises develop a construction showing that the Hadamard, phase, controlled-
NOT and Toffoli gates are universal. Show that the circuit in Figure 4.17 (reproduced below) applies the
operation R, () to the third (target) qubit if the measurement outcomes are both 0, where cosf = 3/5,
and otherwise applies Z to the target qubit. Show that the probability of both measurement outcomes
being 0 is 5/8, and explain how repeated use of this circuit and Z = S? gates may be used to apply a
R.(0) gate with probability approaching 1.

The circuit in Fig. 4.17 uses an ancilla state |¢)) = %(|OO> + |11}), applies a Toffoli gate with the ancilla
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qubits as control and the target qubit as target, then measures the ancillas after Hadamard gates.
If the measurement outcomes are both 0, the resulting operation on the third qubit is

67i9/2 0

. 3
R.(0) = [ i 02| with cosf = £

In other cases, the outcome is a correctable variant: ZR,(6), R,(—6), or ZR,(—0).
The success probability for obtaining outcome 00 is given by

P(00) = ‘(00\1{@2 - Toffoli |¢>‘2

To implement R.(6) deterministically, repeat the process upon failure. Since the measurement outcomes
are known, Pauli corrections (e.g., Z = S2) can be applied conditionally. Repeating the process n times
yields

Piiccess = 1 — <z) —1 asn — oo.

O

\. J

Exercise 4.42: Irrationality of 6

Suppose cos = 3/5. We give a proof by contradiction that € is an irrational multiple of 2.

(1) Using the fact that e = (3 + 44)/5, show that if 6 is rational, then there must exist a positive
integer m such that (3 + 4¢)™ = 5™.

(2) Show that (3+44)™ = 3+4i (mod 5) for all m > 0, and conclude that no m such that (3+4¢)™ =
5™ can exist.

Concepts Involved: Induction

If € is a rational multiple of 27, then there exist a positive integer m for which
eime -1

. (3 + 4i)
5m
— (3+4)™ = 5™

=1

We want to prove that (3 4+ 4i)™ = 3 + 44 (mod 5) for all m > 0. Base Case (m = 1):
(3+4i)'! =3+4i (mod 5).
Inductive Step: Assume (3 + 4i)* = 3 + 4i (mod 5) for some k. We show this holds for k + 1:

(34 4i)" = (3 +4i)* - (3 + 49).
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Using the inductive hypothesis:
(3+4i)**! = (3 +4i)- (3+4) (mod 5).

Now, compute:
(3+4i)2=9+24i +16i>= —7+24i=3+4i (mod 5).

Thus, (3 + 4i)**! =3 4 4i (mod 5).
By induction, (3 +4¢)™ = 3 4+ 4i (mod 5) for all m > 0.

H

Exercise 4.43

Use the results of the previous two exercises to show that the Hadamard, phase, controlled-NOT and Toffoli
gates are universal for quantum computation.

Solution

Concepts Involved: Universality

Ex. gave a construction for R, (0) for cosf = 3/5 using Hadamard, phase, and Toffoli gates. Ex.
then showed that 6 is an irrational multiple of 2w. Since this rotation is dense in the subgroup
of z-rotations of SU(2), we can obtain any z-rotation in this manner. Since we also have access to
Hadamard gates, we can obtain any z-rotation by conjugation, and arbitrary single-qubit rotations via the
Euler decomposition. Combining this with CNOTs, we have a universal gateset (as shown in the text). [

Exercise 4.44

(%%) Show that the three qubit gate G defined by the circuit:

— iRy (ma) —

is universal for quantum computation whenever « is irrational.

Solution

Concepts Involved: Universality, Rotations, Controlled Operations

Let G = CC(iR,(wa)) be the 3-qubit gate that applies the unitary iR, (ma) = e~ X to the third qubit
if and only if the first two qubits are in the state |11). We show that G is universal for quantum computation
whenever ov ¢ Q. We assume that we have free access to computational basis states {|0), |1)}.

(1) The unitary iR, (mc) € SU(2) is a non-Clifford single-qubit gate. Since « is irrational, the subgroup
generated by R, (ma) is dense in the subgroup of SU(2) corresponding to X-rotations. To isolate
this single-qubit rotation from G, fix the two control qubits in state |1), so that G acts as iR, (7«)
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on the target. Hence we have access to arbitrary single-qubit X-rotations.

(2) To generate entangling operations, use G with one control qubit in state |1), and vary the second
control. This allows us to simulate a controlled-R,(w«) gate. By composing such gates, we can
construct a CNOT (or any controlled-X rotation) entangling gate to arbitrary accuracy.

(3) We show that this gate allows us to produce |—) states. Using the ingridients of steps 1/2, we can
produce/approximate the gate sequence R, 1(—%5)CX1 2R, 1(5), which applying to the |00) state:

Rx,l(_g)CXl,QRz,l(g) |00) = Rz,l(_g)CXl,Q <0>\_[22|1>) ® |0)
o m ]00) =411
*Rm,l( 2) \/§
_ (10) +2]1))|0) —i(|1) +410)) [1)
2

_ 100) +[10) + Jo1) —i[11)

2
_ 04) +idf1-)
B V2

by measuring the first qubit in the computational basis, we have a 50% probability that the second
qubit is in |—), which (when repeated) gives an arbitrarily high probability to construct |—).

(4) By Ex. if we can use this gate to generate (arbitrary) single-qubit Z-rotations, any single-qubit
unitary can be generated by interleaving z and z. Suppose we act the gate on the state |1¢—) for
[¥) = a|0) +b|1), then:

C?(iRy (1)) [19—) = |1) ® C' iRy (7)) [¢—)
=1)® [a]0) ® |-) + b|1) ® iR (7a) |-)]
=11) @ [a]0) @ |-) +b]1) e’ F | )]
®

1) ® [a|0> +iei7b|1>}

7 (at1)
1

_ |1> ® ei(ﬂ(a4+1)) |:a67i("(a4+1)) ‘0> + ei(

m(a+1)
2

b1 ®1-)

— 1) @ el TR ) |8 @ |-)

Since « is irrational, the subgroup generated by Rz(@) is dense in the subgroup of SU(2)
corresponding to Z-rotations. Hence having access to both arbitrary X and Z rotations, we obtain

arbitrary approximation of single-qubit unitaries using just G and ancillas.

(5) Since we can approximate arbitrary single-qubit unitaries and implement an entangling two-qubit
gate using only GG, the gate G alone is universal for quantum computation, by standard universality
results.

= (G is universal for quantum computation whenever o ¢ Q.

149




Exercise 4.45

Suppose U is a unitary transform implemented by an n qubit quantum circuit constructed from H, S,
CNOT and Toffoli gates. Show that U is of the form 2%/2)\ for some integer k, where M is a 2" x 2"
matrix with only complex integer entries. Repeat this exercise with the Toffoli gate replaced by the 7/8
gate.

Concepts Involved: Unitary Operators, Universality

e Case 1: Gate set {H,S,CNOT,Toffoli}

— The gates S, CNOT, and Toffoli have matrix entries in Z[i].
— The Hadamard gate H introduces a factor of 1/+/2 per application.

— Therefore, any circuit built from this gate set yields a unitary of the form:
U=2""%2M, where M € Z[i]*"**", ke N.

e Case 2: Gate set {H,S,CNOT, T}

— The T-gate introduces the 8th root of unity w = /4, so entries lie in Z[w].
— The Hadamard gate again introduces dyadic denominators.

— Thus, the unitary matrix has the form:

U=2"%2M, where M € Z[w]*"*?", ke N.

Exercise 4.46: Exponential complexity growth of quantum systems

Let p be a density matrix describing the state of n qubits. Show that describing p requires 4™ — 1
independent real numbers.

Concepts Involved: Density Operators

To show that a density matrix p for n qubits requires 4 — 1 independent real parameters, we proceed as
follows:

1. Dimension of the Hilbert Space

The state space for n qubits is C2", which has dimension 2.

2. Structure of the Density Matrix
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A density matrix p is:

Hermitian: p = pf,
Trace One: Tr(p) =1,

Positive Semidefinite: (v|p|v) > 0 for all vectors |v).

3. Counting Parameters
A. Hermitian Condition: A 2" x 2™ Hermitian matrix has:

2" real parameters for the diagonal,
()@~ 1)
2
(2™)(2™ — 1) real parameters.

complex parameters for the off-diagonal elements, contributing

Total:
2" + (2M)(2" — 1) = 2.
B. Trace Condition: The trace condition reduces the number of independent parameters by 1:
22 — 1.

Thus, a density matrix p for n qubits indeed requires 4™ — 1 independent real numbers. O

Exercise 4.47

For H = Zﬁ:l Hj,, prove that e *H! = e~ iHite=illat | =iHLl for || § if [H;, Hy] = 0, for all j, k.

Concepts Involved: Commutators, Operator Functions

We proceed by induction. For L = 2 we have

o—i(H1+H2)t _ Z ([—it]*(Hy + Hy)"
—— n!

Using the fact that [H;, Hz] = 0, we can then write:

n

, =1 n > " HFHY R S (—itH)" X (—itHy)™
—i(Hy+Hz)t _ - kpm—k __ i\ 1-°-2 _ 1 2
e 52 55 ()b = Sy gty = 5 TR S SO

k=0 n=0 n=0 m=0

and so:

e*i(H1+H2)t — e*iHltefint

Suppose the claim holds for L — 1. Then letting Z,?;ll H. take the place of H; and H, take the place
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of Hy in the above argument (since [Zﬁ;ll Hy, Hy) = 0), we find:

=il I
et ko1 Hit _ o—i(TET) HetHL)t _ o—i S5 2] Hit g—iHLt _ H e iHyt ,—iHLt _ H et (5)
k=1 k=1
where in the second-to-last equality we use the inductive hypothesis. Thus the L case holds and the claim
is proven via induction. O

Exercise 4.48

Show that the restriction of Hy, to at most ¢ particles implies that in the sum (4.97), L is upper bounded
by a polynomial in n.

Solution

Concepts Involved: Counting

Each term Hy acts nontrivially on at most ¢ particles out of n. The number of such subsets is

L< Z_; <’;> =0(n°),

since c is a constant. Therefore, the total number of c-local terms is upper bounded by a polynomial in n.

Remark: This reflects the physical constraint that a c-local Hamiltonian cannot contain more than O(n°)
interaction terms, which ensures efficient simulability of such systems.

| r
\

Exercise 4.49: Baker—Campbell-Hausdorf formula
Prove that

e(ATB)At _ (ANt BAt —3[AB]AL® | O(A)

and also prove Equations (4.103) and (4.104).

Solution

Concepts Involved: Operator Functions

To prove that

e(A+B)AL _ eAAteBAte—%[A,B]Atz + O(At3),

we use the Taylor expansion of the exponential
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(A + B)?(At)?
2

eATBIAt — T 1L (A+ B)At + +0(A).

Calculating

(A+B)?=A?+ AB+ BA+ B> = A?+ B>+ 2AB — [A, B].

Thus, we have

A? + B?
2

- (1 +AAL+ ‘W) (I + BAt + BQ(QW> (1 - %[A, B]AtQ) +O0(A)

eATBIAL — T4 (A4 B)At + < + AB - Mﬁ) At? + O(AF)

2

_ eAAteBAtefé[A,B]AtQ + O(At3).

This completes the proof.

Exercise 4.50

(%) Let H = Zi Hj,, and define

Un; = [(iHIAteﬂ‘HQAt o efiHLAt} [67iHLAt67iHL,1At o efiHlAt]

(a) Prove that Ua; = e~ AL 1 O(A3)

(b) Use the results in Box 4.1 to prove that for a positive integer m,
E(UR, e 2mHAY < maAt?,

for some constant «.

Concepts Involved: Unitary Operators, Operator Functions
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using the second-order Suzuki—Trotter formula. For small At, define

L
SAt — H e*ZHkAt'

k=1

Then
Ups = SAtSTAt + [Sat, STAt} + higher-order terms.

But since Sk, = [T_,, e"+21, this is precisely the adjoint of Sa;, so their product is:

UAt — efiHAtefiHAt + O(AtS) _ 672iHAt 4 O(Atg),

where the error arises from nested commutators like [H;, [Hj,, Hy]], and the constant in the O(At3)
term depends on the operator norms of these commutators.

(b) Let
Un; = e” 2HAL L R(AL),  with ||R(AL)|| < aAE,
Consider .
UZ, = (e7#H 1+ R(AY)
We expand:

UXLt —2zmHAt + zm: ( ) _2iHAt(m_k)R(At)k.
k=1

Taking norms:
U, — e~2mHaY < Z ( LT
For small At, the dominant term is &k = 1, so we obtain:
|UR, — e~ 2mHAY| < m||R(AL)|| + O(mALS) < maAt® + O(mAtS).

Hence,
E(UR,, e~ 2mHAY) < maAt3.

O
Exercise 4.51

Construct a quantum circuit to simulate the Hamiltonian
H=X1®Y:®Z3
performing the unitary transform e~ *A*H for any At.

Concepts Involved: Operator Functions, Gate Decomposition
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Below is the quantum circuit for simulating U = e *AHX18Y28%5).

71 71
L] L]
71— or S —TI71
EEH L 14
10) O— 00— 00— k.20 ——— 0)

It is easily obtained by starting with the simultation circuit of Figure 4.19 for H = 7, ® Z» ® Z3 and
conjugating qubits 1/2 appropriately to transform Z; — X7 and Z; — Ys. O

Problem 4.1: Computable phase shifts

(x%x) Let m and n be positive integers. Suppose f : {0,...,2™ —1} — {0,...,2" — 1} is a classical
function from m to n bits which may be computed reversibly using 7" Toffoli gates, as described in Section
3.2.5. That is, the function (z,y) — (x,y ® f(x)) may be implemented using T' Toffoli gates. Give a
quantum circuit using 27+ n (or fewer) one, two and three qubit gates to implement the unitary operation
defined by

o) s exp( 257 ) 1)

Concepts Involved:

We construct a quantum circuit using
e a reversible circuit for f(z),
e an ancilla register prepared in a Fourier basis state,
e phase kickback via modular addition.

Let |1) € C?" denote the quantum Fourier transform of |1), given by

2" —1

~ 1 ;. n
i) = = 3 T y).
L =0

We initialize the system in the joint state

[%o) := |2) ® [1).
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Let Us be the reversible map
Us : |)ly) = |2)ly © f(2))-

Then
2" —1
) =1 | 5= 32 Iy S
1 2" —1
_ 27Tz(z6f(z))/2"
~ke |53 2

2" —1

_ —27'rif(m)/2" 271'22/2"
. 2n§:e
_ e#m‘f(m)/2"|$> ® |1>.

Thus, the modular addition y — 3 @ f(z) induces a phase e~27#/(#)/2" on |z) when the ancilla is in |1).
Now apply Uf_l. Since the second register is unchanged, we obtain:

Ut - Up(lz) ® 1)) = e 2"0@/2% ) g 1),

Lemma. Let|I) =

\/27 Zz 81 e2™/2" |\ Then for all a € Zgn,

Z e27riy/2"|y a CL> _ 627ria/2"|1>.
Conclusion. The overall effect is
[2) 1 2RI @/2" ),

while restoring the ancilla to |1). This completes the implementation of the desired unitary.

Gate Count
o Applying Uy costs T' Toffoli gates.
e Applying Uf_1 costs another T Toffoli gates.
e Preparing |1) = QFT,|1) can be done using at most n one- and two-qubit gates.

Thus the total number of one-, two-, and three-qubit gates is at most

2T + n.
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Problem 4.2

(%) Find a depth O(logn) construction for the C™(X) gate. (Comment: The depth of a circuit is the
number of distinct time steps at which gates are applied; the point of this problem is that it is possible to
parallelize the C™(X) construction by applying many gates in parallel during the same timestep.)

Concepts Involved: Controlled Operators, Gate Decomposition

A simple construction exists for n = 2™, assuming access to n — 2 work qubits (initialized to |0}), as in
Fig. 4.10 (see Ex. [4.28). As the comment suggests, the strategy is to parallelize. We provide the example
forn=2_8:

(RN U U U DU N U I I

_______

By inspection we can see that this circuit has the desired action - the target/last qubit is only flipped if
all the control qubits are set to 1 (if any of the controls are 0, some subset of the work qubits are not
toggled, and hence the target qubit is not flipped). The second half of the circuit is solely for resetting
the work qubits to the |0) state.

We observe that each dashed box in the circuit above consists of gates acting on different subsets of qubits,
and hence can be performed in a single timestep. With this observation, we note that each timestep of the
above construction successively reduces the number of involved qubits in half, and generally for n = 2™
control qubits we require 2m — 1 timesteps to run the circuit (m halvings/timesteps to perform the gate,
and m — 1 timesteps to reset the work qubits). Hence the circuit depth is O(m) = O(logn). The simplest
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(if slightly wasteful) way to generalize the construction for the case that n is not a power of two is to
simply append |1) ancilla qubits to the control register until the number of controls becomes a power of
two. U

Remark: Note that there is no aspect of this construction that is specific to the X-gate in particular, and
indeed it works for an arbitrary single-qubit U.

Problem 4.3: Alternate universality construction

(%) Suppose U is a unitary matrix on n qubits. Define H = ¢In(U). Show that

(1) H is Hermitian, with eigenvalues in the range 0 to 2.

(2) H can be written
H =Y hyg,
g
where h, are real numbers and the sum is over all n-fold tensor products g of the Pauli matrices
{I,X,Y,Z}.

(3) Let A = 1/k, for some positive integer k. Explain how the unitary operation exp(—ihyg/A) may be
implemented using O(n) one and two qubit operations.

(4) Show that

exp(—iHA) = Hexp(—ihggA) +0(4™A?%)
g

where the product is taken with respect to any fixed ordering of the n-fold tensor products of Pauli
matrices, g.

(5) Show that
U= |[Jexp(—ihghA)| +0(4"A)
g9

(6) Explain how to approximate U to within a distance ¢ > 0 using O(n16™/€) one and two qubit
unitary operations.

Concepts Involved: Unitary Operators, Universality

(1) Since U is unitary, all eigenvalues \ satisfy [A\| = 1, so A = €% with § € [0,27). Let H = ilnU,
where the logarithm is taken in the principal branch. Then

U = Vdiag(e', ... e )V = H = Vdiag(dy,...,05:)VT,
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which is Hermitian with eigenvalues 6; € [0, 2m).

(2) The 4™ Pauli strings g € {I, X, Y, Z}®" form a basis for Hermitian operators on n qubits. Hence,

1
H=> hyg, where hy= o Tr(gH) €R.
g

(3) Each ¢ = 01 ® - - - ® 0y, acts nontrivially on k < n qubits. One can conjugate each o; € {X,Y}
to Z via Clifford unitaries (e.g., HXH = Z, STHYHS = Z). After mapping to Z®*, apply the
diagonal gate e~hsZ®"A then undo the basis change. Total cost is O(n) 1- and 2-qubit gates.

(4) Let H = Zg hgg, with each g a Pauli string. Then first-order Trotter expansion gives

e tHA _ :l_[e_ih-"gA +0 Z ”[hgga hg’g/]HAQ

g 9<g’

Since each Pauli string satisfies ||g|| = 1 and ||[g, ¢]|| < 2, the total error over (4;) = O(4?") terms
gives:
e HHA _ HefihggA + O(4nA2)
g

(5) Using the previous result and setting A = 1/k,

k k

U=eH = (e*“m)k = [[Je™"* | +0@k-a"a%) = [[[e ™2 | +o0@ma).
g g

(6) To approximate U within € > 0, choose A = ¢/(C'-4™) for some constant C, so that the total error
is O(e). Then k =1/A = O(4"/¢). Each product [], e *"+9% has 4 terms, each implementable
with O(n) gates. Total gate count is

0(4.4,1'”):0(11-16 )
€ €

Problem 4.4: Minimal Toffoli construction (Research)

(xxx) The following problems concern constructions of the Toffoli with some minimal number of other
gates. '

(1) What is the smallest number of two qubit gates that can be used to implement the Toffoli gate?

(2) What is the smallest number of one qubit gates and CNOT gates that can be used to implement the
Toffoli gate?

(3) What is the smallest number of one qubit gates and controlled-Z gates that can be used to implement
the Toffoli gate?
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Solution

Concepts Involved: Controlled Operators, Gate Decomposition

(1) Yu, Duan, and Ying show in arXiv:1301.3372|that 5 two-qubit gates are necessary, so the construction
given in Fig 4.8 of the text is optimal.

(2) Shende and Markov's construction in [arXiv:0803.2316| shows that the minimal number of necessary
CNQOTs is 6, but optimizing the one-qubit gate count appears open.

(3) A simple modification of (2) wherein each CNOT is conjugated by H on the target qubit similarly
yields a minimum number of 6 CZ gates required, but this increases the single-qubit gate count by
12. Likely more efficient constructions for minimizing one-qubit gate counts exist.

H D

Problem 4.5: (Research)

(x*x) Construct a family of Hamiltonians, {H,} , on n qubits, such that simulating H,, requires a number
of operations super-polynomial in n. (Comment: This problem seems to be quite difficult.)

Solution

Concepts Involved: Hamiltonian Simulation, Quantum Complexity
To the authors’ knowledge, this problem remains open. The problem can be sharpened by pointing out
which families of Hamiltonians have known efficient simulation techniques (note: the following list is not
nearly exhaustive, and quantum simulation remains a rich and active research areal):

e Before going to the realm of quantumly efficient, the Gottesman-Knill theorem (as discussed in
Chapter 10, also in arXiv:quant-ph /9807006]) shows that evolution of stabilizer states under stabilizer
Hamiltonians is classically efficient. An analogous result for fermions due to Terhal and DiVincenzo
(arXiv:quant-ph/0108010) shows that similarly, simulation of free-fermions is classically efficient.

e As discussed in the text, for local Hamiltonians one can use Trotter simulation (see, e.g. Lloyd
science.273.5278.1073).

e More generically, sparse Hamiltonians admit efficient simulation (for example, the algorithm of
arXiv:quant-ph /0508139 due to Berry, Ahokas, Cleve, and Sanders).

Remark: Although not quite the same setting, it is also worth highlighting the recent result of Anshu,
Breuckmann, and Nirkhe https://arxiv.org/abs/2206.13228arXiv:2206.13228. They resolving the
NLTS (No Low-lying Trivial States) conjecture by showing that a set of frustration free, local commuting
Hamiltonians (based on constructions of good quantum LDPC codes) have low-energy states that all
require Q(logn) circuit depth to prepare.
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Problem 4.6: Universality with prior entanglement

(%*%*) Controlled-NOT gates and single qubit gates form a universal set of quantum logic gates. Show
that an alternative universal set of resources is comprised of single qubit unitaries, the ability to perform
measurements of pairs of qubits in the Bell basis, and the ability to prepare arbitrary four qubit entangled
states.

Concepts Involved:

We follow the construction of Gottesman and Chuang, given in arXiv:quant-ph/9908010. Throughout, it
will be helpful to recall the definition of the bell states:
|0z) + (—1)% [1Z) |00) + |11)

B..) = =77 X7 |Byo) = Zi X{———F77—-

| zw> \/i 131 | 00> 131 \/§
Since we have access to arbitary single qubit unitaries, for universality it suffices to show that we are able
to perform a CNOT gate between two arbitrary qubits using the given resources. In particular, we consider
the 4-qubit state:

(160) +[11)) [00) + (|01) +[10)) [11) _ [Boo) [00) + [Boy) |11)
2 V2
wherein the following circuit (inspired by the quantum teleportation protocol) of Bell-measurements +

single-qubit feedback allows for a CNOT gate to be performed between arbitrary single qubit states |a) =
al0) +b|1) and |8) = ¢|0) + d|1):

Ix) =

o)y ——
BZ’LE/
X" X* 27—
X245 1 | | CXu3la);16)s
X 2
Bzm
18)s ——

with |a) as the target and |5) as the control. Although the above procedure looks complicated, it is
understood conceptually as teleportating a CNOT gate.

First, consider the following modified version of the quantum teleportation protocol, wherein we measure
in the Bell basis to teleport an arbitrary qubit |¢)) = a|0) +b|1)
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This easily follows from rewriting the first two qubits of [¢) |Bgo) in the Bell basis:

(alo) + b)) L1

@000 + a [011) + b]100) + b |111)
V2
= 2 1Boo) (@10) +b11)) + 3 |Boa) (a 1) +0))

%) |Boo)

+ 5 1B1o) (@0) = bI11) + 7 |Bur) (@ 1) — 10))

From which we can see that the state of the teleported qubit is Z*X*(a|0) + b|1)) = Z* X" |¢)). The
correction operators thus have the desired effect and the teleportation protocol works as claimed.
Next, observe the following property of the |y) state:

1X)23.45 = CXa,3(Boo)s 3 Boo)y 5
We can now combine the ingredients of |x) with the teleportation protocol:

(9N |X>2,3,4,5 18)s = CXu3la), |BOO>2,3 |BOO>4,5 1B)6

Now measuring qubits 1/2 and 5/6 in the Bell basis, the |«), |3) states get teleported to qubits 3/4, with
appropriate correction operators

Bell meas. 2 vz Z veT
@)1 1X)a,3,45 1B)6 T CXy 325 X5 |o)s Z5 XS 1B,

Now using the result of Ex. we can commute the correction operators past the CNOT gate

(CX43)X3 = X3(CXy3)
(CX43) Xy = X3X4(CXy3)
(CX43)Z3 = Z3(CXy3)
(CX43)Zy = Z3Zy(C Xy 3)

)

Thus we have
(Z3Z4) XE Z5(X3X4)*CXy3a); |B),

These are precisely the correction operators as depicted in the circuit, and hence the given circuit indeed
performs a CNOT + single-qubit corrections. Thus the construction gives us access to CNOT gates, and
combined with single-qubit gates, universality. O

162




Remark: In the reference, it is noted that |x) can be generated from Bell measurements + single qubit
operations on two GHZ states |GHZ) = w, so in fact the requirement of arbitrary four qubit states
is stronger than necessary. Note that this notion of performing logical operations through teleporation
can be further extended to the striking computational model known as the measurement-based, or the
one-way quantum computer, as proposed by Raussendorf and Briegel (see Phys. Rev. Lett. 86, 5188)).
There, a universal computation can be performed by generating a single entangled resource state at the

outset, and thereafter only performing adaptive single-qubit measurements on the resource state.
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5 The quantum Fourier transform and its applications

Exercise 5.1

Give a direct proof that the linear transformation defined by Equation (5.2) is unitary.

Solution

Concepts Involved: Unitary matrices, Roots of Unity

Let the linear transformation U be defined on the computational basis by

1 o
Ukj _ 627m]k/N

To show that U is unitary, we compute the matrix product UTU. The matrix elements are

N-1 N-1

1 . .
T _E: * _ 2: 2mik(£—3)/N
(U U)]g—k_o Uijkg—Nk_Oe ik(L—3)/

This is a finite geometric series of N-th roots of unity. Its sum is

N-1 .
e2mik(e—3)/N _ N ifj=1¢
=0 0 ifj#¢
Therefore,
(UTU)je = b5
and so UTU = I, proving that U is unitary. O

,
\

Exercise 5.2

Explicitly compute the Fourier transform of the n qubit state |00...0).

Solution

Concepts Involved: Quantum Fourier Transform (QFT), Computational Basis.

Let N = 2™ and consider the n-qubit state |0) =
|z) as:

00...0). The QFT acts on computational basis states

N-1

QFTN|217 27mmy/N|y

1
e
VN =

For z = 0, we have 2™ 0%/N — 1 5o

2" —1

QnZIy

=
L

QFTy|0) =

HM

T
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Remark: This is identical to applying Hadamard gates to each qubit

2" —1

HE"|0) = % S Iy)

Exercise 5.3: (Classical fast Fourier transform)

Suppose we wish to perform a Fourier transform of a vector containing 2" complex numbers on a classical
computer. Verify that the straightforward method for performing the Fourier transform, based upon direct
evaluation of Equation (5.1) requires ©(22") elementary arithmetic operations. Find a method for reducing
this to ©(n2™) operations, based upon Equation (5.4).

Solution

Concepts Involved: Discrete Fourier Transform (DFT); computational complexity; Fast Fourier Trans-
form (FFT); divide-and-conquer; binary decomposition.

Direct evaluation of the DFT from Equation (5.1)

1 N-1
= 2: 2mijk/N
k= x;e
= UN ="

requires ©(IV) operations per output yx, and there are N = 2" outputs, so total cost is O(N?2) = ©(22").
Using the FFT idea inspired by Equation (5.4), we recursively split the input into even/odd parts. This
leads to the recurrence

T(N) = 2T(N/2) + ©(N)

which solves to T'(N) = ©(N log N) = ©(n2"). O
Remark: The FFT is a classical algorithm that reduces exponential DFT cost to quasi-linear by exploiting
symmetry in complex exponentials. It is structurally analogous to the QFT circuit decomposition.

Exercise 5.4

Give a decomposition of the controlled-Ry, gate into single qubit and CNOT gates.

Solution

Concepts Involved: Controlled phase gate C Ry; single-qubit phase rotation; gate conjugation; universal
gate set.

The controlled- Ry, gate acts as

CRy, =10){(0| ® I + |1)(1| ® R, where Ry =
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To decompose this using only single-qubit and CNOT gates, observe that any controlled-unitary CU can
be written as

CU=(I®V)-CNOT-(I®V!).CNOT ifU=VXV'X
For diagonal gates Ry, this identity holds with V' = R:/Q. Therefore
CRy = (I® R}/*)-CNOT - (I ® R, */?)- CNOT

This construction ensures that the target qubit is unaffected when the control is |0), and acquires a phase
R}, when the control is |1), as desired. O

Remark: This decomposition exploits the identity R, = R}/>X R "/*X, and uses only 2 CNOTs and 2
single-qubit phase gates. It generalizes to any controlled diagonal gate.

Exercise 5.5

Give a quantum circuit to perform the inverse quantum Fourier transform.

Concepts Involved: Inverse quantum Fourier transform (QFT~!), Hermitian adjoint, qubit reversal.

The inverse QFT on n qubits is the adjoint of the QFT:

2" —1

_ 1 T
QFT k) = —== > e7*™H2"j)

3=0
To implement this in a quantum circuit:
(1) Reverse the order of the QFT circuit.
(2) Replace each gate with its Hermitian conjugate:
e H' =H
—27i/2k

° CR}LC = controIIed-R,jl, i.e., rotation by e

(3) Add SWAP gates at the end if needed to reverse qubit order.

Remark: This circuit uses ©(n?) gates. For practical implementations, small-angle controlled rotations
can often be omitted to obtain an approximate inverse QFT with depth O(nlogn).
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Exercise 5.6: Approximate quantum Fourier transform

The quantum circuit construction of the quantum Fourier transform apparently requires gates of expo-
nential precision in the number of qubits used. However, such precision is never required in any quantum
circuit of polynomial size. For example, let U be the ideal quantum Fourier transform on n qubits, and
V' be the transform which results if the controlled- Ry, gates are performed to a precision A = 1/p(n) for
some polynomial p(n). Show that the error E(U, V) = maxy, ||(U — V) [¢)|| scales as ©(n?/p(n)), and
thus polynomial precision in each gate is sufficient to guarantee polynomial accuracy in the output state.

Concepts Involved: Quantum Fourier transform (QFT)operator norm, approximation error.

Let U be the ideal QFT on n qubits, and V' an approximation where each controlled- Ry, gate is implemented
with precision A = 1/p(n) for some polynomial p(n). The QFT uses ©(n?) such gates.
By Equation (4.63) in the book, the total error from replacing each U; by V; satisfies:

o=Vl < > IU; - Vil
i

If each gate contributes at most A error, then:

TL2
B0, V) = max |(U = V) [¥) | = 0" - 4) = <>

Remark: This shows that polynomial precision per gate yields overall polynomial accuracy. In practice,
one may truncate small-angle controlled-Rj, gates for large k, further simplifying the implementation
without exceeding acceptable error bounds.
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Exercise 5.7

Additional insight into the circuit in Figure 5.2 may be obtained by showing, as you should now do, that
the effect of the sequence of controlled-U operations like that in Figure 5.2 is to take the state |j)|u) to
|7)U7?|u). (Note that this does not depend on |u) being an eigenstate of U.)

e—  o——

w{—v? v /v — /U — U

Solution

Concepts Involved: Phase Estimation, Controlled Operations

The control register takes the form [j) = |ji—1jt—2 ... j1jo) = [Je—1) [7e—2) - - - 51) [Jo) (with j written out
in binary). The first gate then applies U to |u), the second gate then applies U to |u), and so
on until the tth gate applies U2 """ to |u). The net effect is:

=1

19) ) = 1) [ U@

=0

u) = |5) U7 Ju)

as claimed. O

Exercise 5.8

Suppose the phase estimation algorithm takes the state |0)|u) to the state |&,,)|u), so that given the input
10)(>_,, cu |u)), the algorithm outputs ) c,|@y)|u). Show that if ¢ is chosen according to (5.35), then
the probability for measuring ¢,, accurate to n bits at the conclusion of the phase estimation algorithm is
at least |c,|*(1 — ¢).

Solution

Concepts Involved: Phase estimation, measurement accuracy, linearity of quantum circuits.

Given input |0) >~ cy|u), the phase estimation algorithm outputs )" c,|Py)|u). For each eigenstate
|u), the probability of measuring an estimate ¢, accurate to n bits is at least 1 — &, provided ¢t =
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n + [log(2 + 1/2¢)] (Equation 5.35). By linearity, the total probability of measuring such an estimate
and collapsing to |u) is at least |c,|*(1 — €). O
Remark: This ensures that approximate phase estimation remains reliable even on superposition inputs,
with per-eigenstate success scaling with |c, |2.

Exercise 5.9

Let U be a unitary transform with eigenvalues £1, which acts on a state [¢). Using the phase estimation
procedure, construct a circuit to collapse |¢) into one or the other of the two eigenspaces of U, giving
also a classical indicator as to which space the final state is in. Compare your result to Exercise 4.34.

Concepts Involved: Phase Estimation, Quantum Measurement

If U has eigenvalues +1 then it is also Hermitian, and thus its eigenvalues form an orthonormal basis
{ |UJ>}] Any |¢) can thus be expanded as:

) = Zci |uz) = Zci+ uf) + Zc; |u)

Where we have divided the sum into the 41 eigenspace and the —1 eigenspace.

We go through the quantum phase estimation procedure with €270 = 1 = ¢ = 0,e?™%1 — ¢, =
1/2, both which can be specified with a single decimal/bit worth of precision. So, using a single/t = 1
qubit initialized to |0), we have:

10) [) 2 —([0) + 1) )

ow 1

V2

1 o o

= ﬁ |0) ZC:F |“z+> + Zci/ lui) | +11) Zc:r |“z+> - Zci/ |uir)
i if i i’

B0y S ) + 11> e fug)

I~

(10) [#) + 1) U [4))

Where we note the quantum fourier transform on a single qubit is just the Hadamard gate. If we now
measure the first qubit, the second qubit collapses into the +1 eigenspace of U, with the measurement
outcome as the classical indicator of the subspace. In circuit notation:

0)

) U | > i)
We note that the circuit of Ex. is identical to this circuit (just with |¢) a single qubit state), i.e. it
was just the single-qubit phase estimation algorithm. O
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Exercise 5.10

Show that the order of x = 5 modulo N = 21 is 6.

Solution

Concepts Involved: Modular arithmetic, Euler’'s theorem.

We seek the smallest 7 such that 5" =1 mod 21. Compute successive powers of 5 modulo 21:

5'=5 mod 21
52=25=4 mod 21
52 =20 mod 21
5% =100=16 mod 21
5°=80=17 mod 21
55=85=1 mod 21

Since 6 is the smallest such integer, the order of 5 mod 21 is 6. O

Remark: This confirms that 5 generates a cyclic subgroup of order 6 in Z3,, consistent with p(21) = 12,
since 7 =6 | p(21).

,
\

Exercise 5.11

Show that the order of x satisfied » < V.

Solution

Concepts Involved: Modular arithmetic, Euler's theorem, Lagrange's theorem, Group theory.

Let z € Z%,, and let r be the order of x mod N, i.e., the smallest positive integer such that z" = 1
mod N.
Then z lies in the multiplicative group Z%;, which has ¢(IN) elements. By Lagrange’s theorem, the order
r must divide ¢(N), so:

r < @(N)

Since p(IN) < N for all N > 2, it follows that:
r<o(N)<N=r<N

Remark: This bound is useful when searching for the order in algorithms such as Shor’s, as it ensures
the period must lie in the finite range 1 <7 < N.

Exercise 5.12

(%) Show that U is unitary (Hint: x is co-prime to N, and therefore has an inverse modulo V).
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Concepts Involved: Modular Arithmetic, Unitary Operators, Permutations.
U is defined by:

U ly) = |zy(modN)).

When N <y < 2% — 1, the convention is used that zy (mod N) is just y again.
For N < y < 2L — 1, U just acts as the identity. For y € {0,...,N — 1}, since x, N are coprime,
multiplication of y by # modulo N maps y to a unique y' € {0,...,N —1}. This can be observed as
follows; we consider yx,y'xz mod N for y,y’ € {0,...,N —1}. If yr = ¢’z (mod N), then (y —y' )z =
kN for some integer k. But since z, N are coprime, this can only be true if N divides y—3’; buty—3y' < N
so this cannot be the case unless y = y’, so we conclude that all yz (mod N) are unique.

The conclusion from the above is that U acts as a permutation operator on the computational basis states.
In particular, U is real (satisfying UT = UT), and (when represented in the computational basis) has one
entry of 1 per row/column and is zero everywhere else. From this property, it follows that:

UUT); Z UUl = UinUjk = 6i;.
k

Remark:  The hint points us towards the fact that we can consider U~! defined by U~!|y) =
|x_1y (mod N)> with 7! the multiplicative inverse of  modulo N. Since U,U~! act as real per-
mutations, this implies U~ = U (and thus, unitarity).

Exercise 5.13

Prove (5.44) (Hint: 30—} exp(—2misk/r) = rdyo.) In fact, prove that

Z ﬂlsk/r |.T modN>

Concepts Involved: Order Finding, Phase Estimation
|us) is defined to be:

and (5.44) is:

171



i Ti:leQTrisk:/r |us> _ i = 627rzsk:/r i = e—27risl/7‘ |mlmod N>
\/; s=0 " s=0 \/7: =0
1 =1 r—1
— 72 |xlmod N> Z —2mis(l—k)/r
=0 5=0
r—1
= fz |z'mod N) 70,
=0
= |zFmod N)

where we apply the hint (sum over roots of unity) in the third equality. (5.44) follows by setting k = 0
on both sides of the above expression. O]

Exercise 5.14

(%%) The quantum state produced in the order-finding algorithm, before the inverse Fourier transform, is

2t—1 2t—1
)= > [HUT7 (1) =Y [5)e? mod NV,
Jj=0 j=0

if we initialize the second register as |1). Show that the same state is obtained if we replace U’ with a
different unitary transform V', which computes

VIj)lk) = |5)|k + 27 mod N)
and start the second register in the state |0). Also show how to construct V using O(L?) gates.

Concepts Involved: Order Finding, Phase Estimation, Modular Arithmetic

If we start the second register in the |0) state, then:

ot—=1_1 ot=1_4 gt—1
VY 0= D0 VI ) =3 1) [2'mod N)
j=0 j=0 =0

which is the state we need.

Let us show how to construct V'; the key additional ingridient required will be a reversible adder, which
can be constructed from reversible classical gates, using the ingredients of Section 3.2.5. This presentation
is adapted from Vedral, Barenco, and Ekert (arXiv:quant-ph/9511018)). In particular, by combining the
following bit carry (C) and sum (S) operations:
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D D
U €

two L bit numbers a = arar_1...a2a1, b = brbr,_1...bab; can be added with the use of L ancilla
(Which are initialized to and reset to 0) - below we show the L = 3 construction, which generalizes to
arbitrary L by extending the cascade:

leo = 0) —] jco = 0)

la1) — S |a1)

by —| c (a4 1)
jer=0) — | L e =0)

lag) S |az)

1b2) ¢ c l(a + b))
joa =0) ——— ] = les = 0)

|a3> S |113>

C

1bs) & | [(a+b)s)

1bs = 0) B |(a+b)s)

Decomposing the Toffolis in C into CNOT/H /T gates, by the construction of Fig. 4.9 each C'/CT requires
33 elementary gates. Since using the above reversible adder for adding two L bit number requires L C
gates, L — 1 CT gates, L S gates, and one CNOT, we the number of gates required is:

33L+33(L — 1)+ 2L +1=68L — 32 = O(L).

Using the above circuit for a reversible adder (A), we can then construct a reversible modular adder
as follows, using log,(N) + 1 ancilla (in addition to the L ancilla required for the standard addition
operations):
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o - ) .

|b) A At A AT A | >
(@ +b)mod N
s =0 B R .
|N) IN)
|t = 0) b S ltF=0)

The top two lines in the above are registers of multiple qubits holding a, b, and the fourth line is also a
multi-qubit register holding N. The third line is a qubit holding the value of the L+ 1th bit of the addition
(i.e. the overflow bit), and the fifth line is a temporary ancilla qubit |t) used to perform operations based
on the value of the overflow.

The first A adds a,b. Then, the register SWAP + AT subtracts N from the result. Then, based on the
value of the overflow qubit, the temporary qubit |t) gets toggled. If it is toggled, the controlled-X" gates
fire. These are gates that toggle between N <« 0 (using log,(N) CNOT gates), leaving the first register
with value N if there is an overflow, and resetting to O if there is no overflow. In conjunction with these
controlled-X gates, the third A adds N (or 0) back into the second register. The SWAP gate then resets
the | V) register into its original state. The last three gates have the action of resetting the |¢) ancilla into
its original state - first by subtracting a (via the AT) from the second register (giving |(a + b)mod N — a>,
wherein the |br,11) signifies overflow in the subtraction, which is used to reset the |t) qubit via the CNOT.
The final A adds back the subtracted a, leaving the register in the state ’(a + b)mod N>, and the ancilla
qubits in their original state, as desired.

Each of the A/AT, register SWAPs, and controlled-X operations are computed with O(L) operations, so
the total cost of the reversible adder is again 7- O(L) +4 = O(L).

Using the modular adder (which we call ADDN) and the established modular exponentiation/U7 gate, we
can construct V as follows:

Vioz |1}y k)3 [1)5 = UL, 3ADDNy U5 1), k), 1)
= UfL?)ADDN2—>3 7)1 k)2 |z7mod N)g
=Uil; 17); |k + 27mod N), |z7mod N),
= [7), |k +27mod N), [1),

Since U7 requires O(L?3) gates and ADDM requires O(L) gates, the total gate count is 20(L3) +O(L) =
O(L3). O
Remark: Although it is somewhat glossed over in Nielsen and Chuang/Box 5.2, the concrete circuits
for performing the modular exponentiation unitary U7 indeed makes use of the reversible modular adder
described - see Sections C/D and Figures 5/6 of [arXiv:quant-ph/9511018 for details.

\. J

Exercise 5.15

(%%) Show that the least common multiple of positive integers = and y is zy/ ged(x, y), and thus may be
computed in O(L?) operations if = and y are L bit numbers.
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Concepts Involved: Divisibility, Fundamental Theorem of Arithmetic, Arithmetic Algorithms

By the fundamental theorem of arithmetic, we can decompose z,y into their prime factors:

T =py'pet Py _ Uil phe
wherein:
xy = pPt¥pdtyz | pBntun,
We then observe that:
ged(z,y) = py et vppineae) | pmin(ny.)
lem(z,y) = p‘f‘a"(wlvyl)pglaX(wmyz) . pmax(@nun)

wherein using that min(a, b) + max(a,b) = a + b:

min(z1,y1)+max(z1,y1 )pmin(mg ,Y2)+max(z2,y2) pmin(zn JYn)+max(zn,Yn)
1 2 .. n

ged(z,y) - lem(z,y) = p

_ Tty x2+yz T +Yn
=p" ", dafin?
= :I:y

and so xy = ged(x,y) - lem(z, y), and dividing both sides by ged(z, y) the claim follows.

Multiplying 2,y and dividing by gcd(z,y) takes O(L?) operations using the elementary school methos of
multiplication, so the last thing to analyze is the time complexity of computing ged(z,y). The analysis
of Euclid’s algorithm for the GCD done in Appendix 4 is not sufficiently optimal for our purposes (O(L)
division steps of O(L?) cost each, for a total cost of O(L?) operations). We thus consider the binary

GCD algorithm, due to Stein. The algorithm is built on four observations:
1) ged(zx,0) =

(1)

(2) ged(2z,2y) = ged(z,y) (2 is a common divisor)

(3) ged(z,2y) = ged(z,y) for x odd; 2 is not a common divisor
)

(
(
(
(4) ged(z,y) = ged(z,y — x) if z,y are odd and z < y

The GCD algorithm thus involves the looping of (2)-(4) until the terminal condition (1) is reached. In
pseudocode:
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BINARYGCD(z, y):

if t =0 ory =0 then
| return x +y

end
while x,y both even do
‘ x,yzm/Q,y/Q
end
while y # 0 do
while x,y both not odd do
if = even then
| z=x/2
else
| y=1y/2
end
end
if z > y then
| ,Y=YT
end
y=y—x
end

return x

Note that the bitwise addition/subtraction take O(L) operations, checking for odd/evenness takes O(1)
operations (just looking at the last bit), checking that a number is 0 requires O(L) operations (looking at
each bit) and division by 2 requires O(L) operations (bitshift by one to the right). So, each application
of one of the reduction conditions (1)-(4) requires O(L) operations, and we at most need to reduce O(L)
times, for a total cost of O(L?) operations to find ged(x, ). O

Exercise 5.16

For = > 2 prove that f;+1(1/y2)dy > 2/3x2. Show that
1 3 [ 1 3
— < - —dy = —
Zq: ¢~ 2]2 2T
and thus that (5.58) holds.

Concepts Involved: Definite integrals; monotonic decreasing functions, Series convergence.

For x > 2,

since x(x1+1) > % holds iff x > 2.
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Thus, for all integers ¢ > 2,

Remark:  This confirms the bound in equation (5.58), ensuring that the tail of the " 1/¢? series
contributes a controlled, finite error in approximating quantum Fourier transforms.

Exercise 5.17

(xx) Suppose N is L bits long. The aim of this exercise is to find an efficient classical algorithm to
determine whether N = a® for some integers a > 1 and b > 2. This may be done as follows:

(1) Show that b, if it exists, satisfies b < L. (Assuming N # 1)

(2) Show that if takes at most O(L?) operations to compute y =log, N, # = y/b for b < L, and the
two integers u; and us nearest to 2%.

(3) Show that it takes at most O(L?) operations to compute u? and u} (use repeated squaring) and
check to see if either is equal to V.

(4) Combine the previous results to give an O(L?) operations algorithm to determine whether N = a°

for integers a and b.

Exercise 5.18: Factoring 91

Suppose we wish to factor N = 91. Confirm that steps 1 and 2 are passed. For step 3, suppose we
choose = = 4, which is co-prime to 91. Compute the order r of = with respect to N, and show that z"/2
mod 91 = 64 # —1 (mod 91), so the algorithm succeeds, giving ged(64 — 1,91) = 7.

It is unlikely that this is the most efficient method you've seen for factoring 91. Indeed, if all computations
had to be carried out on a classical computer, this reduction would not result in an efficient factoring
algorithm, as no efficient method is known for solving the order-finding problem on a classical computer.

Solution

Concepts Involved: Factoring, Modular Arithmetic

Step 1 is passed as 91 is not even.

Step 2 is passed as 91 is not an integer power of another integer - here this is obvious by inspection as
91 is small; in principle we could run the algorithm from the previous exercise to check this, but it is also
easy to enumerate and see that 32 = 9,33 = 27,3% = 81,3%° = 243 > 91,52 = 25,5% = 125 > 91, 7' =
7,77 = 49,73 = 343 > 91,112 = 121 > 91 at which we point we stop (note that powers of even integers
are covered by step 1, and powers of 9 are of course powers of 3).

Step 3: We “choose” 4.
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Step 4: Since the numbers are small, we can just do this by hand:

4' =4 (mod 91)

42 =16 (mod 91)

4* =64 (mod 91)

4* =256 = 74 (mod 91)
45 =1024 =23 (mod 91)
4% = 4096 =1 (mod 91)

so the the order of 4 w.r.t 91 is 6.

Step 5: 6 is even, and then we note that 4%/2 = 4% = 64 # —1 (mod 91). We then find that gcd(64 —
1,91) = ged(63,91) = 7 is a nontrivial factor (this could be done generically via Euclid's algorithm, here
can be done by inspection) so the algorithm succeeds. Note that ged(64 + 1,91) = 13 would have also
given us a nontrivial factor (the other one, as 91 = 7-13). O

Exercise 5.19

Show that N = 15 is the smallest number for which the order-finding subroutine is required, that is, it is
the smallest composite number that is not even or a power of some smaller integer.

Solution

Concepts Involved: Factoring

We proceed by enumeration of the odd numbers up to 15. 1 is not composite, 3,5,7 are prime, 9 = 32,
11,13 are prime, and so 15 = 3 -5 is the smallest composite odd number that is not a power of a smaller
integer. O
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Exercise 5.20

Suppose f(z+7) = f(x), and 0 <z < N, for N an integer multiple of . Compute

N—
Z 727r7,la:/Nf )

and relate the result to (5.63). You will need to use the fact that

Z 2mikl/N _ VN/r if Lis an integer multiple of N/r

ke{0,r,2r,...,N—r} 0 otherwise.

The corrected formula is:

Z J2mikl/N _ N/r if L is an integer multiple of N/r
ke{0,r,2r,....N—r} 0 otherwise.
i.e. without the square root. We also instead consider:

N-1

@)= 5 3 e ()

=0

Concepts Involved: Fourier Transforms

Let us break up the sum into groups, over {0,r,2r,...,N —r},
{1,r+1,2r+1,....N—r+1},...{r—1,2r —1,3r —1,...,N — 1} (i.e. multiples of r, shifted
by s=0,...r—1):

o= X e

s=0ze{s,r+s,...,N—r+s}
r—1

_ %Z Z 6727ril(k+s)/Nf(k +s)
_ % Z Z ¢—2mils/N o=2milk/N £ ()

— e—QWils/Nf(s> Z e—27rilk/N

where in the second equality we re-index the sum to be over k = = — s and in the third equality we use
that f is periodic in r to say that f(k + s) = f(s) for all k € {0,r,...,N —r}. By the given identity
(which applies just as well to a sum over e=27!/N a5 it does to e2™**!/N by taking the complex conjugate
of both sides of the formula), if [ is not an integer multiple of N/r, this vanishes, and if [ is an integer
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multiple of N/r, then the inner sum evaluates to N/r and so:

fP=il
_ 1 —2mils/N N
- 2 )]

(5.63) is precisely this result on the level of quantum states. O

Exercise 5.21: Period-finding and phase estimation

(xx) Suppose you are given a unitary operator U, which performs the transformation U, |f(z)) =
|f(z +y)), for the periodic function described above.

(1) Show that the eigenvectors of U, are |f(l)), and calculate their eigenvalues.

(2) Show that given |f(x¢)) for some zo, U, can be used to realize a black box which is as useful as
U in solving the period-finding problem.

We don't believe (2) is correct as stated - we instead suppose that we have access to a black box
that is capable of performing the controlled—Ugn operation (as in the phase estimation algorithm), for
n=0,1,...,L —1.

Concepts Involved: Fourier Transforms, Period Finding, Phase Estimation

(1) We can check that the |f(1)) are eigenvectors (and the associated eigenvalues) directly by applying
Uy:

Uy | f(1) Z —2mie/rr, | £ (@)

- \i[ S e a4 4)
=0

lrl-i-y

\/» Z e—27r1l ' —y)/r |f >

mlf
r—1+y

27rzly/r Z 6727”” /r|f( )>

where in the third equality we introduce ' = x + y and re-index the sum in terms of 2.

Since both ¢2mil’/7 f () are periodic with period r, and the sum is over one (shifted by y) period,
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it is equivalent to a sum from 2’ =0 to 2’ = r — 1, and so:

£ i rl = —2milx’ /r wily/r | f
Uy [f@) =™ /r =2y e72m0 T | f(a)) = 20T | (1))
\/F x’=0
so the |f(1)) (for each [ =0,1,...,7 — 1) are eigenvectors of U, with eigenvalues e27%/".

As stated, we don't believe U, can be used in the same way to solve the period finding problem - a
single application can at most generate U, |f(z0)) = |f(xo + y)), which is insufficient to find the
period, and even using repeated applications, we have no way to generate superpositions of |f(ac)>
thus, we assume as we had for quantum phase estimation that we have access to a black box that
can apply controlled-U2" gates for n. = 0,1,...,L — 1.

Given this, we can construct (as we saw for phase estimation) a circuit C' of the form:
g C . j
19 lw) = 13) Uy [u)

using the controlled—U?f" black boxes (see the construction of Fig. 5.2 and Ex. . Then, we
can run the period finding procedure, but now starting with initial state |0) ‘f(x0)> and applying C
instead of U:

|0) | f (o)) initial state
o 1 2t—1
e = |z} | f (o)) create superposition
2 =0
o 1 2'—1
v ) Uy | f (o)) apply C
=0

1 2t—1
== 3 ) |£ @0 +ay))

2 =0

1 =L 2f—1
S 2 2 T ) 1)
~ e 2

r2t =0 z=0

1 =L 2f—1
— = Z€2W1l1‘0 Z eQﬂ'llwy/T |(E> |f(l)>

& =g =0
Qrr- ! 1 it ) ) . .

— 7 Z [ly/7) | f(1)) apply inverse Fourier transform to first register
r
1=0

— l/y_\//r measure first register
— r/ged(ly, r) apply continued fractions algorithm

Thus the blackbox + O(L?) applications allows us to find r/ ged(ly, 7).

Note that we don't get r directly from this due to the extra factor arising from y, but instead a divisor of
r of the form d; = r/gcd(l;y,r) for a random I; € {0,1,...,r — 1}. However, we can obtain r with high
probability by repeating this procedure m = O(L) times and considering r = lem(dy,ds, . . . d,).

Let's see that this works. Letting r = p{* ...pS%" be the prime factorization of r, we want p?j to be
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contained in some d; = r/gcd(l;y,7), which is the case if pj-‘j { 1;y. In other words, we have failure if
p;ljfﬁﬂi where p? is the prime factor contained in y. This occurs with probability 1/p® =% < 1/p < 1/2.
Thus taking the LCM over m runs, the chance of failing to include quj is O(27™), and for at most O(L)
prime factors via union bound the chance of failing to capture all prime factors is O(L - 27™). Taking
m = O(L) this is exponentially small in L. Thus, with O(L?) operations (O(L) runs of the O(L?)
algorithm), we are able to (with high probability) obtain r.

We again remark that access to U, (and a ]f(x0)> is not as powerful as having access to U - we require

controlled—Uﬁn operations, and even with these, require O(L?) as opposed to O(L?) operations to find 7.
O

Exercise 5.22

Show that

—1 -1
Flla,12)) Z > el the)/r f(gy x,)) \/— Z —2miilr| £(0,5))
1=025=0

and we are constrained to have l;/s — I3 be an integer multiple of r for this expression to be non-zero.
In order for the pre-factors to work out, some adjustment is needed to the provided formulas; we thus

show:
r—1 r—1 r—1
‘ ll 12 Z Z —2mi(lix1+lax2) /7 ‘f(331,132)> _ Ze—2ml2]/r |f(0,])> )
21=025=0 Jj=0

We also replace the condition with “I; — l3s is an integer multiple of 7.

Concepts Involved: Fourier Transforms, Discrete Logarithms.
Recall that f(z1,22) = b*'a™ (mod N) = a**'a*? (mod N)

The first/third expressions are equal by definition, so it suffices to show that the second/third are equiva-
lent.
In the second expression, let j = x5 + sx1 mod r so x5 = j — sx1. Then, note that:

fl@r,22) = f(z1,§ — s21) = a*a’ > = a%a’ = £(0,)
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and so re-indexing the second sum in terms of j:

1 r—1 r—1 ‘ 1 r—1 r—1+4+sx; mod r ‘ ‘
; Z Z 672wz(llw1+l2w2)/r |f(.’L’1,{E2)> _ ; Z Z 7271'Zw1(llfslg)(llilZlJrlz(‘]fswl)) |f(0;])>
x1=022=0 x1=0 j=sx; mod r
1 r—1 r—1 o )
_ = e 27T2l2j/7’672ﬂ'1(l178l2)11/’r‘ |f(0,j)>
g x1=0 7=0
1 =il o r=il .
- - Z e—27rzl2j/r ‘f(o,j)> Z e—27rz(l1—312)ac1/r
" im0 £1=0

The sum in brackets equals r if [; — los is an integer multiple of r, and is zero otherwise, so considering
the former case:

r—1 r—1 r—1
1 1 o
- e—27rz (liz1+l2z2) /T ‘f(.’bl,xg» _ = Ze—2wzl2]/r |f(07])> .p
r T 4
x1=0x2=0 7=0
r—1
= 3 e (0, )
7=0
which was the desired relation. O

| r

Exercise 5.23
Compute

r—1 r—1

1 Z S emzrithmetana) /| 1y 1)

l1_0 l2=0

using (5.70), and show that the result is f(z1,x2).
This should read |f(;L'1,;L'2)> (the output should be a state), and there is also a typo in the coefficient,
where we should have et27i(li1+l222)/7 for the inverse transform.

Concepts Involved: Fourier Transforms, Discrete Logarithms
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Substituting in our expression for |f(l1,12)) from the previous exercise, we find:

r—1 r—1

LYY et iy, 1))

11=0105=0

r—1 r—1 r—1 r—1

1
l l — l l
=23 Y etttz (2 em2mihaithah)/n | £(of o)
1=

l =012=0 x1=0xz5=0

1 r—1
. 7
- § § 213171'2 E 6727ml1 =) E 6727\'1[2(12712)
r

=0 x4,=0 11=0 l2=0

V)

= ’f(9017$2)>

O
Exercise 5.24

Construct the generalized continued fractions algorithm needed in step 6 of the discrete logarithm algorithm
to determine s from estimates of sly/r and lo/r.

Solution

Concepts Involved: Continued Fractions, Discrete Logarithm

Running continued fractions on lfz\//’/‘ we obtain 7 (note that the success probability is technically not quite
O(1) of obtaining r depending on its prime factorization - we technically get r/gcd(r,l3). This can be
remedied by doing many runs of the algorithm with randomized [ and taking the least common multiples
of i =1,...,log(N) such r/gcd(r,l%)s, e.g. as is discussed in Ex. [5.21)). We can then extract s as the
integer approximation to:

—_—

N sla/r -7
M=

and verify that b = a® (mod N). O

Exercise 5.25

Construct a quantum circuit for the black box U used in the quantum discrete logarithm algorithm, which
takes a and b as parameters, and performs the unitary transform |z1)|x2)|y) — |21)|x2)|y @ b**a®2). How
many elementary operations are required?
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Solution

Concepts Involved: Discrete Logarithm, Controlled Operations, Modular Arithmetic

We can essentially combine the modular exponentiation unitary of Box 5.2:
Uz |2) ly) = |2) |2y (mod N))
and the modular addition unitary of Ex.
Valj) k) = 15) [k + 27 (mod N))
where here we take N = 2. We then observe:

Us,13Va,23U8 1 g [@1) [2) [y) = Us103Vaaos [21) |22) ™"y (mod 2))
=Up153|z1) |z2) |b” "ty +a™ (mod 2))
= |z1) |x2) [B"0" "y + b1 a™  (mod 2))
= |1) |z2) [y + 6" a"  (mod 2))
= |z1) |z2) |y © b"*a”?)

Thus, the composition of modular exponentiation/addition of UbVaUgr realizes the desired black box for
the quantum discrete logarithm algorithm. Since both Uy, V, require O(L?) gates, in total the black box
requires 3 - O(L3) = O(L?) gates. O

Exercise 5.26

(%) Since K is a subgroup of GG, when we decompose G into a product of cyclic groups of prime power
order, this also decomposes K. Re-express (5.77) to show that determining I; allows one to sample from

the corresponding cyclic subgroup K, of K.

Exercise 5.27

(%*) Of course, the decomposition of a general finite Abelian group G into a product of cyclic groups of
prime power order is usually a difficult problem (at least as hard as factoring integers, for example). Here,
quantum algorithms come to the rescue again: explain how the algorithms in this chapter can be used to

efficiently decompose G as desired.

Exercise 5.28

(%%) Write out a detailed specification of the quantum algorithm to solve the hidden subgroup problem,
complete with runtime and success probability estimates, for finite Abelian groups.

Exercise 5.29

(x%) Give quantum algorithms to solve the Deutsch and Simon problems listed in Figure 5.5, using the
framework of the hidden subgroup problem.
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Problem 5.1

(***) Construct a quantum circuit to perform the quantum Fourier transform

p—1

. 1 g
|]> Y %262 Jk/P|k>

where p is prime.

Problem 5.2: Measured quantum Fourier transform

(%) Suppose the quantum Fourier transform is performed as the last step of a quantum computation,
followed by a measurement in the computational basis. Show that the combination of quantum Fourier
transform and measurement is equivalent to a circuit consisting entirely of one qubit gates and mea-
surement, with classical control, and no two qubit gates. You may find the discussion of Section 4.4

useful.
We find the exercise is not quite correct as stated, and instead we consider the inverse quantum Fourier

transform.

Concepts Involved: Quantum Fourier Transform, Quantum Measurement, Controlled Operations, Prin-
ciple of Deferred Measurement

Throughout, we work with 4-qubit circuits for the convenience of drawing, but the argument is fully
generic. Denoting Ry, = diag(1, 627Ti/2k), the QFT is given by (from Figure 5.1):

—{H | B | B [ B

71
L]

From this circuit, it becomes clear why the original formulation of the question is not quite correct. The
issue is as follows - we wish to use the technique of commuting the computational basis measurement
through controls (as shown in Ex. to replace the two-qubit controlled-Rj gates by single qubit
gates controlled by the classical measurement outcomes. However, for every qubit in the circuit appearing
above, they act as controls before they are acted on nontrivially by other gates - in order to pullback the
computational basis measurement, we would want to have the opposite, where the qubits act as controls
at the end.

Thus, we believe the correct formulation of the question is to instead consider the inverse quantum Fourier
transform, followed by a computational basis measurement. The circuit for QFT' can be obtained by taking
the conjugate of the gates appearing in the above QFT circuit and reversing the order. We consider a
computational basis measurement at the end of this circuit:
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Ry ] [~
Zy
[ H] [~

we can see that this indeed has the desired setup for commuting the measurements past the controls, as
each qubit acts as a control right before the computational basis measurement. Before doing this, let's
remove the SWAPs.

We will find it convenient to push all Hadamards to the start of the circuit - using that H? = I and
HR,(0)H = R;(0), commuting the Hs across the z-rotations changes them to z-rotations. Further, a
pair of Hadamards (moreover, a pair of any single qubit gates) commutes across a SWAP, so:

Zy

le.,:c | R;&,z | R;I

3,z 2,x

Now, let us push the SWAP gates to the very end of the circuit, which swaps the qubits on which the
controlled-R' gates act when we push them through:

A

5 ¢
N

T
N

R, — B, R, >
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We can now push the SWAPs past the measurement, which amounts to a relabelling of the classical
measurement outcomes:

Zy
—{#] [~
Z3

R &d

22

Rl [ B d

A

_@ lex | R;,’I) | R;x

Now, we can use the result of Ex. to commute the computational basis measurements with the
controls, replacing the controlled rotation gates with single qubit rotations conditioned on the (classical)
measurement outcome. Starting with the top qubit:

Zy

—~ » »
[ .
Zy
1] R, R, [~
7
—{x] R, R}, RI,

We can do the same for the second/third qubit:
Zy

il
Z3

Zy

Z1

R}, R, R},

=,
3
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Thus we have rewritten the inverse QF T as a circuit consisting solely of one qubit gates and measurements,
with classical control and no two qubit gates. For the n qubit case, this is easily seen to generalize to
n sequential measurements which classically control the single-qubit rotations on the subsequent qubits.

Remark: Note that most algorithms (such as phase estimation and order finding) use the inverse Fourier
transform before the final computational basis measurement, so our restated result (rather than the original
statement) is also the more useful one.

Problem 5.3: Kitaev’s algorithm

(%) Consider the quantum circuit

where |u) is an eigenstate of U with eigenvalue e2™%?. Show that the top qubit is measured to be 0 with
probability p = cos?(mp). Since the state |u) is unaffected by the circuit it may be reused; if U can be
replaced by U*, where k is an arbitrary integer under your control, show that by repeating this circuit and
increasing k appropriately, you can efficiently obtain as many bits of p as desired, and thus, of ¢. This is
an alternative to the phase estimation algorithm.

Concepts Involved: Phase Estimation, Quantum Measurement, Controlled Operations, Chernoff Bound

Analyzing the given circuit, we have:

10) u) 75 —=(10) + [1)) |u)
c’(_L;) L

2
= 2 (10) [u) + €275 [1) [us)

(10) [u) + [1) U |u))

[t
N}

= —=(10) + €™ [1)) [u)

I 14+ 627\'z'<,o 1— eQﬂ'igo
= < 0) + |1>> |u)

S

2 2

Thus the top qubit is measured to be in state 0 with probability:

1+ e27riga
2

2
1+ cos(2mp)

5 = cos?(myp)

P =Do =

as claimed.
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We can analogously compute p; = 1_%(2”“’), which gives a bias cos(2mp) - thus by repeatedly applying

this circuit, we can attempt to extract this bias (and thus ¢). Using the Chernoff bound (see Box 3.4),
estimating the bias within error € with probability at least 1 —  requires loi@ samples. If our estimate
is to be within m bits of accuracy, i.e. € ~ 27, we thus require exp(m) samples/runs of the above
circuit.

If we have access to CU* for arbitrary integer k, then such an exponential runtime in m can be avoided
as follows. First, note that if |u) is an eigenstate of U with eigenvalue e2™% then it is an eigenstate of
U* with eigenvalue e27*¢_ Thus the bias of the above circuit using U* instead of U becomes cos(2mk¢p).
Taking k = 277! forn = 1,2, 3, ... then allows us to obtain the nth decimal place of the binary expansion
of ¢ (as each successive k shifts the decimal expansion over by one place), and thus for each k we can
take e ~ 271 /sufficient accuracy to just extract the first decimal place of k. Each such run only requires
O(1) circuit runs, and thus O(n) runs total for obtaining n bits of . O

Problem 5.4

(x) The runtime bound O(L?) we have given for the factoring algorithm is not tight. Show that a better
upper bound of O(L?log L loglog L) operations can be achieved.

Concepts Involved: Order Finding, Factoring, Modular Exponentiation, Continued Fractions

Analyzing the factoring algorithm (and in particular the order finding subroutine), we find that the O(L?)
entered in the analysis in two places - in the modular exponentiation algorithm (see Box 5.2, where we
have O(L) multiplications of O(L?) cost (using elementary longhand binary multiplication)) and in the
continued fractions algorithm (where we had O(L) split and invert steps of O(L?) arithmetic cost).

The arithmetic cost in both of these steps can be reduced by using the Schonhage—Strassen algorithm,
which is an algorithm with asymptotic cost of O(L log Lloglog L) operations/gates for the multiplication
of L bit numbers, making use of recursive applications of the fast Fourier transform. A detailed analysis
of this multiplication algorithm can be found, e.g. in Knuth’s Art of Computer Programming Volume 2,
Section 4.3.3.

Using this algorithm brings the operations required for modular exponentiation and continued fractions
to O(L?log Lloglog L), and since these were the the most expensive aspects of the algorithm, we thus
obtain the improved upper bound on the factoring algorithm to O(L?log Lloglog L), as claimed. O
Remark: Note that there is also the more recent work of Harvey, Hoeven, and Lecerf (arXiv:1407.3360)
that gives an O(Llog L) algorithm for L-bit multiplication, which brings down the bound to O(L?log L).
This algorithm is galactic however, so in practice this is not a meaningful improvement.

We also point the reader to to the recent construction by Regev (arXiv:2308.06572), which gives an upper
bound (up to logarithmic factors) of O(L?/?) operations, though at the expense of requiring O(L?/?)
qubits (as opposed to O(L)).
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Problem 5.5: Non-Abelian hidden subgroups (Research)

(x*x) Let f be a function on a finite group G to an arbitrary finite range X, which is promised to be
constant and distinct on distinct left cosets of a subgroup K. Start with the state

\/|T Z 1915 gm) 1f(g1),-- - Fgm))

and prove that picking m = 4log |G| + 2 allows K to be identifies with probability at least 1 — 1/|G]|.
Note that G does not necessarily have to be Abelian, and being able to perform a Fourier transform over
G is not required. This result shows that one can produce (using only O(log|G|) oracle calls) a final
result in which the pure state outcomes corresponding to different possible hidden subgroups are nearly
orthogonal. However, it is unknown whether a POVM exists or not which allows the hidden subgroup to
be identified efficiently (i.e. using poly(log|G|) operations) from this final state.

Problem 5.6: Addition by Fourier transforms

(#*) Consider the task of constructing a quantum circuit to compute |z) — |z +y mod 2"), where y is
a fixed constant, and 0 < z < 2™. Show that one efficient way to do this, for values of y such as 1, is to
first perform a quantum Fourier transform, then to apply single qubit phase shifts, then an inverse Fourier
transform. What values of y can be added easily this way, and how many operations are required?

Concepts Involved: Quantum Fourier Transform

For x = 2125 ... 2, (in binary representation), the QFT of |x) is - using the product representation:

1) 5T (10}, + €m0 [1),)(|0), + €202 -12n [1),) ... (|0),, + 2mOT1T22n 1) )
on/2

To increment x1 (which appears once, in the first place of the nth qubit) by 1 in the above expression, we
apply a phase shift of €™ to the last (nth) qubit, i.e. apply diag(1,e"™), = R?(x) (Z-rotation up to an
unimportant global phase). To increment x5 (which appears twice, in the first place of the n — 1th qubit
and in the second place of the nth qubit) by 1, we can apply diag(1,e™),,_1 = R?~1(7) to the n — 1th
qubit and diag(1,e"™/2),, = R?(n/2) to the nth qubit. Continuing this pattern, to increment x;, by 1,
we apply the phase shifts/rotations R?~*+1 (7). R0=k+1+1(7/2) ..  RP=1 (1 /2= 2)R2 (7 /25 1), If we let
Y = Y1Y2 ... Y in binary form, we can do this procedure for y1, ...y, (incrementing x; by 1 if yr = 1,
and doing nothing otherwise). We then obtain the state:

(100 + 2Ot |1y )([0)y + AT e va ) et ) 1)) . (o), 2Ot o) 1)
on/2

where the organization of phases ensures that the carry bits from the additions transfer to the next
significant digit in the correct manner. If we then take the inverse quantum Fourier transform, we obtain:

=il
QFT, |(m1 +y1) (@2 +y2) ... (@n +yn) mod 2") =|z+y mod 2")

Note that any ¥y = y1y2 ...y, can be added via this procedure. All y are “easy” in the sense they can
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be added with polynomial operations (as we discuss in the next paragraph), but adding more significant
digits is easier both in the sense that less significant digits require more rotation gates (incrementing
xy, requires k z-rotations) and also (exponentially) more precise rotation gates (incrementing ) requires
implementing a R, (7/2"~1) rotation).

The addition via phase shifts as described takes O(n?) operations (O(n) phase shifts for up to O(n)
nonzero digits of y), but can be reduced to O(n) by taking all layers of the phase shifts/rotations and
collapsing them into a single z-rotation gate per qubit. However, both the quantum fourier transform and

its inverse (see Ex. [5.5)) require ©(n?) gates, so the total operation cost of the addition is still ©(n?).
O
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6 Quantum search algorithms

Exercise 6.1

Show that the unitary operator corresponding to the phase shift in the Grover iteration is 2|0)X0| — I.

Solution

Concepts Involved: Unitary matrices, Grover Search

We wish to find the unitary phase shift operator U whose action on a computational basis state |z) is:
Ulzr) = —(=1)*° |z)
Let's check that 2]0)0| — I does the trick:

(210)0] — I) |z) = 2(0|z) |0) — |x) = 2040 |0) — |z) = (2050 — 1) |z) = —(=1)% |z).

H [j

Exercise 6.2

Show that the operation (2 [1)(v)| — I) applied to a general state ), oy, |k) produces

> [~k +2(a)] |k)

k

where (a) = >, /N is the mean value of the ay,. For this reason, (2[1)(v| — I) is sometimes reffered
to as the inversion about mean operation.

Solution

Concepts Involved: Grover Search

Appplying the operator yields:
@leXgl =D axlk) =2 ax (Wlk) ) =Y ax k)
k k k
:z;aw@w -Sanli
= 2(a) N2 |9) = > "o [k)
k
12 1
= [—ar+2()]|k)

k
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Exercise 6.3

(%) Show that in the |a), |3) basis, we may write the Grover iteration as
cosf —sinf
¢= [SinH COSG‘| ’

where 6 is a real number in the range 0 to 7/2 (assuming for simplicity that M < N/2; this limitation
will be lifted shortly), chosen so that

2,/M(N — M)
vee

Concepts Involved: Grover Search

sinf =

The action of the oracle O is to leave non-solutions invariant and attach a minus sign to the solutions, so
|a) — @) and |8) — —|B), hence in the |a) ,|53) basis:

11 0
s 0]
Now if we express:
N-M M
[9) = | = la) + 1/ 5 18)
We find:
N-—-M M(N - M M
et = 2 ool + YD (s 4 gaal) + 2 sl
Hence:
gN-M _ 4 2\/M(N—M) N—2M 2\/M(N—M)
I N N _ N N
N N N N
Therefore:

Il
2

_ N N

N—2M e A=) | Ty 0 N—2M AN
G = (2[yXy| - 1)O o l ]

Choosing 6 such that:
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We find the cosine to be:

—— N2 M(N - M) (N—2M)?2 N-2M
_ 29 __ _ _
cosf = V1 —sin"f = N i e - \/ N2 - N

Therefore we can conclude:

G =

cosf) —sinf
sinf  cos@

O

\. J

Give explicit steps for the quantum search algorithm, as above, but for the case of multiple solutions
(I <M < N/2).

Concepts Involved: Grover Search

Algorithm: Quantum Search (Multiple Solutions)

e Inputs: (1) A black box oracle O which performs the transformation O [z) |¢) = |z) |¢ ® f(z))
where f(z) =0 for all 0 < x < 2™ except for z € S = {xg,z1,... 20} (1 < M < N/2) for which
f(xz) =1. (2) n+ 1 qubits in the state |0).

e Outputs: One solution zg € S = {xg,x1,..., 20}
e Runtime: O(,/2"/M) operations. Succeeds with probability O(1).
o Procedure:

(1) [0)®™|0)  (initial state)

2 \/127 inzgl x) {%] (apply H®™ to first n qubits, HX to the last qubit)

(3) [(2|w)y| — 1)O]R\/12729;61 ) [%} ~ |B) [\@%} (Apply the Grover iteration R ~

[Z,/22] times. |B) is a uniform superposition of solution states.)

(4) — x0 € S (Measure the first n qubits, yielding one of the solutions.)

O

\. J

Show that the augmented oracle O’ may be constructed using one application of O, and elementary
quantum gates, using the extra qubit |g).
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Concepts Involved: Grover Search

The circuit:

l2) = |

accomplishes the task of being the augmented oracle O’. Suppose |¢) = |0) - then the controlled-
Z operations have no effect/drop out of the circuit, and the has the desired action of O |z)|—) —
(—1)f@) | =), Suppose instead that |¢) = |1). Then the controlled-Z flips |[~) — |+), and therein the
oracle has no effect O|z)|+) = |x) |[+) (with the |+) being flipped back to |—) by the final controlled
7). Hence, we have shown that the given O’ marks an item only if = is a solution to the search problem
and the extra bit g is set to zero. O

. J

Verify that the gates in the dotted box in the second figure of Box 6.1 perform the conditional phase shift
operation 2 |00Y00| — I, up to an unimportant global phase factor.

Concepts Involved: Grover Search

Let us deduce the net unitary performed by the gates in the dotted box (we do the matrix multiplications
in block form):

(X1 ® X2)([1 ® H2)CNOT, o(1; ® Ha) (X1 ® Xo) = 0 X] [H O] ll O] lH O] lo X}

Il
o
o8
=
P )
§o
o8
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Using that X2 = H? = T (Exercises ??, 77), the bottom right entry is:
XAAX =XIX=XX=1
And using that HX H = Z (Exercise 7?) and XZ = —Z X (Exercise 77):
XHXHAX =XZX =—-7XX=—-7
We thus find:

-Z 0

(Xl ®X2)(Il 029 HQ)CNOTLQ(Il (029] HQ)(Xl ®X2) =~ 0 I

= —diag(1,-1,—1,-1)

Which agrees with:
2100%00| — I = diag(1,—1,-1,-1)

up to a global phase. O

\. J

(%) Verify that the circuits shown in Figures 6.4 and 6.5 (reproduced below) implement the operations
exp(—i |z)z| At) and exp(—i [) )| At), respectively, with |¢) as in (6.24).
The circuits appearing in the text appear to have an error in the phase acting on the oracle workspace

qubit, which we correct in the diagrams below.

ly) { — -
Oracle Oracle

|0) — — diag(1, e "4) — —

ly) { — H®"™ H®" —

|0> ANV diag(l,(iiiAt) U

Concepts Involved: Grover Search, Quantum Simulation, Controlled Operations

For each of the two circuits, it suffices to verify that the circuit has the claimed action in some basis. For
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Fig 6.4, let |y) (on qubits 1,...n) be some state in the computational basis. Then we have:

1 0
0 e—iAt

1 0

0 0 e—iAt] ‘y>1,n lo@f(y)>n+1
n+1

Oly)1, .5 100p1 =0
n+1

= Oly)y e 20 |fW)),

— A1) O V)1 ’f(y)>n

_ o—ith1 5 W)y . |f(y) @ f(y)>n
= e A0 gy, 10),

= e_iAtézy |y>1n |0>n
So the action on the state is e 7?2t
exp(—iAt |z)(z|), as claimed.
For Fig 6.5, instead let |y) be some state in the |£)/Pauli-X eigenbasis, or equivalently of states of the
form |y) = H®™ |z) for computational basis states |z). Then we have:

if z =y, and 1 otherwise - hence the action of the overall circuit is

_ 1 0 _
HEnCH (X [0 o—iAt Cl™(Xn)HE™ 91,0 10) 1
n+1
o Qn ~1l...n 1 0 ~1...n
= H®"C"(X,) [0 o—iAt C™"(Xn) |Z>1,...,n 0),,
n+1

_ H®”C'1"'"(Xn) l(l) 69At] |Z> |5zo>
n+1

_ H®”C'1"'”(Xn) \z> efiAt5zo |520>

= ¢~ 1A 8N |V 15,0 @ 6,0)

= e "8 |y) |0)

So the action of the state is e "2t if z = 0, i.e. if |y) = H®"|0)®" = |+)®" = |[¢), and 1 otherwise.
Hence, the action of the overall circuit is exp(—iAt [1)(¢)]), as claimed. O

\. J

Suppose the simulation step is performed to accuracy O(At"). Show that the number of oracle calls
required to simulate H to reasonable accuracy is O(N"/2"=1)). Note that as  becomes large the
exponent of N approaches 1/2.

Concepts Involved: Grover Search, Accuracy
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and hence the total error is:

O(At" - VN /At) = O(At"'VN)

We want the error to be O(1), and hence we choose At = O(N~ Y ). The total number of oracle calls
is then O(N20-1), as claimed. O

Verify Equation (6.25). (Hint: see Exercise 4.15.):

We have:

U(At) = exp(—i |¢)v| At) exp(— |z)z| At) = exp (iIJr;M-At> exp <i1+22.0-At>

This is a rotation about axis n; = z by angle 5; = At followed about axis n, = '[b by the same angle
B2 = At, so we can apply the result of ??(b) to write it as a single rotation through angle 812 about axis

N9 satisfying:
At At -
cos(%) = cos? (2> — sin? <2> z-Y

And so:
= cos @ I —isin @ Ny O
2 2

(o (3) - (3) )
— % sin (A;) <COS(A;> 1#;2 i <A2t> ¢;< z> .
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where we have used the result of Ex. in the second equality. O

Exercise 6.10

| r

(%) Show that by choosing At appropriately we can obtain a quantum search algorithm which uses O(v/N)
queries, and for which the final state is |z) exactly, that is, the algorithm works with probability 1, rather
than with some smaller probability.

Concepts Involved: Grover Search, Quantum Simulation

Suppose we wish to rotate from |i)}1| to |z)x| exactly, i.e. by a total rotation angle . This rotation
angle can be found by taking the inner product:

121 "z = (20[ﬁ,0,6¥2 - 52) : (0,0, 1) = Oé2 - 62 = Cos(gtOt)

and thus:

~—

2 2
1 N-1 1
= 2 — 2 = —_ — = _ —
Oror = arccos(a I5) ) arccos ( N) ( N ) arccos (1 N) (6

which for large N is ~ .
Subdivide this total rotation angle into n equal rotations so Oy = N — 0 = %. Then, Eq. (6.28)
reads (as the rotation accomplished by a single application of U(At)):

cos Oror 1 2 sin? =
=1— —sin° | —
2n N 2

So to get this exact rotation angle, we can rearrange the above to choose At to be:

. . N Brot
At = 2 arcsin 5 (1 cos< o™ )) )

However, we must choose the subdivisions (and hence number of queries) n large enough such that Eq.
(6.28) holds, which requires that:

sin? (A;) = g (1 cos<02t;t>> <1 (8)

Which expanding for large subdivisions n we have:

N 1 (6> 02, N
—|1-({1-= <1l = — <1
2 ( 2<2n> - 16 n2 — ©)

so the algorithm requires O(v/N) queries. O
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Exercise 6.11: Multiple solution continuous quantum search

Guess a Hamiltonian with which one may solve the continuous time search problem in the case where the
search problem has M solutions.

Concepts Involved: Grover Search, Quantum Simulation

We guessed the Hamiltonian for the single solution search problem as that which rotated the equal weight
superposition 1)) = |+)®" = Zj%” into the solution |x), which yielded (Eqgs. (6.18), (6.19)):

H = |z)z| + [¢X¢l, H' =|z)y]+ [¢¥)Xz] (10)

Thus if we have multiple (M) solutions |y1),...|ya), we can rotate the equal weight superposition |¢))

into a vector solely made out of solution states |sol) = — sz\il ly;), and candidate Hamiltonians would

M
be:

H = |sol)(sol| + [y))t|, H' = |sol}(t)| + [¢/)}sol| . (11)
O

Exercise 6.12: Alternative Hamiltonian for quantum search

(%) Suppose

H = [z)y] + [¢)Xz]

(1) Show that it takes time O(1) to rotate from the state |¢) to the state |z), given an evolution
according to the Hamiltonian H.

(2) Explain how a quantum simulation of the Hamiltonian H may be performed, and determine the
number of oracle calls your simulation technique requires to obtain the solution with high probability.

Concepts Involved: Grover Search, Quantum Simulation

(1) We work in the 2D subspace spanned by the solution |x) and the equal weight superposition [1)) =

e = ala) + Bly) = = |2) + /L5 y) with [y) orthogonal to [x). In the [z),[y) basis we

may write the Hamiltonian as:

H:la Al 4

0 0 B0 B 0

a 01 = [2(1 ﬁ] =a(l+2Z2)+BX =al + (X +aZ)

Then we observe:

exp(—iHt) [¢)) = exp(—iat) [cos(t) [y —isin(t)(BX + aZ) \1/1)]
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We can neglect the global phase factor e =%t and further observe that [8X + aZ] |¢) = |x), so:

exp(—iHt) = cos(t) |¢) — isin(t) |z)

The probability of measuring |) occurs as ¢ = Z(n + 1) for integer n, and hence it takes t = § =

O(1) time for time evolution by H to rotate |¢) to |x).

(2) In the text, we simulated the time evolution of H' = |z)z| + |[¢))t| by constructing circuits for
exp(—i|z)z| At) and exp(—i [1)(1| At) and alternating them in turn. This strategy does not apply
for the given H because the individual terms are not Hermitian:

(leXw)t = [)z| # laXy].

However, note that in the subspace spanned by |x),|¢)) that H' took the form (also expressed in
the |z), |y) basis):

H =T+aBX+aZ)2a(fX +aZ)

from which we see that H = % (up to identity terms). Thus, we see that the circuits simulating
H' for time aAt generate the desired time evolution for H for time At. The resource requirements
to obtain the solution with high probability is thus O(v/N) oracle calls, as discussed in the text.

Exercise 6.13

H [j

(%) Consider a classical algorithm for the counting problem which samples uniformly and independently %
times from the search space, and let X1, ..., X}, be the results of the oracle calls, that is, X; = 1 if the j
th oracle call revealed a solution to the problem, and X; = 0 if the j th oracle call did not reveal a solution
to the problem. This algorithm returns the estimate S = N x . X;/k for the number of solutions to
the search problem. Show that the standard deviation in S is AS = /M (N — M)/k. Prove that to
obtain a probability at least 3/4 of estimating M correctly to within an accuracy VM for all values of M
we must have k = Q(N).

Concepts Involved: Probability, Expectation, Standard Deviation

For each X; (for j = 1,...,k) we have that the probability that X, = 1 (jth call found a solution) or
X; = 0 (jth call did not find a solution) given that there are M solutions out of a total search space of
N, is:
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by the linearity of expectation (Ex. , the expectation value of S is:
N M N M
=E(— X; E(X —(k-—) =M.
(k ZJ: i) = & Z k Nk (k N)
Next, we calculate the variance in S. Recall that:
Var(S) = E[(S — E(5))?] = E(5?) - E(5)
So we also need to calculate the expectation value of S2:

_(];[;X ZX o ZXX_— Y% XX, +ZX2

i#j 7

Note that X;, X; are independent if ¢ # j, so E(X;X;) = E(X;)E(Xj;) for i # j (by Ex. |JALD). If ¢ = j,
we instead have:

E(X7)=1*-P(X; =1)+0*- P(X; =0) =

so computing E(S?) via linearity:

E(SZ):ﬁ > > EXX)) +ZE

i#j

— % > Y E(X)E(X;) + ZE(X])Q

i#jJ

N2 M
~ %2 ZZNN N

i#j
- (W -n e )
=(1- %)M2 + @
Thus computing the variance of S:
Var(S) = E(S?) —E(S)2 = (1 — %)MQ i @ a2 MNk_ M? M(Nk M)

and thus we find the standard deviation:
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We want a probability at least 3/4 of estimating M to within accuracy v M, so:

P(S ~ M| < VM) > 5 = P(S~M|> V) <

>~

To bound this, we use Chebychev's inequality (Ex. [A1.6)), which says for any random variable X with
finite variance, and for any A > O:

P(X ~ B(X)| 2 AA(X)) < 15

In particular we have E(S) = M, and for AA(S) = vV M we take A = A—\/g, so Chebychev gives:

1 Var(S) N-M
P(lS—M|>VvM)< = =
(15 - M| 2 VM) < — = 22 = =
%)
We require N;M < i, and in the worst case where the LHS is largest with M = 1, we require:
k
N-1<-
— 4
and so k = Q(N) as claimed. O

Exercise 6.14

(%*) Prove that any classical counting algorithm with a probability at least 3/4 for estimating M correctly
to within an accuracy cv/ M for some constant ¢ and for all values of M must make Q (V) oracle calls.

Exercise 6.15

Use the Cauchy-Schwartz inequality to show that for any normalized state vector [¢) and set of N
orthonormal basis vectors |z),

3l —a|® = 2N - 2VN.

Solution

Concepts Involved: Inner Products

We can write:
Yol —al® = (@l = (=) (1¥) - |=))
x = Z (@l + (ele) — (lz) — (lv))
= Z (2 — 2Re((¢])))
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Now define |y) = " _ |z) (for which (y|y) = N and take the sum over x (using the sesquilinearity of the
inner product), by which:

Y I —z|* = 2N — 2Re((¢ly))

> 2N — 2((¥ly)|
> 2N =2/ (¥lY) (yly)
=2N —-2v1-N
=2N - 2VN
where the first inequality follows as |z| > Re(z) and in the second we apply Cauchy-Shwartz. O

Exercise 6.16

Suppose we merely require that the probability of an error being made is less than 1/2 when averaged
uniformly over the possible values for z, instead of for all values of . Show that O(v/N) oracle calls are
still required to solve the search problem.

Since we are providing a lower bound, we show that Q(\/N) calls are required.

Concepts Involved: Grover Search, Cauchy-Shwartz

The first part of the optimality proof of showing D, < 4k? proceeds identically as it appears in the text.

We go through the Dy = Q(N) of the proof with the modified assumption; instead of requiring
2

[(alwz) (z]y)| > 1/2 or:

2
> 1/2 for all z, we instead require 3 >__

With this, we can bound E}, as is done in the text:
By = llgf —a|® =) [2 - (@l¢f) — (Wile)]
=2N -2 |{z[y])]
<aN -2 |y

<2N — Qﬁ
2
=N
where in the second line we use that WLOG (z|¢f) = ‘<m|w,§> , in the third line we use that ‘<x|w,”§> <1
2
so ‘(xwg) < ‘<a:|1/1§> , and in the fourth line we use the bound on the error probability.
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Now, we can go through the identical manipulations as is done in the text to obtain Eq. (6.51):

Dy > (V/F, — VEy)?

with F, = > ||z — Ui||? > 2N — 2¢/N from the previous exercise, and so:

Dy, > (\2N —2V'N - V/N)? > (VN)? =N

Combining this with Dy, < 4k2, we find that k > \/N/4 and we thus require Q(v/N) oracle calls. O

Exercise 6.17: Optimality for multiple solutions

(%) Suppose the search problem has M solutions. Show that O(y/N/M) oracle applications are required
to find a solution.
Since we are providing a lower bound, we show that Q(y/N/M) calls are required.

Concepts Involved: Grover Search, Cauchy-Shwartz

The solution follows the structure of the argument of the single-solution case. We adapt the helpful
presentation of cppascalinux’ blog post.

Assumption on M. WLOG, let us suppose that M < % - else if M > %, then % < NLM = 4. Trivially,
Q(1) (a constant number of) oracle calls are required to find a solution for any search algorithm, which
automatically implies Q(y/N/M) calls. Hence showing an Q(y/N/M) lower bound is not interesting in
this case.

Oracle for multiple solutions. In particular, denote by M a set of M solutions (i.e. if x € M then
f(x) =1, and f(z) = 0 otherwise). Then, consider the oracle:

Om=1-2)" |aXaz|.

zeEM

Suppose our algorithm starts in the state |¢), and applies O exactly k times, interleaved with unitaries
Ui,...,U;. We can then define:

|9 = UyOpgUp—1Uk—2001 - .. U1Opq |1)
[Y) = UpUk—1Uk—2 ... U1 [¢)

our goal is to bound the deviation between these two (resulting from the oracle):

Dp=Y" wa/[ - 1/1kH2
M

note that the sum here is over all M-sized subsets of the solution space S = {1,2,...,N} (i.e. over all
possible solution sets of this size).

Upper bound. We give an inductive proof that Dy, < 4(N_1

a_1) k% The k = 0 case is automatically satisfied,
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as ") = |1bo) so Dy = 0. Now, suppose the statement holds for k > 0, and consider:
2
Dyt = Z HOMWCM - WH
2
= HOM — i) + Oz — D

For the first term:
Slowtst -l - St -l pesa ()

where the first equality follows by unitary invariance of the norm, and the inequality follows by the inductive
hypothesis.
Now, looking at the second term:

—2 Z |[ZXz|)w

reM

DN On =Dl =
M

> (xlvw) o)

zeEM

> [wwle)|”

reM

Il
RM ™ ztj

Now, consider how many times a given x € S = {1,2,..., N} appears in the above sum. If we consider
solution sets of size [M| = M, fixing a given x to be in the solution set, there are N — 1 choices to fill
the remaining M — 1 slots, and hence (1\]\/;111) occurences of a particular  in the double sum >, > _\/
Thus:

%:H(OM —I)¢k||2=4( )Z| (nl)] _4< 11>

zeS

where the sum is now over all squared coefficients of | ), which is one by normalization.
A brief lemma before proceeding - consider for vectors b;, ¢; (with ¢ = 1,...,n) that:

S+ el < SOOI + 20t + s )
< ST+ S el +2¢Z |b¢||v2 el

\/Z Ib4]” + \/Z sl

where the first inequality is the triangle inequality, and the second inequality follows from Cauchy-Schwartz
applied to the vectors | B) = (||by]], |b2]; - - -, 162D, 1C) = (lleills [lezll, - - - llen )T Applying this lemma
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with b; = OM(wﬁA = ’(/Jk),ci = (OM = I)wk, we obtain:

D < @ 1On — Dy + @ |Os - Dl
G )

2(k +1) (]\Z\;_D 2

:4(k+1)2<]\]\;:11>

IN

IN

which completes the induction.
Lower bound. Define Pyy = > .\ |2z)x| to be the projection onto the solution space, and then let us
write:

Do =3 et - i = | - Prowt + Bacvtt — v
v M

We suppose ('] Pag |11) > 1/2 for all M, such that an observation yields a solution to the search
problem with probability at least one half. Then:

= Pag H WM (I = Pra) (T = Pag) |91
= (WM (I — 2Py + P3y) [02Y)
= (¥}
(W]

21 (= Pa) l9")
PR — W Par)

IN
N = =

1
2

where we note the hermicity and idempotency of the projector Py in the second/third lines. Summing
over all possible (17) solution sets M, we can bound the first term:

> -] < 3()
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We can also find:

[ Bret — )| = 0 PLPan ) — W1 Pl o) — (ol P k) + (il
= (") P [0 — 2Re( (4| PLP ) +1
2 % — 2||Prtr||® + 1
= 2 — 2 (k] PLPut )
= 2 — 2 (el Pac )

where we use the (Y| Py [1f1) > 1/2 assumption in the inequality.
Summing over M, we can use this to bound the second term:

> H(PM"/U/@M - wk)HQ >y (; — 2 (Yr| Pag |¢k>>
M M

= ;)(]\A/‘],) —2%:<¢k|PM |vbx)

in our argument for the upper bound, we already saw that the second term evaluates to (ﬁ:ll) and
combining this with the binomial coefficient identity of (]\A/;:ll) =M (1\]\/;

- N

3 et = (3-23%) (37)

), we get:

NowsmceweassumethatM<% %g%and o)
2 3 1. /N N
E Pt — H > (= —2- = :
H( MYE" — P) _(2 4)(M> (M)

We can combine these two bounds by considering the following inequality, which is analogous to one we
showed in the upper bound case:

S e+ el > S — 2leellen] + feal®)
2 2 2 2
> 2+ 3 el —VZM \/Z el

\/an P \/chln 2

where the first inequality follows from the (reverse) triangle inequality and the second inequality from
Cauchy-Shwartz. Setting ¢; = (I — Pa)it, b; = (Ppmyoi! — 1bx) and using the bounds we showed for
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the two terms, we get:

V

Dy,

v

|
g
I
Sl
=
R
<=
~—

Bound on k. Combining the upper and lower bounds on Djy:

(2-2) (1) <pcae(3) = <(Mf>)<> _

where we use that (ﬁ)/(ﬁ:ll) = % We conclude that:

O
Exercise 6.18

(%) Prove that the minimum degree polynomial representing a Boolean function F(X) is unique.

Solution

Concepts Involved: Boolean Functions, Method of Polynomials

Suppose for the sake of contradiction that p,p’ are distinct minimum degree (multilinear) polynomials
representing F.. Then, (p — p')(X) = F(X) — F/(X) = 0 for all X € {0,1}", but p — p/ # 0, so there
exist some monomials with nonzero coefficients in p — p’. In particular, let ], ., X% be the minimum
degree such monomial (with K C {1,... N} being the index set). Then, consider Y € {0,1}", defined
such that Yy = 1 if k € K and Y = 0 otherwise. Then, (p — p')(Y") does not vanish (the [],x X
term is nonzero, and any potentially larger-degree terms are vanish since we chose the minimal index set
for which Y is one) - contradiction. O

Exercise 6.19

Show that P(X)=1— (1 — Xo)(1 — X3)...(1 — Xny_1) represents OR.
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Solution

Concepts Involved: Boolean Functions, Method of Polynomials

We can see that P(X) = 0if X; = Xo = ... = Xny_1 = 0 and P(X) = 1 otherwise (if any of the
X; =1). This is exactly the definition of the OR function. O

Exercise 6.20

(%%) Show that Qo(OR) > N by constructing a polynomial which represents the OR function from the
output of a quantum circuit which computes OR with zero error.

We found this problem statement to be quite misleading - to issue a clarification, (we believe) the intention
of the problem is not to explicitly construct a quantum circuit which computes OR with zero error (such
a realization would of course only provide an upper bound on Qo(OR)). Instead, the strategy is to posit
(without explicit construction) such a circuit, and then lower bound the number of queries it must make
by N.

Solution

Concepts Involved: Method of Polynomials, Quantum Query Complexity
We follow the construction of Beals, Buhrman, Cleve, Mosca, and de Wolf of arXiv:quant-ph/9802049.
Consider a quantum circuit that computes OR with zero-error using T' = Qo(OR) queries. As discussed
in this section, the output of such a circuit looks like:

PR
%) =) ex(X) |k)
k=0
where ¢ are polynomials of degree at most 7" in the variables X¢, X1,..., Xy_1.

Let B the set of all computational basis states ending in 10, such that the output is the answer 0. Then,
for k € B we have c;x(X) = 0 if X # 0, else the probability of getting the incorrect answer on |p™)
is nonzero, contradicting the zero-error assumption. Additionally, there exists some k' € B such that
cx(0) # 0, since the probability of getting the correct answer for |X=C) must also be nonzero.

Now consider:

Ck/(X>)'

p(X) =Re(l — o0 (0)

This polynomial has degree at most T' (since ¢; has degree at most T'), and represents OR (as by
construction it evaluates to 0 if X = 0 and 1 otherwise). But p must have degree at least deg(OR) = N,
from which we conclude that T'= Q¢ (OR) > N, as claimed. O

Problem 6.1: Finding the minimum

(%%*) Suppose x1,...xN is a database of numbers held in memory, as in Section 6.5. Show that only
O(log(N)+V/ N) accesses to the memory are required on a quantum computer, in order to find the smallest
element on the list, with probability at least one-half.
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Problem 6.2: Generalized quantum searching

*x%) Let |¢) be a quantum state, and define U}y = I — 2 |¢)(p|. That is Uy, gives the state |¢) a —1
[¥) [4)
phase, and leaves states orthogonal to |¢) invariant.

(1) Suppose we have a quantum circuit implementing a unitary operator U such that U |0)®" = |¢¥).
Explain how to implement U,.

(2) Let [¢h1) = |1), |p2) = (JO) — [1))/+/2, |[¥3) = (|0) —i|1))/+/2. Suppose an unknown oracle O is
selected from the set Uy, ), Ujy,), Ujy,)- Give a quantum algorithm which identifies the oracle with
just one application of the oracle. (Hint: consider superdense coding.)

(3) (Research): More generally, given k states |11),..., |¢«), and an unknown oracle O selected from
the set U}y, ), - -, U}y, ), how many oracle applications are required to identify the oracle, with high
probability?

Concepts Involved: Grover Search, Superdense Coding, Bell Basis

(1) First, note that if we are given a quantum circuit implementing U, we can obtain U by individually
taking the adjoint of each gate. With this in mind, we can realize U,y using the circuit below
(drawn for 5 qubits, but the structure is identical for arbitrary n):

TIIT
TTT.

Let's verify that this circuit has the claimed action. If we input |¢), we obtain:

UXxerCcr(2)X®"U) jp) = (UX®C™(Z)X®"UT)U |0)*"
=UX®"C™(2)X°"(0)®"
=UX®"C™(2)[1)®"
=UX®"(-1)[1)®"
= (-1)U0)*"
= (D)

~— ~—

Suppose we input any state [¢)) orthogonal to [¢), - then, since unitaries preserve orthogonality,
Ut maps [1)") to a state orthogonal to [0)®", i.e. a superposition over bitstrings not containing
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0™, so:

UXe"C™(Z)XOmUT) |[pt) = UXECM(Z) X" () ox X))
x#0
=UX®"C"(2) ) cx %)
x#0
=UX®" ) " ox|R)
x#0

=U ) exlx)

x#0
= [y)

where X denotes the complement bitstring of x. Notably, C™(Z) acts trivially here as the sum does
not contain the all-1 state.

Thus, this circuit gives |1) a -1 phase and leaves states orthogonal to |¢) invariant, and we conclude
it represents U}y = 1 — 2| ) 1]

(2) Actually, we can do even better than the question proposes, and add Uy = I to the set. The
algorithm ORACLEIDENTIFY(O) is:

ORACLEIDENTIFY(O):

Initialize |Boo) = %

Apply O on the first qubit

Measure in the Bell basis, and obtain |8;.).
Output n = zz.

Where we recall one way of representing the Bell basis is given by |3,.) = XTZF |Boo). This works
because Uy = I,Uy = I —2|1X1| = Z,Us = I — 2|-¥—| = X,Us = I — 2|—i}—i| =Y, and
so applying the oracle O,, to the first qubit of |Soo) simply maps us to |8,=.). Which Bell state
we have (and thus which Oracle we applied) can then be deduced with certainty from a Bell basis
measurement, in a way that only requires a single application of the oracle. The above algorithm is
of course just the superdense coding algorithm reframed as an oracle identification problem.

(3) The problem is quite open ended, and we are unaware if there exists a useful general result. However,
we review some results in the spirit of the problem:

e The query complexity for Boolean oracles was introduced/studied by Ambainis/lwa-
ma/Kawachi/Masuda/Putra/Yamashita in arXiv:quant-ph/0403056, subsequently refined by
Ambainis/lwama/Kawachi/Raymond/Yamashita in arXiv:quant-ph/0411204, and is fully re-
solved by Kathari in [arXiv:1311.7685. Given the task of identifying an oracle of an N-bit
string, selected from a subset of size M out of the 2V possible, the (optimal) quantum query

complexity is ©(v M) for M < N and @(%) for N < M < 2V (compared to the

optimal classical query complexity of ©(min {N, M}).
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.

e For the unitary case, Copeland and Pommersheim |arXiv:1812.09428| have some results in the
case where the unitaries form a group structure, e.g. showing that Q(n) queries are required
to identify a given (permutation) oracle in S,,. Huang and Li place a bound on the query
complexity in the case of distinguishing two unitary oracles [arXiv:2012.02944,

O

J

Problem 6.3: Database retrieval

(%%x) Given a quantum oracle that returns |k, y & X}) given an n qubit query (and one scratchpad qubit)
|k, ), show that with high probability, all N = 2" bits of X can be obtained using only N/2 + /N
queries. This implies the general upper bound Q2(F) < N/2 + /N for any F.

Problem 6.4: Quantum searching and cryptography

(%%) Quantum searching can, potentially, be used to speed up the search for cryptographic keys. The idea
is to search through the space of all possible keys for decryption, in each case trying the key, and checking
to see whether the decrypted message makes ‘sense’. Explain why this idea doesn't work for the Vernam
cipher (Section 12.6). When might it work for cryptosystems such as DES? (For a description of DES see,
for example, [MvOV96] or [Sch96a].)
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7 Quantum computers: physical realization

Exercise 7.1

Using the fact that = and p do note commute, and that in fact [z, p] = ih, explicitly show that afa =
H/hw—1/2.

Solution

Concepts Involved: Commutators, Creation/Annihilation Operators
Recall the definition of the a,a’ in terms of the position and momentum operators:

1
a=—(mwx +1
\/2mhw( 2
1
1—_ .
a' = ———(mwx — 1
2mhw( P)

as well as the definition of the Hamiltonian for a particle in a quadratic potential:

Calculating a'a we find:

1
ala = m(m%ﬂf + imwlz, p] + p?)
2 2

1
= %(m%} x? + imw(ih) + p?)

1p2

B 1 ., hw
= g T )
H

2

1
ho 2
where we note the use of the commutation relation between position and momentum in the second
equality. O

Exercise 7.2

Given that [z,p] = ih, compute [a, a'].

Solution

Concepts Involved: Commutators, Creation/Annihilation Operators
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Using the linearity of the commutator:

[a,af] = [ (e + ip), e (i — ip)
2mhw vV 2mhw
_ 1 2 2 ,[x,p] ,[p,x]
= (m w?[z, ] i +17mw + [p, p]
1 . ih —ih
S T (O‘me“mw”)
=1

Exercise 7.3

H [j

Compute [H, a] and use the result to show that if |¢)) is an eigenstate of H with energy E > nhw, then
a™ 1)) is an eigenstate with energy F — nhw.

Concepts Involved: Commutators, Creation/Annihilation Operators, Eigenvalues, Eigenvectors

where in the first line we use the result of Exercise [[.1] and in the second to last line we use the result of
Exercise From this, it follows that if |¢) is an eigenstate of H with energy E > hw, then:

Ha ) = ([H,a] + aH) [¢)
= (—fhwa + aH) |¢)
= —hwa ) +aH |¢))
= —hwa|) + aE |¢))

(B = hw)a|¢)

i.e. aly) is an eigenstate of H with energy E — fiw. The argument can be repeated n-fold if E > nfuw
to conclude that a™ |[¢) is an eigenstate of H with eigenvalue E — nfuw. O
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Exercise 7.4

Show that [n) = 27 |0).

Solution

Concepts Involved: Creation/Annihilation Operators, Eigenvalues, Eigenvectors
Eq. (7.11) in the text yields the action of the creation operator on an eigenstate of H:

aln) =vn+1|n+1)

(@)™ |0) = vnvn —1...v2V1|n)

and dividing both sides by v/n! we conclude:

Verify that equations (7.11) and (7.12) are consistent with (7.10) and the normalization condition (n|n) =

1

Concepts Involved: Creation/Annihilation Operators, Eigenvalues, Eigenvectors
Equations (7.10) - (7.12) are given as:

ala|n) = n|n)
alln) =vn+1jn+1)
aln) = v n — 1)

Applying the lowering and raising operator successively and invoking equations (7.12), (7.11) we find:

(n|ata|n) = (n|a'/n|n — 1)
= Va(nlal In—1)
= Vn(n|vn|n)
=n(n|n)

=N
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meanwhile if we invoke Equation (7.10):

(n|ataln) = (n|n|n)
=n(n|n)

=N

so the equations are consistent. O

Exercise 7.6

Prove that a coherent state is an eigenstate of the photon annihilation operator, that is, show a |a) = A |a)
for some constant \.

Concepts Involved: Creation/Annihilation Operators, Eigenvalues, Eigenvectors, Coherent States
Recall the definition of the coherent state |a):

Applying a to |a) and using that a|n) = /n|n), we have:
2 = o'
ala) = ae~1ol/2 — |n)
_ a2 g 9
=e aln
;::0 e

_ 2 > an
= ¢l /227\/77\/?1'”_”

— ol /2az 5 —1)
= a67|0¢\2/2 nZ::O 7(71,)' |n/>
= ala)

where in the second-to-last inequality we re-index the sum. We conclude that |«) is an eigenstate of a
with eigenvalue «. O

\. J

Before continuing, we introduce our drawing convention for optical circuits, which departs from that of the
text. In particular, we depict phase shifters of angle ¢ as:

L

RS

A directed beamsplitter of angle 6 as:
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and a 50/50 (0§ = w/4) beamsplitter as:

|H

Exercise 7.7

Show that the circuit below transforms a dual-rail state by

1T

(&
W)out> - [ 0

0

if we take the top wire to represent the |01) mode, and |10) the bottom mode, and the boxed 7 to
represent a phase shift by 7:

|%in) |Yout)

Note that in such ‘optical circuits’, propagation in space is explicitly represented by putting in lumped
circuit elements such as in the above, to represent phase evolution. In the dual-rail representation, evolution
according to (7.20) changes the logical state only by an unobservable global phase, and thus we are free
to disregard it and keep only relative phase shifts.

Concepts Involved: Dual-Rail representation, Phase Shifters

From the diagram, we have that:

|01) — €™ |01)

110) — |10)

so in the logical dual-rail representation with |01) = |01) and |11) = |10) we can write the transformation
matrix as:

]

Show that P|a) = |ae'®) where |a) is a coherent state (note that, in general, a is a complex number!)
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Concepts Involved: Dual-Rail Representation, Phase Shifters, Coherent States

la|? i a”
Pla) = Pe™ 2 — |n)
n=0 \/m
laf? o= O™
=e 2 Z P |n>
n=0 \/77
o2 o= a”
—e 2 Z eZA" |n>
n=0 m
o2 oo iA\n
Y (e )" oy
n=0 \/ﬁ
|aem 2 > (aeiA)”
—e Z n)
n=0 m
= |ae'®)
where in the second-to-last equality we note that |eiA| =1. O

Exercise 7.9: Optical Hadamard gate

Show that the following circuit acts as a Hadamard gate on dual-rail single photon states, that is, |01) —
(|01) + |10))/+/2 and |10) = (|01) — |10))/+/2 up to an overall phase:

™

1

The assertion of the exercise is incorrect, and requires the order of the beamsplitter and phase shifter to
be flipped (or alternatively to flip the angle of the beamsplitter).

Concepts Involved: Dual-Rail Representation, Phase Shifters, Beamsplitters

The action of the 50/50 beamsplitter on the |01),]10) manifold of states is given by:

_|cos(m/4) —sin(m/4)| 11—
Bo=n/a = [sin(w/él) cos(m/4) ] V2 ll 1]

So combining this with the phase shifter (noting '™ = —1), we have:

~1 0|l 1 {1 -1 1 -1 1
U= P(n)By—r/s = B 0 1]%[1 1]:Ell 1]
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which is not equal to a Hadamard up to a global phase. If we instead flip the order of the given optical
components:

11 1] [-1 0] 1 [-1 -1
U:B"—“/“P(ﬂ:\/ﬁll 1H0 11:\/5[—1 11:_H

which is indeed a Hadamard (up to a global negative sign). The same can be accomplished with the
original circuit, but the angle of the beamsplitter flipped from 7/4 — —7 /4. O

Exercise 7.10: Mach—Zehnder interferometer

Interferometers are optical tools used to measure small phase shifts, which are constructed from two
beamsplitters. Their basic principle of operation can be understood by this simple exercise.

1. Note that this circuit performs the identity operation:
o
a a'

2. Compute the rotation operation (on dual-rail states) which this circuit performs, as a function of
the phase shift ¢:

Concepts Involved: Dual-Rail Representation, Beamsplitters

1. The first part is simple to check (we can do it for arbitrary 6):

B'B =

cost) sinf| |cos —sinf| cos? 0 + sin® 6 0 _
—sinf cos@| |sin@® cosf | 0 cos? 0 +sin?6|
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2. For the second part we include the ¢-phase shift in between the two 50-50 beamsplitters:

1 1 1] ]e* 0 1 |1 -1
T - —
BomrsaP ) B0=ris = 7 l—1 1] [0 1] V2 L 1]

- 1 1 1| et —et*
S 20-1 1 1 1
1 14+¢e 1—¢®
T2 |1 =€ 14e
6i<p/2 e—icp/Q + eitp/Q e—iap/Q _ ez'<p/2
= T |emiw/2 _ giv/2  o—ip/2 + eiv/2
e | cos(g)  —isin($)
—isin(%) cos(%)
= eiW/sz(‘P)

thus this operation (up to a global phase) corresponds to an x-rotation of angle . This can also
be seen more easily from the fact that the beamsplitters act as a Y-rotation, and thus here in the
50-50 case we rotate the z-axis by —m/2 about the y-axis yielding the rotation about z.

Exercise 7.11

What is B|2,0) for 6 = 7/4?

Concepts Involved: Creation/Annihilation Operators, Dual-Rail Representation, Beamsplitters

The beamsplitter operator B maps the creation operator for mode a as (Eq. 7.34 of N&C):

Ba'Bt = af cosd + bt sin6
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thus we calculate:

(af)?
V2
= —Ba'B'Ba' |0,0)

B|2,0) = B

10,0)

= —Ba'B'Ba'B|0,0)

2
=—— (aT cos @ + b sin 9) |0, 0)

1
= \ﬁ(cosz 6(a")? 4 2sin 6 cos fa’bt + sin? H(b1)?) |0, 0)

1
2 . .92
= cos“ 012,0) + —sin(260) |1,1) 4+ sin“ 6|0, 2

where we use in the second line that BB = I and in the third line that B|0,0) = |0,0). With 6 = /4,
this becomes:
1

1
1,1) + - 10,2
11,1) +510,2)

1

Exercise 7.12: Quantum beamsplitter with classical inputs

What is B|a)|8) where |a) and |8) are two coherent states as in Equation (7.16)? (Hint: recall |n) =
Tyn
&2 |0).

Concepts Involved: Annihilation/creation operators, Mode Mixing, Beam Splitters

Let |a) and |8) be coherent states of two bosonic modes a and b, i.e.,

@) = Da() [0),  [B) = Dy(8)]0),

where D(v) = exp(yal — v*a) is the displacement operator.
The beam splitter operator B is a unitary transformation that mixes the two modes:

BfaB = acosf + bsin 6, BbB = —asin® + beosh.

Assuming a 50:50 beam splitter with § = 7, define the rotated modes:

A .
o= glath), V= —s(ath).

Coherent states remain coherent under linear transformations of the mode operators. Therefore, the
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product state |a), |3), transforms to:

Bla), 18), = | S+ ) |H(-a+8)) .

In terms of the original mode labels (since the names of the physical modes don't change), this becomes

Bla), |8), = |5 +8))

Remark: This transformation of coherent states under a beam splitter is classical in character — no
entanglement is generated between the output modes.

Exercise 7.13: Optical Deutsch—Jozsa quantum circuit

(xx) In Section 1.4.4 (page 34), we described a quantum circuit for solving the one-bit Deutsch—Jozsa
problem. Here is a version of that circuit for single photon states (in the dual-rail representation), using
beamsplitters, phase shifters, and nonlinear Kerr media:

e &

1. Construct circuits for the four possible classical functions Uy using Fredkin gates and beamsplitters.

2. Why are no phase shifters necessary in this construction?

3. For each Uy show explicitly how interference can be used to explain how the quantum algorithm
works.

4. Does this implementation work if the single photon states are replaced by coherent states?

Concepts Involved: Deutsch—Jozsa Algorithm, Phase Shifters, Beamsplitters, Coherent States

1. There are only four possible functions f : {0,1} — {0,1}. For each, we give the unitary U; which
accomplishes Uy |z, y) = Uy |z, y + f()).

In these constructions, a useful subroutine will be the optical Fredkin gate with ancilla ¢ in the |1)
state. In the dual rail representation, the Fredkin gate (for £ = 7) is a CNOT gate and hence this
realizes a NOT gate on the dual rail qubit.
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e f(z) =0. In this case, Uy is just the identity.

e f(x) = 1. In this case we apply X to the second qubit, so we can use the Fredkin-NOT
construction described above.

e f(x) = . In this case, we apply X to the second dual-rail qubit depending on the state of the
first dual-rail qubit. Since |0L) = |01) (the top wire/d mode) and |11) = |10) (the bottom
wire/ zmode), we choose “control mode” of the optical Fredkin to be the top/d mode of the
top dual-rail qubit, which then acts on the bottom dual qubit as a CNOT.

e f(x) =x @ 1. In this case, we simply compose the CNOT /optical Fredkin of the f(z) = «
case with an additional Fredkin-NOT.

2. No phase-shifters are necessary for this construction as we only require the use of CNOTs/X's, which
can fully be accomplished by the optical Fredkin (+ ancilla). This is because the transformation
Uy is based on purely classical/Boolean logic and thus can be composed purely out of the classical
gates of CNOT/NOTs, and does not require the quantum-mechanical gates R.(y)/R,(6) that a
phase-shifter/individual beamsplitter would provide.

3. In the dual-rail representation, the initial state is |+); |—),. We then have (with the Uy described
in the first part and a subsequent 50/50 beamsplitter/Hadamard on the first qubit):

Bl fl@)=0

4, =), —H = f@ =1 gy [0 5, f0)=f(1)
=l f)== (1), =) f(0)# F(1)
=== fl@)=zo1

Thus by measuring the first dual rail qubit, i.e. checking if the photon is in the top/d mode
|0), = |01) or the second/c mode [1), = |10) we can verify with 100% probability whether the
function f is constant or balanced. The algorithm hinges on the interference of the action of Uy on
the superposition of computational basis states |+); .

4. No, the implementation fails. We only need to analyze the f(z) = 0 case to see this - In this case
Uy = I and the quantum circuit reduces to a single beamsplitter acting on the a/b modes, which as
deduced in Ex. maps the input coherent states to other coherent states. We therefore have 4
coherent states in the output, wherein there is some probability to measure any possible combination
of photon number. Even if hypothetically the balanced cases for f had only one possible measurement
outcome (which can be shown to be not the case), since there is some probability of measuring any
possible outcome for the f(x) = 0 case the implementation can no longer distinguish f with a single
shot.

O
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Exercise 7.14: Classical cross phase modulation

To see that the expected classical behavior of a Kerr medium is obtained from the definition of K, Equation
(7.41), apply it to two modes, one with a coherent state and the other in state |n); that is, show that

Kla)|n) = |aeXE")|n)
Use this to compute
pa = Ty | K|a)|8)(Bl(al K]

2 |ﬂ|2m ixL ixL
= ¢ 16l g ——— |aeX T N X
m!
m

and show that the main contribution to the sum is for m = |]°.

Concepts Involved: Kerr Interaction, Coherent States, Operator Functions

The Kerr unitary is given by
K =exp (ixL ata bTb)

and acts on |a), |n), as
Kla)|n) = exp(ianaM) |a) |n) = ‘aeiXL"> [n) .

Now let |8) = e~IBI/2 37> % [n). Then

K |a = e 18/2 £ ’aeiXL" ny.
o) 18) P ) In)
To compute the reduced density matrix on mode a, trace out mode b:

pa =Ty | K |a) 18) (8] (ol K]

T i 1812
"0 n't

This is a mixture over rotated coherent states weighted by a Poisson distribution peaked at n = |3|?, so
the main contribution is

aezan><a6'Lan .

pa ’aeixL|ﬂ|2><aeixL\5\2’ ,

H [j

Exercise 7.15

Plot (7.55) as a function of field detuning ¢, for Ry = R = 0.9.
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Solution

Concepts Involved: Plotting

A plot of the power of the cavity internal field:
Peay o 1-1
Po |14 oovmml
1+ e/ Ri1Ry

with the given parameters yields:

Pcav/Pin
-
o N » o o] o
T N A ) ) :

We observe a peak in the power profile at detuning ¢ = 7. O

Exercise 7.16: Electric dipole selection rules

(xx) Show that (7.60) is non-zero only when mg —mq = 1 and Al = +1.

Solution

Concepts Involved: Commutators, Angular Momentum
Although the intended solution of the exercise seems to be arguing the selection rules directly from the
integral over spherical harmonics:

/ Y Vi Yigmad®

The selection rule for [ particularly seems to be quite cumbersome to argue, requiring a deep dive into
Legendre functions.

Instead, we take an algebraic approach that only relies on the algebra of angular momentum operators
(this will imply the integral, which is the matrix element evaluated in the angular basis, must vanish).
Throughout we set i = 1, and sum over repeated indices. First, recall the canonical commutation relations
of position and momentum:

['rivrj} = [pz;pj] = 07 [r'mpj] = Zéz]
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if we then define the angular momentum operators:
Li = (r X p)i = €ijk7Pk
from this we can compute:
[ri, Lj] = [ri, €jpmTaPm] = €jamTr[Ts, Pm] = €ikmThi0im = d€jiTh = €557k

and in particular:

First we show the m selection rule. Since the orbital states are eigenstates of L, with L, |l,m) = m |l,m),
we can consider the relation:

(li, mal [re, L] [l2, ma) = (ly,ma| (riLz — Lery) [la, ma) = (my — ma) (l1, ma|ri|l2, ma)
which for 75,7, give us the two equations:

—i(ly,mi|ry |la, m2) = (m1 —ma) (I1, m1| rz |l2, ma)

i (i, ma| g [la, ma) = (M1 — ma) (I, mq| ry |l2, m2)
Plugging the first equation into the second we find:
(l1,ma| g l2, ma) = (my — ma)? (Iy, ma| 74 |2, ma)
If (I3, m1| 7 |la,ms2) is to be nonvanishing, then for the above to hold we require (m; — m2)? =1, i.e.:
mi1 —meo = £1

which was the claimed selection rule.

We now show the [ selection rule, where we will use that the orbital states are also eigenstates of 12 =
L2 + L2 + L2 with L?|I,m) = I(I 4+ 1) |I,m). The commutator algebra is about to get heavy, so let us
note the relations:

[AB,CD] = AC|B, D] + A[B,C]D + C[A, D|B + [A,C]BD

€ijk€imn = (sjm(skn - 5]n6km
and as a special case:

€ijk€ijn = Okn
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First, we evaluate some commutation rules of orbital angular momentum:

[Li» Lj] = [einmrnpmv Ejklrkpl]
= €inm€jkl [TnPm, kD1
= €inm€ikt(TnTk[Pm, Pi] + ToPm, TE]PL Tk [T PPms [Trs TE]PmPL)
= G0 = 062y 30 46 i Dm 42 0)
= —U€ink€jklTnPl + 1€inm€jknTkPm
= 1€ink€kjITnDl — €imn€njkTkPm
= W@ = g i — U0 = Conles JFPam
= 104jTnPp — TjDi — 104 TmPm + iT5D;
= i(ripj — ripi)

= ieijkLk

[Li, L?] = [Li, L L]
= Ln[L;, Ln] + [Li, Ly] Ly,
= Ln(iekak) + (iﬁkak)Ln
= iemk(LnLk P LkLn)
=0

where in the last equality we observe that €;,x is antisymmetric under interchange n <> k while L, Ly +
Ly L,, is symmetric so the product must vanish.
Next, we prove some commutation rules between position and total angular momentum:

[riy L?] = [ri, LnLy)
= Ly[ri, Lyp) + [ri, Ln] Ly,
= Ly (i€ink7r) + (i€inkTr)Ln
= t€ink(Lnry + 11 Ln)
= t€ink([rr, Ln] + 2rpLy)
= t€ink(—i€pnirs + 27k Ly,)
= €ink€kniTl + 2i€inkTk Ly
= —€ink€inkTl — 20€ikn Tk Ln
—20;1m1 — 2i€;8n T Ly
—2(r; + i€iknrrLn)

which for z for example evaluates to:
[r., L] = —2(r, + iry Ly — iryLy) = 2i(ryLy — 13 Ly +ir,)
Now let us recall our previous result for [r;, L;]; we can multiply both sides by i¢;;,, to get:

Z'Eijn[’l‘th] = ieijnieijkrk = —2(5nkrk = —2T‘n
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At this point, we temporarily abandon the use of index notation because the relative positions of the L;, r;
operators becomes important. In particular for 7, r,,r, combining the above two relations we obtain:

[rs, L?] = 2i(Lyr, — ryL,) = 2i(r,L, — L,7,)

[ry, L% = 2i(Lors — 12 Ls) = 2i(ro Ly — Lars)
[Tz,LQ] = 2i(Lyry — r5Ly) = 2i(ryLy — Lyry)

~

Finally, we wish to study the nested commutator:

[[Tz, L2]7 L2] = [QZ(ryLz - TIL?J + iTz), Lz]
[

where in the first equality we use the known result for [r., L?], in the second equality we use that
[L;, L?] = 0 so the problem reduces to the commutators with 7, in the third equality we use the known
results for [r, L?] and [r,, L?], in the fourth equality we add zero in the form of L.r.L, —r,L? (r., L,
commute) and in the seventh equality we use that r, L are orthogonal.

Identical reasoning holds for r,, 7, and so:

([rs, L%, L?] = 2(r; L? + L?r;).
Note that we also obtain directly from the commutator that:
[[ri, L), L?] = (r;L? — L?r;)L? — L?(r;L? — L?r;) = r; L*L? — 2L%r; L* — L*L?r;

Now similar to the m selection rule we evaluate (ly,mq|[[r;, L?], L?]|l2, m2), using the two expressions
for it we have derived:

<l1, m1| Q(TiLQ + LQTZ') |12, m2> = <ll, m1| LQLQTZ' = QLQTZ'LQ + TiL2L2 |lg, m2>
Using the eigenvalue relation on both sides:

2(l1(l1 + 1) + lg(lz + 1)) <l1,m1| T |127m2>
= [ +1)? = 200 (1l + Dla(ls + 1)) + (Ia(ls + 1))2} (L, | 73 [l2, M)
= (li(lh +1) = Lo(ls + 1)) (l1, ma| 5 |l2, ma)

If the dipole moment is to be nonvanishing, then the prefactors on both sides must be equal, and therefore:

20 (i + 1) +la(l2 +1)) = (h(h +1) = lo(ls + 1))
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which rewriting both sides:
(=L + U ++1)2—1= (1 — L)+l +1)2
which we can rearrange to obtain:
[(lh—1)? =11 +l+1)2-1]=0

The second term vanishes only if [y =I5 = 0 but in this case m; = mg = 0 for which the dipole moment
must vanish, in contradiction to our prior assumption. Hence is must be the case that the first term
vanishes, in which we find that:

h—lp=4%1

as claimed. ]

Exercise 7.17: Eigenstates of the Jaynes—Cummings Hamiltonian

Show that

n) = LQ [In,1) + n +1,0)]

%) = = [|n.1) = |n+1,0)]

V2

are eigenstates of the Jaynes—Cummings Hamiltonian (7.71) for w = § = 0, with the eigenvalues

H |xn) = gvn+1|xn)

where the labels in the ket are [field,atom).

. sowtion |

Concepts Involved: Jaynes—Cummings Model, Creation/Annihilation Operators, Tensor Products

H = glaos +alo),

where a and a' are the field annihilation and creation operators, and o = |1) (0| ,0_ = |0) (1] act on
the atomic qubit.
We compute the action of H on the basis states:

Hin,1) = ga' In) @ o_ 1) = gvn+1|n+1,0),

Hin+1,0)=galn+1)®04|0) =gvn+1|n,1).
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Therefore,

1
1
Thus, |xn) and [X,,) are eigenstates of H with eigenvalues =g+/n + 1, respectively. O

Remark: These are the dressed eigenstates of the coupled atom-field system, forming a doublet within
the {|n,1),|n + 1,0)} subspace with energy splitting 2gv/n + 1.

Exercise 7.18: Rabi oscillations
Show that (7.77) is correct by using

e™9 = sin|n| + if - o cos |n

to exponentiate H. This is an unusually simple derivation of the Rabi oscillations and the Rabi frequency;
ordinarily, one solves coupled differential equations to obtain €2, but here we obtain the essential dynamics
just by focusing on the single-atom, single-photon subspace!

Concepts Involved: Jaynes—Cummings Model, Operator Functions

In the one-excitation subspace {|1,0),]0,1)}, the Jaynes—Cummings Hamiltonian with § = 0 is

0 1
H:g(l 0) = 9g0g.

We want to compute the time evolution operator
U(t) — e—th _ e—z’gtom.

Using identity (7.78),
™% = cos || I + in - & sin |7,

we substitute 7 = —gtZ, so |7i| = gt, and 1 - & = —o,. This gives
U(t) = cos(gt)I — io, sin(gt).
Acting on the initial state [1/(0)) = [0,1) (atom excited, no photons), we find
[o(t)) = U(t)]0,1) = cos(gt) [0,1) — isin(gt)|1,0).
Thus the system undergoes Rabi oscillations with frequency €2 = 2g, and the excited state population is

P,(t) = cos?(gt).
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Remark: This approach derives the full dynamics algebraically using spin rotations, bypassing coupled
differential equations typical in semiclassical treatments.

Exercise 7.19: Lorentzian absorption profile

Plot (7.79) for t = 1 and g = 1.2, as a function of the detuning 4, and (if you know it) the corresponding
classical result. What are the oscillations due to?

Concepts Involved: Plotting

with the given parameters yields:

1.0 1

—— quantum
—— classical

0.81

0.6

Xr

0.4

0.2

0.01

20 -15 -10 -5 0 5 10 15 20

where the classical result is the same expression without the oscillation factor. The oscillation arises from
the exchange of energy between the field and the atom; the absorption probability can oscillate in time
(or as a function of the detuning, for a fixed time) as the atom can give back energy to the field. O

Exercise 7.20: Single photon phase shift

Derive (7.80) from U, and plot it for t = 1 and g = 1.2, as a function of the detuning §. Compare with
§/Q2.

Concepts Involved: Plotting

Computing the phase shift of the photon, we take the difference in the rotation angles of the |1), |0) states
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of the field, i.e.:
xi = arg((01] U |01)) — arg((00| U |00}))
Reading off the matrix elements of U, we get the desired result:
0 —ist
xi = arg(cos Qt + i sin Ot) — arg(e™*")
S .
= arg(cos Qt + 15 sin Qt) + arg(e'®)
Q

; o
= arg (e“st(cos Qt +i—sin Qt))

Plotting x; and §/Q2 for t = 1,9 = 1.2 we find:

0.6
— Xi
041 — o

0.2

S 0.01
-0.2

—0.41

—0.64

20 -15 -10 -5 5 10 15 20

0
6

for which we find that —3/Q? is a good approximation to the phase shift (though this does not seem to

hold for arbitrary values of ¢, g).

O
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Exercise 7.21

(%) Explicitly exponentiate (7.82) and show that

)

] 1)
ap = arg [em (cos Q't — Zﬁ sin Q't)

where Q' = /62 + g2 + g7. Use this to compute x3, the nonlinear Kerr phase shift. This is a very simple
way to model and understand the Kerr interaction, which sidesteps much of the complication typically
involved in classical nonlinear optics.

H is given by:
Hy 0 0
H=|0 H, 0
0 0 H
where:
-9 0 O
g g(; 0 0 -0 da 9b
H0:_5aH1: N 7H2: Ga 4] 0
0 0 ) dv 0 5
0 0 g 0 .

Concepts Involved: Operator Functions, Kerr Interaction

We exponentitate (7.82) to obtain U = exp(iHt). Since H is block-diagonal, we can exponentiate
block-by-block.
Hy is simple as it is just a 1 x 1 matrix:

Up, = exp(iHot) = exp(—idt)

Exponentiating H; is also simple, as it is composed of two diagonal blocks that are identical in form to
the Hamiltonian of Eq. (7.76) (with § <> —¢), and hence the result can be read off from (7.77):

Umn, = (cosQut — zQi sin Q,t) [100)(100| + (cos .t + ZQi sin Q,t) |001)001|

- ié—“ sin Q,#(|100X001] 4 [001)(100])
5 5
+ (cos Qpt — iQ— sin Qpt) [010%010| + (cos Qpt + iQ— sin Qpt) [002)002]
b b

- i% sin Q,t(]010)002] + |002)010])
b

where Q; = /g2 + §2.
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For H, we have to do a little more work. Asking sympy to diagonalize the matrix, we obtain:

—5—Q =5+ P 0 - La}r-ib gag,%
@ o 0 0 9p ' Ya ) ZgaJrg ,
Hy=PDP '~ |_o& 9a 9o 0 - 0] |—g 9aug(=0+0")  g,(=04+Q")
ga 9o B , 20 2(g2+9)  2(gi+9;)Y
1 1 1 0 0 Q 9v 9ags (64+Q") 93 (5+9)
20/ 2(92+92)Y  2(g2+g))Q

P above can be made unitary by normalization of the eigenvectors appearing in the columns, but the
result will be the same.
Exponentiating Hs is done just by exponentiating the eigenvalues:

5 , 5 , 0 _ 1 = Ga =
—0-0' =640 ist P ee %h
0 9b 9v & O ’ 0 » Qa/ 2ga+al
Ug, = |- Ja 9a 0 et _ 9 9ag(=0+Q) g, (=549
2 9a 9 9 ot 200 20249 2(gZ+95)
1 1 1 0 - 9 9a0(3+Q)  _gp(5+L)
20 2(92+95)Q"  2(92+97)Y

all of the matrix elements of U can then be obtained by matrix multiplication.
For ¢u1, we only require (110| U |110), so let us compute this entry:

’ - ’ ! . ! ’ - ’ ’ . !
0 —5—Q eszt =049 eth 0 g —0— e*ZQt 4 gy =040 eth RS

av av *ox T2 g 207 gy
o M e | e |- * .
* * * So7 kX * * %

Thus:

1 <oy i~ gy "

110| U [110) = — (' (€™t 4 ¥ ¥ty — (¥t — 28
2Q)
1)
=cosQ't —i—sinQ't

Q/
where in the last equality we use Euler’s formula. Thus computing the two-photon phase shift:
©wap = arg[(110| U |110)] — arg[{000| U |000)]

) .
= arg[cos Q't — i— sin Q't] — arg[e ™%

Q/
0 .
= arg[cos Q't — Z@ sin 't] + arg[e™®!]
_ 20t Q/ . J : Q/
= arg |e cos{'t — 15 sin §2'¢
we get the claimed result. O
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Exercise 7.22

Associated with the cross phase modulation is also a certain amount of loss, which is given by the
probability that a photon is absorbed by the atom. Compute this probability, 1 — (110|U|110), where
U = exp(—iHt) for H as in (7.82); compare with 1 — (100|U|100) as a function of 4, g4, g», and ¢.

The formulas for the probabilities should be 1 — |(110| U |110>|2 and 1 — [(100| U \100>|2.

Concepts Involved: Operator Functions, Kerr Interaction

Computing the loss probability, we take the mod square of (110| U |110) we found in the previous question:

2

é
D2-loss = 1 — |cos Q/t — Z@ sin Q/t

2
=1- (cosz(Q’t) + % sin? (Q’t))

2t a?— a4 a2
=1— | cos®(Q't) + + 9+ 9 gg 9 | gin? (Q't)
62 + gg + g5

2 2
—1- <cos2(9'2) +sin?(Q't) — 22 fob sin2(Q’t)>
2 2
9at 9y .
aoT b sin?(Q't)

1
- sin?(Q)

_0
1+ 92+g;

Comparing this to the single photon loss case (also using our result from the previous exercise):

6 2
Plooss = 1 — [cos Qut — i— sin Q,t

a

1 9
= sin®(Q,t
1+ (@at)

;QIO‘Q"

This is just the same expression with g, = 0. Averaging over time (for g, > 0) P2_i0ss > D1—10ss Which
makes sense, as the two-photon absorption probability should be physically higher than the one-photon
absorption probability. O

. J

Exercise 7.23

Show that the two qubit gate of (7.87) can be used to realize a controlled-NOT gate, when augmented
with arbitrary single qubit operations, for any ¢, and ¢, and A = 7. It turns out that for nearly any
value of A this gate is universal when augmented with single qubit unitaries.
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Solution

Concepts Involved: Controlled Operations

We take the two qubit gate of (7.87) and compose it with the phase gate diag(1,e~%*) on the first qubit
and the phase gate diag(1,e~%<) on the first second, which yields:

1 0 0 0

0 eive 0 0 1 0 1 0

0 0 e 0 Ao emive| @0 emiva

0 0 0 eleatertd)

(1 0 0 0 1 [t o 0 0
|0 e 0 0 0 eiva 0
o 0 v 0 0 0 e 0

0 0 0 et(patpp+A) 0 0 0 e~ Hpates)

1

0

0

0

for A = 7 this is just the controlled-Z gate. If we conjugate this by two Hadamard gates (which specifies
the target qubit) as in Ex. we get the desired CNOT gate. O

Exercise 7.24

The energy of a nuclear spin in a magnetic field is approximately pn B, where uy = eh/4mm,, ~ 5x 10727
joules per tesla is the nuclear Bohr magneton. Compute the energy of a nuclear spin in a B = 10 tesla
field, and compare with the thermal energy kT at T' = 300K.

Solution

Concepts Involved: Numerical Estimation

The energy of a nuclear spin in a 10 Tesla field is:

eh

Ema ~ B =
g~ HN 4mm,

B~ (5x 1072"JT71)10T = 5 x 1072°J

P

Which compared to the thermal energy at 300K is:
Fiherm = kpT = (1.4 x 10723 JK71)(300K) = 4 x 10721}

Thus we find that the thermal energy is 5 orders of magnitude larger. O

Exercise 7.25

Show that the total angular momenta operators obey the commutation relations for SU(2), that is,
[Ji» k) = i€irigi-
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Concepts Involved: Angular Momentum, Pauli Operators

1
= 7 (o, ol + o}, o8] + [0%, 0] + 07, 7))

1
=7 <2i6iklal1 +0+0+ Qieiklalz)
O'll + Ul2

2

= i€k
= i€ik1]1

where in the third equality we use the Pauli commutation relations as worked out in Ex. O

Exercise 7.26

Verify the properties of |j,m;); by explicitly writing the 4 x 4 matrices J? and j, in the basis defined by

|4, m5) ;-
The definition of the states given in the text in Egs. (7.94), (7.96) is inconsistent with the convention
that Z]0) = +|0) (spin-up) and Z|1) = — |1) (spin-down). Accounting for this, the basis we use is:
|01) — |10)
0,0y, =~/
| >J \/i
11,-1), = |11)
|01) + [10)
1,0), = — 1~/
| >J \/§
[1,1); = 100)

Somewhere along in the book there seems to be a switch in convention where Z — —Z and Y — —Y,
but in this solution manual we will not follow this switch.

Solution

Concepts Involved: Angular Momentum, Composite Systems
We check that the provided states are indeed eigenstates of J? with eigenvalue j(j + 1), and j, with
eigenvalue m by showing that the two operators are simultaneously diagonalized in the given basis. The
ji operators are given by:

100 0
 Zi®@L+L®Z, |0 0 0 0
9z = 2 1o 00 o0

000 —1
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o L 1 9
2 2
. Xi®L+hL®Xs |3 0 0 2
Jo = 5 =] % 0 0 %
0 3 30
0 -4 -4 0
j_Y1®12+I1®Y2_% 0 0 _%'
” : P 00 o
0 & &0
therein J? is given by:
10 00
0 2 20
2 _
T =102 2 0
0 0 01

Forming the columns of the basis change unitary U from the given vectors we have:

0 0 0 1
1 1

pe|vd 0 w0

= 0 XL 0
V2 V2

0O 1 0 O

We can then explicitly write J2, j, in the given basis by conjugating by U:

0 00 O 0(0+1) 0 0 0
0 2 0 O 0 1(1+1) 0 0
T 72717 _
viru = 0 0 2 0 0 0 1(14+1) 0
0 00 2 0 0 0 1(1+1)
0 0 0 O
0 -1 0 0
T 77 o
VU= 10 0 0 0
0 0 01
from which we confirm that J? |j,mj>J =j(EG+1) |j,mj>J and j, |j,mj>J =m |j,mj>J hold. O
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Exercise 7.27: Three spin angular momenta states

(%) Three spin-1/2 states can combine together to give states of total angular momenta with j = 1/2 and
j = 3/2. Show that the states

13/2,3/2) = |111)

13/2,1/2) = % [J011) + [101) + [110}]
13/2,-1/2) = % [1100) + [010) + |001)]
3/2, —3/2) = |000)
11/2,1/2), = % [—|001) + [100)]

11/2,-1/2), = % []110) — |011)]
11/2,1/2), = % [1001) — 2010) + [100)]
11/2,-1/2), = % [—|110) 4 2]101) — |011)]

form a basis for the space, satisfying J2|j,m;) = j(j + 1)|4,m;) and j. |j,m;) = m;|j,m;), for
J= = (Z1 4 Zy + Z3) /2 (similarly for j, and j,) and J? = j2 + j2 + j2. There are sophisticated ways to
obtain these states, but a straightforward brute-force method is simply to simultaneously diagonalize the
8 x 8 matrices J2 and j..

The definition of the states given above is inconsistent with the convention that Z|0) = +|0) (spin-up)
and Z |1) = —|1) (spin-down), for the J = 3/2 subspace. The corrected states we use for that subspace
are:

13/2,3/2) = |000)

1

3/2,1/2) = 7 [1100) + [010) + |001)]
1

13/2,—1/2) = 7 [1011) + [101) + [110)]

3/2,-3/2) = |111)

Concepts Involved: Angular Momentum, Composite Systems

We follow the hint (and our approach from the previous problem) and simply verify that these states
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simultaneously diagonalize J2,j.. The 8 x 8 matrices for the j;s are given by:

oS O O O o O

S O o O o o

N
00000_

S O O O HNO

—e

000_00

—N

007000

O HNo © O O

_3,200000

Rella}
O,

1v2 o

o O

(e e}

(el en]

o O

QLI+ @923+ @1 ®Zs
2

Jz

'c o oo HanNS |
O O HNO HNO O —HIN
O HNO O —HNO O —HIN
O O O O AN O
O HANHINDO O O O —HIx
—HNO O HNO O =N O
O O HNO HNO O

_0 A= O HNO O 0_

X1®12®I3+Il®X2®Ig+[1®IQ®X3 ~
5 =

Jz

(e} Il R [a)]

coo o e
Sl sl

o O | ) | O O =l

=l =l S © <K

]

7 O O O O el oO

[ R[]

O_ _0000.272

RSN

[ S O =l O O sl oO

]

7 O O SN O N O O

O =SSN O O O O

YILLB+LYo@3+1 ®1®Y3
2

Jy

So the matrix for .J2 is given by:

0

0 0 0

jenl

O N

Ot = O

Yvo o o o

—

jen)

jen)

jen)

i

O O

o O o O 8«

— O — MO

— O M- O

O MO O

—

el

el

—

jen)

jen)

jen)

e}
e}
e}

0

2

32+ 52+ 52

I =
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Forming the columns of the basis change U from the provided vectors:

1 0 0 0 0 0 0 0
1 1 1
0 7 0 0 - 0 7 0
0 (1) 0 0 01 - 01
I N - A
0 (1) 0 &% 0 & (2)
0 0 7 0 0 (1) 0 v
0 0 550 0 & 0 -
00 0 1 0 0 0 0
We can check that this diagonalizes .J2, j. via matrix multiplication:
(5 0 0 0 0 0 0 0
0 ¥ 0 0 0 0 0 0
0o 0 ¥ 0o 00 0 0
0 0 0 £ 00 0 0
UtJ?U = :
00 0 0 2 00 0
00 0 0 0 2 0 0
00 0 0 0 0 2 0
o0 0 0 00 0 2
2(2+1) 0 0 0 0 0 0 0 |
0 3(2+1) 0 0 0 0 0 0
0 0 2(3+1) 0 0 0 0 0
_ 0 0 0 33+ 0 0 0 0
0 0 0 0 3(3+1) 0 0 0
0 0 0 0 0 $(3+1) 0 0
0 0 0 0 0 0 33 +1) 0
0 0 0 0 0 0 0 3(3 +1)
30 0 0 0 0 0 0]
o4 0 0 0 0 0 O
00 -3 0 0 0 0 O
00 0 -2 0 0 0 0
Utj.U = 2
Iz 00 0 0 L 0o o0 o0
o0 0 0 0 -2 0 o0
o0 0 0 0 0 -1 o0
oo 0o o0 0 0 o -3

Thus the claim that the provided states are eigenstates of J?2, j, with the claimed eigenvalues are proven.
Finally, we argue that these states form a basis. Since the Hilbert space is C?> ® C? @ C2 = C8, given 8
vectors (the same number as the dimension as the space) it suffices to check they are linearly independent.
In fact we can do better and argue that the states are orthogonal and so the basis is orthonormal. We
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could check this one-by-one, but we can also observe that the orthogonality of most of the states follows
from the fact that they are eigenstates of Hermitian operators J2, j, with distinct eigenvalues (Ex. .
The only degenerate eigenstates are the pairs |1/2, 1/2),, 1/2, 1/2), and |1/2,—1/2>1 ,|1/2, -1/2),
but these states have no overlap by inspection and so are orthogonal.

O

Exercise 7.28: Hyperfine states

(%) We shall be taking a look at beryllium in Section 7.6.4 — the total angular momenta states relevant
there involve a nuclear spin I = 3/2 combining with an electron spin S = 1/2 to give F =2 or F' = 1.
For a spin-3/2 particle, the angular momenta operators are

0 vV3 0 0
L _Ljvda 02 0
7210 2 0 V3
0 0 V3 0
0 W3 0 0
1 |=iv/3 0 2i 0
WISl 0 -2 0 i3
0 0 —iv3 0
(-3 0 0 0
S _L1lo —100
7210 0 10
0 0 0 3

1. Show that i, i, and i, satisfy SU(2) commutation rules.

2. Give 8x8 matrix representations of f, = i,®I+I1®Z/2 (where I here represents the identity operator
on the appropriate subspace) and similarly f, and f,, and, F? = f2 ¢ f; + f2. Simultaneously
diagonalize f, and F? to obtain basis states |F,mg) for which F? |F,mp) = F(F + 1) |F,mp)
and f, |F,mp) = mp |F,mp).

As noted in a previous exercises, the text seems to have performed a S, — —S., S, = =S, switch in a
sign convention. To stay internally consistent, we will not perform this switch, and so will use:

[0 —iv3 0 0
L 1(iv/3 0 —2i 0
Y2100 2 0 —iV3
0 0 /3 0

30 0 0
o 1lo1 0 o
“T95l0o 0 -1 0
00 0 -3
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Concepts Involved: Angular Momentum, Composite Systems
1. We compute the commutators:
3i 0 —2v3i 0 —3i 0 —2V3i 0
lioi)] = & 0 i 0 —2vBi| [0 —i 0 —2V3i
DT 4 12v3E 0 —i 0 2V3i 0 i 0
0 2V3i 0 —3i 0 2V3i 0 3i
30 0 0
—il 01 0 0
B 00 -1 0
00 0 -3
=i,
0 —iv3 0 0 0 —3iV3 0 0
iy i L [3ivV3 0 2 0 | [ivV3 0 -2 0
ot — 0 2 0 3ivV3 0 —2i 0 iv3
0 0 —iv3 0 0 0 —3iv3 0
0 vV3 0 0
_L{ve 02 0
210 2 0 V3
0 0 V3 0
= iy
0 3vV3 0 0 0 V3 0 0
s ia] 11 [v3 o0 2 0 |33 0 =2 0
2l Ty 0o -2 0 -3 0 2 0 -3V3
0 0 =3v/3 0 0 0 —/3 0
0 —iv/3 0 0
—il V3 0 —21 0
210 2 0 —iVv3
0 0 W3 0
= i,
Combining the above with [A, B] = —[B, A] (Ex. [2.46]) and [A, A] = 0 we conclude that [i;,i] =
i€517; as claimed.
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2. We make the identification:

2l

— |

7|'Lz:

Al

™M I

7|Zz:

Al

1
’z = _771
7|7’ 2 >

2l

™M |

‘iz =

The matrix representations of the joint spin operators are then given by:

0

0
0
0

2 00 00
01 0 00O
001 00O
0 0 0 0O
00 0 0O
00 0 0O
00 0 0O
00 0 0O

0
0

-1
0
0

-1

foe

oo oo ofnmo
oo ocoYo o
oo o ~rno oY
oo~ o ono
oGarino © = © ©
Yo o mmm o o o
fno oo o o o

oo o 0 oo

dl

&
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0~ -
i
1\2/§ 0
fy & 2
0 0
0 0
0 0
0 0
From this we can construct F'2:
6
0
0
0
F? =
0
0
0
0

Mio9 0 0 0 0
0 - 9 0 0 0
0 - - 0 0 0
i 0 0 —i 0 0
i D R
0 i i 0 0 -8
0 0o 8 o o i
0 o 0 B i 0
0 0 00 0 0 O
3 V300 0 0 0
V3 5 00 0 0 0
0 0 42 0 0 0
0 0 24 0 0 0
0 0 00 5 V30
0 0 00 V3 3 0
0O 0 00 0 0 6

We notice that 2 is block diagonal, and moreover that within a given block all states have the same
eigenvalue of f,. Hence to simultaneously diagonalize the two operators, it suffices to diagonalize

the three nontrivial blocks of F2:

3 V3| L
V3 5 -
[
2 4 7
5 V3| [
V3 3 >

P o [F
Gllo 6l |1 4 (m =1 block)
2 | 1Lz =2
1 _2 0 1 1
\{E] ] 2 \{E] (m = 0 block)
] R R R,
_1l 9 ol |8 L
/s _21 J3|  (m=—1 block)
2110 ¢ 2 2

We can read off the eigenvectors from the columns of the diagonalizing unitaries
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eigenvalues of F'2 in order, in the basis where F2, f, are simultaneously diagonal we have:

6 000 00O 0O

06 000 00O
00 6 00 0O0O0

00 0 6 0000
000 06 0O0O0

00 0O0O0 200

00 0 O0O0O0Z2O0

000 0 O0O0OTO0 2

0
2(241)
0
0
0

2(241)

oS O O O

0
0
0
1(1+1)

—~
—
OOI_IO
i
S
—
—~
—
OI_IOO
(]
N
o

0
0
0
0

1(1+1)

0

-1 0 0

0 0 0
0 0 O

-2 0 0 O

0

0 0 0

0

dl

2

F

2l

Where the basis vectors are:

N\

—~

o
\l/\\l// ™M N
s L
— | &

[

+ X
_~

—~ 07
I

— 1 |

SN— |
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O

Exercise 7.29: Spontaneous emission

(%) The spontaneous emission rate (7.112) can be derived from (7.110)—(7.111) by the following steps.

1. Integrate

1 8 [
(@ro) 3 /0 W Pdecaydw

where the 87/3 comes from summing over polarizations and integrating over the solid angle d€2,
and w?/(2mc)® comes from the mode density in three-dimensional space. (Hint: you may want to
extend the lower limit of the integral to —o0.)

2. Differentiate the result with respect to ¢ to obtain ..

The form of g2 is a result of quantum electrodynamics; taking this for granted, the remainder of the
calculation as presented here really stems from just the Jaynes—Cummings interaction. Again, we see how
considering its properties in the single atom, single photon regime gives us a fundamental property of
atoms, without resorting to perturbation theory!

The expression for pgecay given in the text has a typo (no square in the arguement of the sin), and it should
be:

,4sin®(2(w — wo)t)

(w— wp)?

Pdecay = g

The atom-field coupling constant is given by:

2

2_ _ % ’<
277,0.)6062

g 0l e [1)|°

Formally, the integral diverges. We discuss this subtlety in the solution.

Concepts Involved: Integration

1. Substituting the expression for the decay probability and the coupling constant into the integral for
the total decay probability Pyecay, We get:

1 87 [*® w? 24sin’ (1 (w — wo)t)
Piecoy = 5 — 20 (0| |1 2 d
ey (2mc)3 3 / “ 2hwegc? |01 1) (w—wp)? n
2 :
2w3 (0] pe |1)] /oowsm2(é(w—wo)t)
= dw
3m2hegc® 0 (w—wp)?

The above integral is of the form fooo smi& which is divergent. This is an ultraviolet/UV divergence

arising from large frequencies/energies, or equivalently short length scales. Many techniques from
quantum field theory have been developed to tame these infinities - such as regularization and
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renormalization. Deferring the details to a different solutions manual for a quantum field theory
textbook, let us assume some large frequency cutoff w, to the above integral:

2
2w3| (0] e |1) we wsin?(L(w — wo)t)
Pdecay ~ 0| p) = | / 2 3 dw (12)
3m2hegc 0 (w—wo)

Since the integrand is sharply peaked at w = wy (and hence practically zero for w < 0), we may
replace the lower limit with w = —w,:

[ 2w3}<0|u|1>‘2 /“’C wsinQ(%(w—wo)t)d

decay = T 32 hegcd . (w— wp)? “

Now let us make the substitution = = % (w — wg)t. The upper limits become z = 1 (+tw, — wo)t ~
:I:‘*’Qct, and so:

2 .
P 2w3 (0] 2 [1)| /WC’E/2 2 (2 + wo) sin®(z)
decay = — 5 51 &

d
3m2heoc®  J_u.t)2 () ’

_ wBl(olp 1)’ // (2 + wo)sin’(@) |

3m2hepcd —wset)2 2

T . . . s
The w term is odd and hence vanishes, leaving us with:

2, .
B w8’<0|u|1>’ t/ et/2 s1n2(a:)dx

Pdeca -
y 37T2h6005 —wct/2 .’E2

Taking the limit w, — oo, the remaining integral evaluates to 7, and hence:

wB|(0] g 1) |t

Paecay = 3mhegc®

2. The above probability is linear in time, and so differentiating we obtain a constant rate of decay:

2
w0l
rad 3mhepcd
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Exercise 7.30: Electronic state lifetimes

A calculation similar to that for 7,24 can be done to estimate the lifetimes expected for electronic transitions,
that is, those which involve energy level changes An # 0. For such transitions, the relevant interaction
couples the atom's electric dipole moment to the electromagnetic field, giving

2

2 _ W 2
02 = 5| (Ol pea 1]

This gives a spontaneous emission rate

2
ed _ ol0Olpeal D"
red 3rheged

Give a value for y&4,, taking |(0|pq|1)| & qao, where g is the eletric charge, and aq the Bohr radius, and

assuming wg /2w ~ 10*°Hz. The result show how much faster electronic states can decay compared with
hyperfine states.

Solution

Concepts Involved: Numerical Estimation

We numerically evaluate:

2
o Bl wiead
red 3mhepcd 3mhegc3

evaluating this for wy = (27)-10%Hz, ¢ = 1.60x 1071°C, ag = 5.29 x 10~ tm, h = 1.05 x 10~ 3*kgm?3s 1,
€0 = 8.85 x 10712C%kgm3s? and ¢ = 3.00 x 103ms~! we find:

7ed = 7.5 x 107571

In comparison the given hyperfine decay rate in the text is Y,ag =~ 107'°s~!, corresponding to electronic

transitions having a decay rate that is quicker by 22 orders of magnitude. O

Exercise 7.31

Construct a Hadamard gate from R, and R, rotations.

Solution

Concepts Involved: Rotations, Gate Decomposition
H =¢e™ 2R, (m)R,(—7/2)R.(0)
and combining this with the result of Ex. (conjugating both sides by Hadamards) we conclude:

H = ¢"™/?R,(7)Ry(n/2)
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Exercise 7.32

Show that the circuit in Figure 7.14 (reproduced below) is equivalent (up to relative phases) to a controlled-
NOT gate, with the phonon state as the control qubit.

—i Prep % EI
—| Prep | Ry (7/2) f—e—— Ry (~7/2)

Concepts Involved: Controlled Operations

By matrix multiplication we have:

100 0
1 1 1 1
10 e = 010 0 10 =
V2 V2 V2 V2
00 0 -1
(1 =1 0 o[t 00 o 1 1 0 0
~1f1 1 0 0|01 0 Off-1 1 0 0
210 0o 1 —-1/{0 001 OO O 1 1
0 0 1 1|00 0 ~1][0 0 -1 1
[2 0 0 0
~ 110 2 00
210 0 0 2
0 0 20
10 00
1001 0 0
“lo 0o 0 1
001 0
=CXip
so indeed the given circuit is eugivalent to a CNOT. O

Exercise 7.33: Magnetic resonance

(%) Show that (7.128) simplifies to become (7.129). What laboratory frame Hamiltonian gives rise to the
rotating frame Hamiltonian (7.135)?
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Concepts Involved: Commutators

(7.128) is the time-dependent SE:
i0, [x(®)) = H [x(2))
defining |(t)) = e™*4/2|x(t)), we have that |x(t)) = e=®%/2 |(t)) and so Eq. (7.128) becomes:
i0y(e7 12 |p(t))) = H(e™ ™72 |o(t)))
Applying the product rule on the LHS:
(i(—iwz/2)e™ 1212 4 e71212ig,) |o(t)) = He™ /2 (1))
Commuting Z with e~™*%/2 and shifting over the Z term to the RHS, we obtain:
e—wtZ/2;0, |cp(t)> _ <H6m2/2 _ 6ith/2°;Z> |90(t)>

wtZ/2

Finally multiplying both sides by e we obtain:

iat |<p(t)> _ <ein/2Hein/2 o (;Z) |50(t)>

which is Eq. (7.129).
The laboratory frame Hamiltonian that gives rise to the rotating frame Hamiltonian of (7.135) is any
Hamiltonian of the form:

w
Hyp = §Z +c ()X + ()Y

As we can write such a Hamiltonian using the above derived transformation as:

; A w
Hyoe = eszt/QHlabe wZt/2 §Z

— (;Z +e(t)X + CQ(t)Y) o AT %Z

(t)eint/QXe—int/2 + CQ(t)eint/QYe—int/Q
(t)(X cos(wt) — YV sin(wt)) + c2(t) (Y cos(wt) + X sin(wt))
(c1(t) cos(wt) + ea(t) sin(wt)) X + (—e1 () sin(wt) + c2(t) cos(wt)) Y

C1
= Cl

so defining g1(t) = c1(t) cos(wt) + ca(t) sin(wt) and g2(t) = —cq(t) sin(wt) + ca(t) cos(wt) we indeed
obtain the rotating frame Hamiltonian of (7.135). O

Exercise 7.34: NMR frequencies

Starting with the nuclear Bohr magneton, compute the precession frequency of a proton in a magnetic
field of 11.8 tesla. How many gauss should B; be to accomplish a 90° rotation in 10 microseconds?
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Concepts Involved: Numerical Estimation

We can find the precession frequency via:

psB (5 x 10727JT~1)(11.8T)

= 562rad - s~ !
n 1.05 x 10-34Js rad-s

hw=pugB = w=

and dividing by 27 gives us the precession frequency in Hz:

f= 2i — 91MHz

™

The period of a 90° rotation is equal to the precession frequency due to B divided by 4, so:

o T ™ hm hm

T =00 =0 = = B = —
/2 4 2w1 ) (gBhBl) 2/14331 ! 2/’LBT7T/2

so with 77 /o = 10 x 10~ s we find:

(1.05 x 10734Js) - 7 _3
B _ = 3.3 % 107°T = 33G
LT 5 (5x 10-27JT 1) (1 x 10-5s) x auss

Exercise 7.35: Motional narrowing

(%) Show that the spherical average of H{’, over i is zero.

Concepts Involved: Integration

We work in the high-field approximation, wherein o1, o5 are approximately polarized in the same direction
(that of the external magnetic field). Thus we have that o1 - 62 = 1 and o1 - i = 05 - i = cos 6 where
6 is the angle between the spin(s) and the vector joining the two nuclei. Thus the Hamiltonian becomes:

h
HlD’2 = VZZ?,’ [1 — 3cos? 9}

In a low viscosity liquid, the orientation of fi (and hence #) relative to the static field varies rapidly, and
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hence we may assess the contribution as a spherical average over all possible orientations:

<Hf’2> _ ekl dQ[1 — 3 cos? 6]

4r3 Am
7172h 1 2T /7T . 2
= — dp | sin@df[1 — 3 cos 0]
4r3 Ar J 0
_ ek (= cosblg) + ( cos® O’ﬂ
8r3 0 0
M 72h
T 7 =2)
=0
hence the claim is proven. O

Exercise 7.36: Thermal equilibrium NMR state

For n = 1 show that the thermal equilibrium state is

ol w10
PEE70kT 0 =1
and for n =2 (and wy =~ 4wp),
50 0 0
i tws 03 0 0
PR aT 0 0 =3 0
00 0 -5

The above formulas are incorrect - by inspection they violate the normalization condition Tr(p) = 1. The
corrected formula for n =1 is:

1 hw |1 0
=g 2%sT [0 —1
and the corrected formula for n = 2 is:
5 0 0 0
N} . hwp [0 3 0 0
P4 %pT [0 0 =3 0
0 0 0 -5

Concepts Involved: Density Operators, Composite Systems
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We work in the high-temperature approximation where the thermal equilibrium state takes the form:
p=2""(1-pH).

for n = 1 we have the single-qubit Hamiltonian H = %“’Z, so the thermal equilibrium state is:

1 hw
p~—-|1-
2 2kgT

1)

as claimed. For n = 2 the Hamiltonian (without coupling) takes the form (for wu ~ 4wp)

10 0 0 1 0 0 0
fiw 4 hwp hdwg [0 1 O 0 hwp |10 =1 0 O
H="YA7 oL+ 281 @7,= Y8 ]
g ORI AT 00 -1 ol T2 joo 0 1 0
00 0 -1 0 0 0 -1
Hence the thermal equilibrium state is:
50 0 0
1|, hmws {03 0 0
Py %sT [0 0 -3 0
00 0 -5

O
Exercise 7.37: NMR spectrum of coupled spins

(x) Calculate V/(t) for H = JZ1Z5 and p = e™1/41 [1 — Bhwo(Z) + Z5)] e="™¥1/%. How many lines
would there be in the spectrum of the first spin if the Hamiltonian were H = JZ1(Zs + Z3 + Z4) (with
a similar initial density matrix) and what would their relative magnitudes be?

Concepts Involved: Trace, Commutators, Composite Systems, Pauli Operators

Since H, p are symmetric in the two spins, WLOG let us study the spectrum of the first spin. We wish to
compute

V({t) = Vo Tr {ethpe—th(ixl + Yl)}

. ) 1 . .
_ %T\r[eszlthelel/44[1 _ ﬂﬁwo(Z1 + Z2)}e—mYl/4e—zJZ1Z2t(iX1 + Yl)

The identity term in p has no contribution to V'(¢), as it trivially commutes past e’/ %1%2t¢?7¥1/4 which then
cancels with e~ ™1/4¢i/ 2122t |eaving only ~ Tr[(iX1 + Y1)| which vanishes as the Pauli matrices are
traceless. Similarly, the Z, term also commutes with e?/Z1%2t¢imY1/4 (the first term since it is composed
of Zs, the second term since it only acts on the first qubit) and similarly vanishes. Thus we are left with
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just the Z; term:

V(o) — _YoBhe

Tr [euzl ZatinYi /A g o=inY1 /41 21 th(in 4 3’1)}

Since Y, Z anticommute we have that
FEAA T el — A i A iR (cos(g)h + isin(?)H) 71 =171 = —-X1

iJletile—iJZ1Z2t

Now we study e , which is composed of four terms after expanding the exponentials

into sines/cosines
eIl et X, o= D1 2ot — 082(Jt) X1 4 i cos(Jt) sin(Jt)(Z1Z2 X1 — X171 Z5) + sin®(Jt) Z1Z2 X171 Z»

The two “cross-terms” vanish as there is a persisting Z which is traceless. The last term we can use that
Z, X anticommute to rewrite

Z122X171 75 = Z1 Zo(—21) Za X1 = — X,

Hence in the trace expression we are left with:

_ VoBhwo

vy = 22

Tt [ (cos?(Jt) — sin2(J1)) X, (i X1 + Yl)]
The X; term gives Tr[X?| = Tr[I] = 4 and the Y; term gives Tr[XY1] = Tr[iZ1] = 0, and so with a
double angle identity we conclude:

Vo Bhwg

V(t) = iVpBhwg cos(2Jt) = -

(612t 4 e~i27t)
Which corresponds to two (equal magnitude) peaks in the spectra at £2.J.
For the four-spin case, the density matrix takes the form

] 1 ]
p= el = Bhwo(Z1 + Zo + Zy + Zy)leT T

and the expression to compute becomes

V(t)

— E Tr |:eiJZ1(Z2+Zs+Z4)tei7rY1/4[1 _ BMO(ZI + Zo + Zs + Z4)]e—i‘n'Y1/4e—iJZ1(Z2+Z3+Z4)t(Z'X1 + YI)}
16

as in the 2-spin case, the identity, Z5, Z3, Z, terms of p drop out from the trace, leaving us with the Z;

term that gets rotated to X;:

_ VoPhwo

V(t) 16

Tr |:€1'JZ1(Zz+Z3+Z4)tX16—iJZ1(Z2+Z3+Z4)t(l-X1 + Y1)}
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since each of the terms in the Hamiltonian commute, we can write:

eiJZl(Z2+Zg+Z4)t _ eiJZIZQBiJZ1Z36iJ21Z4

and expand the individual exponentials into sines/cosines, giving a total of 23 - 23 = 64 terms. Of these,
only the terms where the Z5,3/4s mutually cancel contribute to the trace, leaving 8 terms only. The
resulting calculation is very similar to the 2-spin case

_ VoPhuwo
16
+ COS2(Jt) SiIl4(Jt)(Z1222123X1Z1Z22123 + Z122Z1Z4X1Z1Z2Z1Z4 + Z1Z32124X1Z1232124)

V()

Tr [(cosG(Jt)Xl + cos*(Jt) sin®(Jt)(Z1 22 X121 Zo + Z1Z3X 121 23 + Z1 Z4 X171 Z,)

+ SiIlG(Jt>(leQZ1Z3Z124>X1(21222123Z124>) (ZXl + le):|

= Vonwo (cos®(Jt) — 3cos?(Jt) sin®(Jt) + 3 cos®(Jt) sin® (Jt) — sin®(Jt)) Tr[( X1 (iX71 + V1)
= VO?ZWO (cos®(Jt) — 3 cos?(Jt) sin?(Jt) 4 3 cos?(Jt) sin® (Jt) — sin®(Jt)) Tr[il 4 iZ]

_ VoPhwo
16

= Vo Bhwo(cos® (Jt) — 3 cos* (Jt) sin?(Jt) + 3 cos?(Jt) sin*(Jt) — sin®(Jt))

= iV Bhwp(cos®(Jt) — sin?(Jt))3

= iVpBhwg cos®(2Jt)

i2Jt | g—i2Jt > 3

(cos®(Jt) — 3 cost(Jt) sin®(Jt) 4 3 cos?(Jt) sin*(Jt) — sin®(Jt))(i16 + 0)

= Vo Bhwg ( 5

VoBhwy , . . )
_ ¢ OZ 0(6z6Jt 4 3¢i27t 4 3e—i2Tt JreszJt)
This corresponds to four peaks in the spectrum at +6J and +2J, with the peaks at +2J being three

times larger. O

. J

Exercise 7.38: Refocusing

Explicitly show that (7.150) is true (use the anti-commutativity of the Pauli matrices).
The expression is missing a global minus sign, the correct relation to show should be:

2 _—iaZitp2 __ iaZ1t
Rxle Rzl = —¢

though of course such a phase is physically irrelevant.

Concepts Involved: Commutators, Rotations

Looking at the LHS of (7.150), we have:

Rile—lazltRil — e—zﬂXl/Qe—lathe—m'Xl/Q
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Now using Ex. [2.35 we can write the exponentials as sines/cosines:

R2,eiaZitp2 _ (cos(g>1 - z'sinG)X) (cos(at)T — isin(at) Z) <COS<72T)I - isin(gx>>

= (—iX) (cos(at)[ = isin(at)Z) (—iX)
= (cos(at)I + isin(at)Z) (—iX)(—iX)
= — (cos(at)I + isin(at)Z)

_ 76iaZ1t.

In the third-to-last equality we have used the anti-commutativity of the Pauli matrices (Ex. [2.41])), in the
second-to-last equality we use X2 = I and in the last equality we package up the two terms back into an
exponential. The claim is thus proven. O

Exercise 7.39: Three-dimensional refocusing

(%) What set of pulses can be used to refocus evolution under any single spin Hamiltonian H®* =

D ok CkOK?
We don't believe that there is a single set of pulses that works for a generic single-spin Hamiltonian, so

we interpret the question as designing a spin sequence given knowledge of H®Ys.

Concepts Involved: Commutators, Rotations

First, let us write:

I Z . cos e~ sinf
= CLO0p =Cn-o =2=¢ . .
- e"¥ sin 0 cos

where 1 = (ng,ny,n,) = (sinf cos ¢, sinfsin @, cos ). The eigenstates of this Hamiltonian are:

9 —ip gin 0
.| coss _ oy _ |€7¥sing
[+8) [ei‘P sin g] |- [ — cos g 1

with eigenvalues £c. Therein we can write:
e~ Ht = =it | LAY 4 i + et |—A) -
Now define the unitary U = |+0)—n| + |+0)—n|. Then we have:
Ue T = eiet |+ )+ + e~ |[—a)—i| = e!H?

which successfully refocuses the Hamiltonian. In terms of rotations, we can write U = Ry, (7) where m is
a vector orthogonal to 1, or if we are restricted to x/y pulses we may use the X — Y Euler decomposition
of Ex. 410 O
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Exercise 7.40: Refocusing dipolar interactions

(%*) Give a sequence of pulses which can be used to turn two spin dipolar coupling Hf)2 into the much
simpler form of (7.138).

Concepts Involved: Commutators, Rotations

The dipolar coupling has the form:

’717271
HIDQ 473

_ meh o (1) (2 o o b
= [(1 —3n2)cMe@ + (1 - 3%)03(, )0?(, ) £ (1—3n2)oWe®

= 3nmny(o§1) (2) 4 J( )o@ — 3n,n,(cMNe® +ocVeD) - Snynz(oél)af) 4F 021)01(12))}

|:0'1 '0'2—3(0'1 fl)(O'Qfl)]

Which is a specific case of a general class of Hamiltonians:
A Y Y Hyoo?
i€{z,y,z} je{z,y,2}

for which we will demonstrate the refocusing result to the simpler ZZ-coupling of Eq. (7.138). We
consider the 180° z-rotation (on the ith qubit) R2;, for which we observe that (similar to Ex. [7.38)):

Rgiemeithi — (*Z‘Z)efmxit(—iZ) _ emXit(iiZ)2 — _piaXit
Rgiemeithi = (_iz)emeit(_Z-Z) _ 6zaXit(_Z-Z)2 _ _eWYit
where we have used the anticommutativity of the Pauli matrices. Of course, R%,e~"aZit R2, = —e~iaZit

as Z commutes with itself.
Thus, we find:
—iHt p2 _—iHt p2
e v Rzle B RZI

oM@t po

e—thRgle—i(Eie{m,y,z} Yje e,y His e

0 9 1 2 2
el T (i (o) Zie (o) HijoMot >)te—l(zj€{m,z} H.j0M ()t
0 1 2 1 2 2
= 7671(216{%&!&} ZJ'E{w,y,Z} H; U( ) ( ))t +l(21€{a‘ v} ZJG{T vz} HIJJ( ) ( ))t 7Z(Zj€{m,y,z} sza-il)(,; ))t

2
= —e l(ZJE{z y,z} Hz]a(l) : >)

and analogously for R2,. Therefore, successive z-rotations can refocus the Hamiltonian, retaining only
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the ZZ term:
—itHt/4 p2 _—iHt/4 p2 2 —iHt/4 p2 _—iHt/4 p2 2
(6 / Rzle / Rzl)RZZ(e / Rzle / Rzl)RZZ
-4 (D52 —4 (D52
= (—e (2 je(ey,zy Hei0:70; )t/2)R§2<—e U jetey,y Hei027 05 )t/2)R§2

_efinz U(zl) 0(22)

We can write R, in terms of z/y pulses as R, = R, R, R, and so:
R? = R,R,R,R,R.R, = R,R2R, = R,R2R,.
Thus, we conclude that the pulse sequence that gives us the desired refocusing is:

e—inzzlzgt
—iHt/4 2 D —iHt/4 2 D 2 D —1Ht/4 2 D —iHt/4 2 D 2 D
> ¢ AR, R2 Ry T Ry R2 Ry Ryp R2y Rype M4 Ry R Ryye /"Ry R2 Ry  Ryp R2, Ry
O

Exercise 7.41: NMR controlled-NOT

Give an explicit sequence of single qubit rotations which realize a controlled-NOT between two spins evolving
under the Hamiltonian of (7.147). You may start with (7.46), but the result can be simplified to reduce

the number of single qubit rotations.

Concepts Involved: Controlled Operations, Rotations

We are given the relation:

\/gezZlZ27r/4671Z17r/4671Z27r/4 _ UCZ

So if we consider time evolution:

U(t) — eth — ei(aZ1+bZ2+CZ122)t

with ¢ = 7= (having set h = 1) we have:

(1) — (i(aZi+bZatcZiZa) 5 _ ,iZ1Zamal4 iZim/Ac iZamh/4c
4c

Thus if we combine the above with the single-qubit rotations ¢iZ1(=%(£+1) ¢iZ2(=5(¢+1) we get Ucy
up to a global phase. Now conjugating with I ® H as in Eq. (7.46) to obtain the CNOT gate, we have:

OX2 = (I ® H)U () R EWGACTEI (1 @ Hy)

From Ex. [£.8] we know that the Hadamard can be written as the rotation:

H = ™Ry ()

261



)
5(5 +1))Ra 2(m)

s

CXLQ = Rﬁ’Q(W)U(ZC)

Roa(~5 (5 +1)Rea(-

The last simplification is we can use Ex. to compose the last two rotations on the second qubit into
a single rotation:

s ™. a

CXy1 0= Rﬁ,Z(ﬂ')U(@)Rz,l(_E(E + 1)) R ,2(8)
where:
B = 2arccos <cos (—Z(i + 1)) cos(?) - sin(—i(i + 1)) sin(;r)z o ﬁ)
= 2arccos<12 sin(Z(i + 1)>>
and:
o sm(fg(b + 1)) cos(%)z + cos(fg(b + 1)) sin(3)n — sm(fg(é + 1)) sin(3)n x z
me sin(3/2)
B cos(%(% + 1))ﬁ+ Sin(g(% + 1)) \}'5
B sin(B/2)

Exercise 7.42: Permutations for temporal labeling

Give a quantum circuit to accomplish the permutations P and P' necessary to transform p; of (7.153)
to pg of (7.154).

Solution

Concepts Involved: Permutations, Controlled Operations, Density Operators

We saw in Ex. that the action of a CNOT (with target as the second qubit) on the diagonal elements
of the density matrix are to interchange ps3 <> paa (from interchange of |10) <+ |11) states). Analogously,
a CNOT with a target as the first qubit has the action (on the diagonal elements) of interchanging
P2z <> paa (from the interchange of |01) <+ |11) states). Thus, to go from:

P1 = diag(a7b7 (&) d) = p2 = PPIPT = diag(aa ¢, d, b)

we first exchange ¢ <> d (ps33 > paa) which puts the d in the correct position, followed by b < ¢
(p22 <> paa), corresponding to the circuit of two CNOTS (the first with target as the second qubit, the
second with target as the first qubit):
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Exercise 7.43: Permutations for logical labeling

(%) Give a quantum circuit to accomplish the permutations P necessary to transform p of (7.163) to p’ of
(7.165).
There is an error in the equation reference, and it should be the p’ of (7.164).

Concepts Involved: Permutations, Controlled Operations, Density Operators

Since things are again getting a tad more complicated, let us work in permutation notation again, where
we recall from Ex. [£.27] that:

CX12 = (57)(68)
CX; 3 =(56)(78)
CXs 1 = (37)(48)
CXs3 = (34)(78)
CXs1=(26)(48)
CX32 = (24)(68)

Out of these we want to construct a permutation taking:
diag(6,2,2, 2,2, —2, -2, —6) — diag(6, —2, -2, -2, -6, 2,2, 2)

since some of the entries are the same, there is not a unique permutation that the above corresponds to,
but one such permutation would be:

We note then that:
(26)(37) = (26)(48)%(37) = (26)(48)(37)(48) = CX35,C X5,
and further that:
CX130X1.2 = (56)(78)(57)(68) = (58)(67)

this is almost what we want, save for the (67) permutation, but since positions 6, 7 have already been
swapped to the same value (2) by the (26)(37) permutation, its action is trivial. Hence, our desired
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circuit/permutation is:

CXl,gc’Xl,gCXg,lCXQ,l

4D D
Ny N\

fan)
'

fan
A\

Exercise 7.44: Logical labeling for n spins

(%*) Suppose we have a system of n nearly identical spins of Zeeman frequency fiw in thermal equilibrium
at temperature T' with state p. What is the largest effective pure state that you can construct from p
using logical labeling? (Hint: take advantage of states whose labels have Hamming weight of n/2.)

Concepts Involved: Counting, Stirling's Approximation, Density Operators, Pure States, Mixed States

In order to to construct a logical pure state on k qubits, we require a block of p which has 2¥ — 1 zero
eigenvalues/diagonal entries, or 2% — 1 identical eigenvalues A (which can then be subtracted off via —\I,
as is done in Eq. (7.165)).

The largest degeneracy of eigenvalues/diagonal entries comes from states that have Hamming weight n/2
- these have equal populations of up/down spins and have eigenvalue zero. The number of such states is
given by:

(n):( nl 2mn (2)" 2n

n/2 -

DI ( Sena (nf)"/?>2 VE

where we have used Stirling's approximation. We require the number of such states to be greater than
2% — 1, so:

2?’L

2’“—1g2’“§(”) _
n/2 =

Q

Taking the logarithm of both sides:
k <n—0(logn)

which tells us that (asymptotically) we can construct a n-qubit pure state given an ensemble of n nearly
identical spins. O
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Exercise 7.45: State tomography with NMR

(%) Let the voltage measurement Vj, () = Vj tr [e_thMkpM,Ieth(iXk + Yk)} be the result of experiment
k. Show that for two spins, nine experiments, with My = I, My = R;1, My = Ry, M3 = Ryo,
My = RyoRz1, Ms = RyoR,y1 etc. provide sufficient data from which p can be reconstructed.

The notation given here doesn’t quite make sense, as there should be distinct labels for experiment number
and the X/Y operators; we thus denote:

Vi) = Vo Tr [e*thMk pMe Pt (i X, + Yy)

where k denotes experiment number and n € {1,2} denotes the spectrum of the nth spin. In particular
for a single experiment we can read out the spectra of both spins, so we can write:

2
Vi(t) = Vo Tr |e P MypMfe™ > "(iX,, +Yy,)

n=1

Concepts Involved: Density Operators, Tensor Products, Pauli Operators, Commutators, Rotations

For two spins, a general density matrix can be written as:

1) (2
= 5 el
i,j€{l,z,y,2}

with o7 = I. The trace condition Tr(p) = 1 fixes p;; = 1, so to reconstruct p we require all other 15
coefficents p;;.
The system Hamiltonian takes the form:

H = CLZl 2P bZQ + CleQ

where all three terms mutually commute. We can use the cyclicity of the trace to observe:

2
Vii(t) = Vo Tr | pM; et D (iXn + Yn)e HE M,

n=1
Now, let's look at the n = 1 term:

eth (ZXl + Yl)e—th _ ei(aZ1 +bZa+cZ1Z2)t (ZXl + le)e—i(aZ1+bZ2+cZ1Z2)t

_ ei(aZl +bZs+cZ, Zg)te—i(—aZ1+bZ2+—cZ1Z2)t(an + Yn)

_ ei(2azl+2cZ1Zz)t(Z~Xn +Y,)
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where we have used the anticommutation properties of the Paulis. Then expanding out the exponential:

eH (i X, + Y1)e Ht = (cos(2a) + isin(2a)Z; ) (cos(2¢) + isin(2¢) Z1 Z5) (i X1 + Y1)

= cos(2a) cos(2¢) (i X7 + Y1) + isin(2a) cos(2¢) (—Y7 — iX4)
+ icos(?a) Sin(?c)(—Y1Z2 — ZX1Z2) — sin(2a) sin(2c) (ZXle + Y1Z2)

Let us be cavalier with the prefactors and simply denote what Pauli terms are contained in the above:
e G X, +Y)e HE n X1 + Y+ Y120 + X1 2

For the second spin, the argument is analogous, and the terms appearing are the same as above with
1+ 2:

eth(ng + Yg)e’th ~Xo+ Yo+ Z1Ys + Z1 X5 (14)
Thus for My = I we have:
Vo(t) ~ Tr(p(X1 + Y1 + Y1Zo + X123 + Xa + Ya + Z1Y2 + Z1X>))

And hence for the first experiment we measure the pxr, py1,pvz,Pxz,PIX,PIY,PZY,Pzx terms. A
single experiment already provides us with 8 of the coefficients!

Now, let’s consider the second experiment with M; = R,;. We note from the anticommutativity of the
Paulis that:

Raf,‘XRac — 6“TX/4X67M-X/4 - X
RzYRm _ 6iﬂ'X/4Y€7iﬂ-X/4 _ 6i7TX/2Y —iXY =27

RxZRm — 6i7rX/4Z€_i7TX/4 _ ei‘n’X/2Z —=iXZ=-Y

and hence:

2
Rpre™ (iXp + Yn)e ' Ryy ~ Roy (X1 + Y1 + Y122 + X1 Zo + Xo + Yo + Z1Ya + Z1 X2) R

n=1
=X +21+ 212+ X122+ Xo+ Yo + 1Yo + Y1 X))
Thus for M, = R;1 we have:
Vi(t) ~ Tr(p((X1 + Z1 4+ Z122 + X123 + X2 + Y2 + Y1Y3 4 Y1 X3)))

and hence we measure the PXI,PZI,PZZ,PXZ,PIX,PIY,PYY,PYXx terms. Of these, the
PZI,PZZ,PYY,Pzx terms are new, and we have obtained 12 out of the 15 coefficients.
For My = Ry, we note again from the anticommutativity of the Paulis that:

RyXRy _ 6i7rY/4X€7iﬂ—Y/4 _ eiTrY/?X =YX =—-2
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RyYRy — eti/4Ye—iTrY/4 —-Y

RyZRy — 61'7'1'1/'/4Z677;71'§//4 _ 6i7TY/2Z —iYZ=X

and hence:

2
Ryt Z(ZXn +Y)em IRy ~ Ry (X1 + Y1 + Y120 + X1 Zo 4+ Xo + Yo + Z1 Yo + Z1 Xo) Ry

n=1

=(Z1+ Y1+ Y20+ 2125+ Xo+ Yo + X1 Yo + X1 Xo)
Thus for My = R,; we have:
‘/2(15) ~ Tr(,o((Z1 +YT+YiZo+ 21725+ Xo+ Yo+ X Y5 + XlXQ)))

and hence we measure the pzr, pyr1,pvz, P22, PIX,PIY,PXY > Pxx terms. Out of these, the pxv, pxx
terms are new, and so we have obtained 14 out of the 15 coefficeints.
For M3 = R,5 we have:

2
Rupe™™ " (iXp + Yn)e ' Rop ~ Roo(X1 + Y1 + Y122 + X1 Zo + Xo + Yo + Z1Ya + Z1 X2) Rea

n=1

=(X1+YV+ Yo+ X1Yo+ Xo+ Zy+ 2170+ Z1 X5)
and hence:
‘/3(t) ~ Tr(p((X1 =+ Y1 =+ Y1Y2 + X1}/2 + X2 =+ Z2 + leg + ZlXQ)))

and hence we measure the px7, pyv1, Pyy, PXY, PIX, PIZ,Pz7Z, Pzx terms. Out of these, the p;z term is
new, and hence we have obtained 15 out of 15 coefficents.

Thus, in fact the four experiments My = I, My = Ry1, My = Ry1, M3 = R, are sufficient to reconstruct
p. This automatically implies that the full suite of nine experiments (with all possible combinations of
X/Y pulses) are sufficient. O

Exercise 7.46

(%*%) How many experiments are sufficient for three spins? Necessary?

Concepts Involved: Density Operators, Tensor Products, Pauli Operators, Commutators, Rotations,
Composite Systems

For three spins, the general density matrix takes the form:

1 2 3
)
i,j,k€{l,z,y,2}
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The trace condition Tr(p) = 1 fixes p;; =
The system Hamiltonian takes the form:

%, so to reconstruct p we require all 63 other coefficients p;;.

H = (LZ1 + b22 F CZ3 4P d21Z2 ol 621Z3 + fZng

Given this, we now ask the necessary/sufficient k& to measure the 63 coefficeints from the FID signal:

3
Vi(t) = Vo Tr | pM[e™ > (i X, + Yy )e ' M,

n=1
Again let's study the n = 1 term, for which:

eth(Z'Xl +Y1)€7th
_ ei(aZ1+bZQ+cZ3+leZg+eZlZ3+fZ2Z3)t(iX1 + Yl)efi(aZ1+bZ2+023+dzlZ2+EZ1Z3+szZg)t

— ei(aZ1+bZQ+cZ3+leZg+eZlZ3+fZ2Z3)t(iX1 + Yl)efi(fazl+bZQ+CZ3+7dZ1Z2+7€Z123+f22Z3)t

— ei(2aZ1+2d2122+2621Z3)t(Z‘X1 + Yl)

Which if we expand out in terms of sines/cosines, we find the terms:

eth(,L'Xl +Y1)6—th
= (cos(2a)I + isin(2a)Zy)(cos(2d)I + i sin(2d) Zy Zs)(cos(2e) I + isin(2e)Z1 Z3)(iX1 + Y1)
~ X+ + X 2o+ Y12y + X Z3 + Y123+ X1 ZoZ3 + Y1 2273

Repeating the same procedure for n = 2,3 we have:

e (iXy + Ya)e M ~ Xo + Yo+ Z1Xo + Z1Ya + XoZs + Yo Z3 + Z1 Xo Zs + Z1YaZs

e H (X5 + Ya)e Ht ~ X3 + Y+ Z1 X + Z1Ys + Z3 X3 + ZoYa + Z1 22 X3 + 21 Z,Y3

Hence with a first experiment My = I we would measure the above 24 terms/corresponding entries of
p. We can already derive a necessary number of experiments from this one calculation. Of the 63 entries
of pijr, 9 are single-Pauli terms, 27 are two-Pauli terms, and 27 are three-Pauli terms. As seen from
the identity case above, a single experiment measures 6 single-Pauli terms, 12 two-Pauli terms, and 6
three-Pauli terms. The latter is what sees the least amount of coverage per experiment, and thus sets our
bound. Assuming that we were able to construct a set of experiments where all three-Pauli terms were
distinct, we would require [27//6] = 5 experiments in order to measure all three-Pauli terms.

Thus we have 5 experiments as necessary for full state tomography of 3 spins. Evidently, the suite of 27
experiments with all possible combinations of x/y rotations on the three qubits should be sufficient, but
as in the 2-spin case we expect that there is overlap between data obtained from each experiment, and
so much fewer should be sufficient. As in the previous exercise, we conjugate e'1* >~ (iX,, + Y, )e *H?
via the possible pulses to obtain the terms that are measured in each experiment. We then sweep over
all possible (257) combinations of experiments via computer program to see what the minimal sufficient
set of experiments is. Doing so, we find that in fact no combination of 5 experiments is sufficient for
the reconstruction. We find a similar result sweeping over all (267) combinations of 6 experiments. The
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minimal number of experiments appears to be 7, where there are many possible sufficient sets; one such
set is:

My =1, My = Ry1, My = Rya, M3 = Ry1, My = Rp1Rya, Ms = Ry1 Ryo Rz, Mg = Ry1 RyoRy3

To prove that this is sufficient, we provide the measured terms in each experiment, highlighting the new
terms in blue (which total to 63/all possible terms). For My = I (already calculated):

Vo~ Tr (p (X1 + Y14+ X125 + Y1 Zo + X123 + Y123 + X1 Z2Z3 + Y122 Z3
+Xo+ Yo+ Z1Xo + Z1Yo + XoZ3 + YoZs + 21 XoZ3 + Z1Yo Z3
+ Xo+Ys+ 21 Xs+ 1Y+ Zo X3+ ZoY3 + 2125 X3 + 21221/?3))

For M1 = Rxl:

Vi~ T (p (X + 21+ X1 2o+ Z1 22 + X1Z3 + Z1 Zs + X1Z2 23 + Z1 2273
+Xo+ Yo + V1 Xo + V1Yo + XoZ3 +YoZs + Y1 X023+ V1Yo 23
+ X3+ Y3+ Y1 X3+ Y1Ys + ZoX3 + ZoY3 + Y125 X3 + Y1 25Y3))

For MQ = ngi

Vo Tr (p (X1 + Y1+ X0 Yo+ V1Yo + X1 Z3 + Y1 Z5 + X1YaZ5 + Y1 Y2 Z3
+Xo+ 2o+ Z1 Xo + Z1Zo 4 XoZs + ZoZis + Z1 XoZs + Z1Z9 23
+ X3+ Y3+ Z1 X3+ Z1Y3 + Yo X3 + YoY3 + Z1Y2 X3 + Z,Y2Y3))

For M3 = Ryl o

Vs ~Tr (p(Z1 + Y1+ 2122+ Y1 2o + 2175 + Y125 + 21 ZaZ3 + Y122 Z3
+Xo+ Yo + X1 Xo+ X Yo + XoZs + Yo Z3 + X1 XoZ3 + X Y223
+ X3+ Y3+ X1 X3+ X1Y3 + Zo X3 + ZoY3 + X122 X5 + X1 Z5Y3))

For My = R, 1 Ryo:

Vy~Tr (,0 (X1 +Z1+XaYo + Z21Yo + XaZs + Z1Z3 + X1YolZs + Z1YoZ3
+Xo+ Zo + Y1 Xo + Y125 + XoZ3 + ZoZz + Y1 XoZ3 + Y12273
+ X3+ Y3+ Y1 X3 4+ Y1Y3 + Yo X3 + Vo Y3 + V1Y2 X3 + V1Y Y3))

For M5 = Rlengmgl

Vs ~Tr (p(Z1 + X1+ Z1 X + Y1 Xo + Z1Y3 + V1YV + Z1 Xo Y3 + V1 X0V
+ 2o+ Yo+ X1 Zo + X1 Yo + ZoY3 + YoY3 + X1 Z5Y3 + X 1 YaY3
+ X3+ Z5+ X1 X3+ X1Z3 + Xo X3 + XoZ5 + X1 X0 X3 + X1X273))

269




Finally for Mg = Ry1 RyoRy3:

Vo~ Tr(p(Z1+ Y14+ Z1Xo + Y1 X0 + 21 X3 + Y175 + Z1 X2 X35 + V1 X5 X5
+ 2o+ Yo+ XnZo + XaYo + ZoYs + Yo X3 + X1 25 X3 + X Y2 X3
+ Z3+Ys+ X173+ X1Ys + XoZs + XoYs + X1 X0 Z3 + X1 X,Y3))

Thus, we conclude that (certain sets of ) 7 experiments are sufficient. O

\. J

Exercise 7.47: NMR controlled-NOT gate

Verify that the circuit shown in the top left of Figure 7.19 performs a controlled-NOT gate, up to single
qubit phases; that is, it acts properly on classical input states, and furthermore can be turned into a proper
controlled-NOT gate by applying additional single qubit R, rotations. Give another circuit using the same
building blocks to realize a proper CNOT gate.

e—iH/2hJ
R

There is an error in this exercise, as using the provided expression for the Hamiltonian:

H = 27ThJZlZQ

yields e=#//2MJ — ¢=imZ1Z> — _T which has trivial action and cannot possibly generate entanglement.
We use the corrected expression for the Hamiltonian:
whJ
H = TZIZ2

and also perform the opposite-sign time evolution to what is given in the question, with et*/2/.

Concepts Involved: Controlled Operations, Rotations, Gate Decomposition

Throughout, R;; denotes a 90° rotation about the ith axis on the kth qubit.
Computing the time evolution operator, we have:

[ = A = P cos(Z)I + isin(Z)Z1Z2 = diag(e'™/4, eI/ oTim/4 gim/4)

For convenience, let us factor out a global phase:

U = diag(1, —i,—1,1)

270



We can then calculate:

1 0 1 |11 -1], .. . 1 0 1 1 —
Ry2UR12 = ([0 1 ®ﬁ 1 1 ])dlag(l,—z, 2,1)([0 1 ®ﬁ _ 1‘|)
1 0 0 0
|0 i 0 0
o0 0 -1
0 0 —i O
which we can see has the action:
|00) — |00)
|01) — —i |01)
[10) — —i|11)
[11) — —|10)

i.e up to single qubit phases we indeed have a CNOT gate. We require the use one-qubit Z rotations that
have the net action:

100) + [00)
101) s ]01)
|10) — i |10)
|11) > — |11)

before the faulty CNOT gate in order to cancel the phases. We observe that R, = diag(e="™/*,e'™/4) =
diag(1,7) acting on both qubits has precisely this action, so the proper CNOT is given by:

CXi12=RpUR R AR

Noticing that R, R, R, = diag(e™""/*,¢"/4) = R, (with R = R'), we thus have that the circuit below
has the action (up to a global phase) of a CNOT:

— By R. [ H R,
GiH/2h]
- EHE . E-
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Exercise 7.48

Verify that the circuit shown in the bottom left of Figure 7.19 creates the Bell state (|00) — |11))/v/2 as
advertised.

_@_
e—iH/2hJ
R

The same corrections apply here as with Ex.

Solution

Concepts Involved: Controlled Operations, Rotations, Gate Decomposition

1 0 —i O
(1 & Roa(m/D)U(Ros(w/2) © L)1 & RualfD) = = | 0 0 T
-1 0 =i 0
From which we can see that:
_ |00y —11)
(1 @ Rya(w/D)U (Bar(/2) © B} © Rea(/2))100) = ==
as claimed. O

Exercise 7.49: NMR swap gate

An important chemical application of NMR is measurement of connectivity of spins, i.e. what protons,
carbons, and phosphorus atoms are nearest neighbors in a molecule. One pulse sequence to do this is
known as INADEQUATE (incredible natural abundance double quantum transfer experiment — the art
of NMR is full of wonderfully creative acronyms). In the language of quantum computation, it can be
understood as simply trying to apply a CNOT between any two resonances; if the CNOT works, the two nuclei
must be neighbors. Another building block which is used in sequences such as TOCSY (total correlation
spectroscopy) is a swap operation, but not quite in the perfect form we can describe simply with quantum
gates! Construct a quantum circuit using only e~*#/2%/ 'R and R, operations to implement a swap
gate (you may start from the circuit in Figure 1.7).

The same corrections apply here as with Ex. [7.47]

Solution

Concepts Involved: Controlled Operations, Rotations, Gate Decomposition

We can use the circuit of Figure 1.7:
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and then replace each CNOT with the construction of Ex.

Ry —{ R. R, Ryt Ro H Ry H R | LR,

ciH/2h] ciH/2hT

Ry — Ro |~ Ry — R |— — Ry Ry — R. Ry I
—{ Ry B | Ry
oiH /2]

—{ Ry B o Ry | R | LR, |—

Two pairs of intermediate R, gates cancel, and we are left with:

—{ Ry B | Ry — Ry —{ R, H Ry B -

oiH/2hJ oiH/2hJ

R HEH R -
—— R R, o

—{ Ry R FH Ry R. | L [r, | —

O
Exercise 7.50

Find quantum circuits using just single qubit rotations and e~*1/2"7 to implement the oracle O for
20 =0,1,2.
The same corrections apply here as with Ex. [7.47]

Solution

Concepts Involved: Gate Decomposition, Grover Algorithm

Now using the notation that 7 = /2" we have 7 = diag(1, —i, —i, 1) as our two-qubit gate as before.
We will use z-rotations to construct the desired diagonal phase gates. Then, we will use an alternative
decomposition of z-rotation from Ex. namely that R, R, R, = diag(e™""/4, ¢"/4) = R, = diag(1, 1)
to convert this into quantum circuits only involving x/y pulses.

With this, we obtain:

RR.2m = Ry1 Ry1 Ry1 Rys Rya Ryom = diag(1l,—1,—1,—1) = P 2 diag(—1,1,1,1) = Oy
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R21R22T = RyléleleyQRzQRyQT = dlag(17 _17 ]-a 1) = Ol

Rlez2T = RlezIRleyQRzQRyQT = diag(l, 1,—1, 1) =0y

RleZQT = RyléwléleygéxgéygT = diag(l, 1, 1, 1) 03

Remark: We choose a different decomposition as this choice will be more convenient for the cancellation
of intermediate gates in the proceeding exercise.

Exercise 7.51

| '
\

Show that the Grover iteration can be simplified, by canceling adjacent single qubit rotations appropriately,
to obtain

Ry Ry1RyaRyoTRy1 Ryt Ryo Ryo

(
G- R, 1R RpoRyoT Ry Ry1 Rya Rypr (2

R 1Rlez2Ry27'Rley1RzzRy27' (

(

R Ryl R:DZR ZTRzl Ryl RZZ Ry2

for the four possible cases of zg.
The same corrections apply here as with Ex. Also, note that the problem statement has switched
the results for zo = 2 and z¢ = 1.

Concepts Involved: Rotations, Grover Algorithm

Using the expressions for O, P from the previous exercise, and G = H*?PH®20 with H; = R2, R we
can go through the simplifications. Starting with g = 3:

G3 = H®?PH®?0,4
= (R31Ry1 R2, Ryo2) Ry1 Ryt Ryt Ryo Roa Ryam (RS, Ryt o Ryo) Ryt Rt Ryy Ry R Rya7
=R} Ry R, RpoTRy1 Ry1 Roa Ryom
= RleylRzQRyQTRmRlezQRyQT

where in the second line we cancel out all coloured pairs of rotations and in the last line we use that 3
/2 rotations is equivalent to a —m/2 rotation.

For the remaining entries, the simplification of H®2P is identical, so we only need to consider the simpli-
fication of H®20;. For zy = 2:

®2Ol (R21L yl RizRgﬂ)B;/ 1 Rleyl RyQ RxQRyQT
= RlelengyQT
=R} Ry RpsRypor
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and so:

G2 = leRlem2Ry27—Rm1RleIZRyZT

For g = 1:
H®20, = (R3, Ry1 R2,Ry2) Ry1 Ror Ryt Rys Roa RyaT
- leRleiQRsz
= Rleleszsz
and so:

G1 = Ry Ry1RpsRpT Ry Ryt Ryo Ryot

For zo = 0 we know that P = Oy, so we just use the H®2P simplification result twice:

Go = leRleszszRzlRlemRsz

Exercise 7.52: Universality of Heisenberg Hamiltonian

(%) Show that a swap operation U can be implemented by turning on J(t) for an appropriate amount of
time in the Heisenberg coupling Hamiltonian of (7.174), to obtain U = exp(—iwS; - S3). The ‘v/SWAP’
gate obtained by turning on the interaction for half this time is univeral; compute this transform and show
how to obtained a controlled-NOT gate by composing it with single qubit rotations.

Concepts Involved: Universality, Controlled Operations, Pauli Operators, Operator Functions

We have the Hamiltonian:

urn on 1
H(t) = J(1)S; - S, "0 XX + Y2 + 2, 2]

By turning on J(t) for time ¢ = 7, we obtain:
U = exp(—inS; - S2) = exp(—in1X2/4) exp(—z'ﬂ'YlYg/él) eXp(—iWZ1Z2/4)

where we have used that X; X1, Y1Y5, Z1 Z5 mutually commute to split up the exponential. Then rewriting
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this in terms of sines/cosines:

U =
= %(I —iX1Xo)(I —iV1Y2)(I —iZ125)
[e—im/4 ¢ 0 0
1o 0 et 0
N 0 ERCTA 0 0
0 0 0 et/ 4
[1 0 0 0
L]0 0 1 0
“1lo 1 0 0
00 0 1

where in the last line we neglect the overall global phase. Thus we see that U indeed realizes the swap

operation.
If we turn on J(t) for time ¢t = 7/2 instead, we have:

V/SWAP = exp(—imS; - S2/2)
= exp(—iﬂXng/S) GXp(—iWY1Y2/8) exp(—le 22/8)

= (con(F) -5 ) (con(5) - o5 i3 ) (con(5 ) - 05 )

[eim/8 0 0 0
0 ei‘n’/S% eiﬂ/8% 0
0 eiw/S% eiw/S% 0
0 0 0 &

1%
o O O =
e
+ ©
s e
I
Tl ©
O A

c
— O O O

[enR ]
S

We construct a CNOT using this and single-qubit gates. We first note that we can use two /SWAPs to

make a diagonal gate:

10 0
V/SWAPZ,/SWAP — 8 é _OZ,
00 0
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to get a C'Z-gate we can multiply this by R.q(7/2)R.2(—m/2). This is because:

-e—iw/4 0 ei‘/r/4 0
Ratr/Ra(-n/2) = |© 0 2@ |0

0 0
e—iTr/Q 0
0 eiﬂ’/?
0 0

— o O O

cocoor~,r oo o~
=)

R ==

- o oo

and so:

1

0 e 0
0 0 eiﬂ'/2
0

R.1(7/2)R.2(—m/2)V/SWAP Z; \/SWAP

= o O O
o O O =

e e P e
o = O O
e e O

Then as per Ex. we can conjugate the desired target qubit by Hadamard gates to obtain a CNOT
from CZ, and hence:

CNOTLQ = HQRzl(’/T/Q)RZQ(—ﬂ'/Q) V SWAPZ1 V SWAPH2

O
Problem 7.1: Efficient temporal labeling

(%%x) Can you construct efficient circuits (which require only O(poly(n)) gates) to cyclically permute all
diagonal elements in a 2™ x 2™ diagonal density matrix except the |0™)}0"| term?

Concepts Involved: Permutations, Controlled Operations, LU-decomposition

We follow the construction of Section 4.2.4 of Quantum Algorithms, due to Beth and Rotteler. We
make the observation that permutations which operate via linear transformations on the names of the
bitstrings/binary words of length n (of which cyclic permutations are a subset) can be associated with
with invertible binary n x n matrices A acting on (Z2)™, the vector space of n-dimensional vectors with
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elements in Zy € {0,1} (equipped with mod 2 addition).
We now make the observation that any square matrix A can be decomposed as:

A=PLU

where P is a permutation matrix, L is a lower triangular matrix, and U is an upper triangular matrix.
This is simply the matrix equation representing Gaussian elimination - U is the row echelon form of A, L
corresponds to the elementary row operations/additions, and P corresponds to the row permutations.
Let us perform this decomposition on A. We then observe that the permutation matrix P appearing in
the decomposition corresponds to a permutation of the n qubits for our desired quantum circuit. Such a
permutation requires the use of n SWAP gates, with one swap per relabelling of a qubit. This corresponds
to 3n CNOT gates, so O(n) gates.

Now let us study L. The action of L on the basis states e; = (0,0,...,1,...,0)T of (Z2)™ are to map
Le; = 3,5, Lije; (with the sum restricted to i > j as L is lower diagonal). Since A is invertible, L has
1 all across the diagonal, and hence Le; will have an jth component equal to 1. Hence, since the action
of the jth column of L is to preserve e; while adding 1 to/flipping the ¢ > jth components whenever
L;; =1, in the desired quantum circuit this column corresponds to the composition of CNOT operations
[1;s; LijCX;i (with the jth qubit the control and ith the target). The total action of L is over all of its
columns:

H H LijCX; ;

Jj=1li>j

We can bound the number of gates appearing in the above by the number of entries in the lower diagonal,
which is 252 = O(n?) CNOTs.

The analysis for U follows in the exact same way, with the appropriate modification that U is upper
triangular as opposed to lower triangular. It thus also has O(n?) CNOT gate cost.

Combining the circuits for P,L,U, we find that the total cost of constructing a permutation of the
diagonal elements of a density matrix (except for the |0™)}0"| term - note that all circuits appearing in

our construction are composed of CNOTs and so the |0™)0"| entry must be left invariant) is:

O(n) +0(n?) + O(n*) = O(poly(n)).
—— N——  ——
2 L U

O

\. J

Problem 7.2

(%%) In performing quantum computation with single photons, suppose that instead of the dual rail
representation of Section 7.4.1 we use a unary representation of states, where [00...01) is 0, |00...010)
is 1, |00...0100) is 2, and so on, up to |10...0) being 2" — 1.

1. Show that an arbitrary unitary transformation on these states can be constructed completely from
just beamsplitters and phase shifters (and no nonlinear media).

2. Construct a circuit of beamsplitters and phase shifters to perform the one qubit Deutsch—Jozsa
algorithm.

3. Construct a circuit of beamsplitters and phase shifters to perform the two qubit quantum search
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algorithm.

4. Prove that an arbitrary unitary transform will, in general, require an exponential number (in n) of
components to realize.

\. J

Concepts Involved: Beamsplitters, Phase Shifters, Deutsch-Jozsa Algorithm, Grover Search

1. We construct effective qubit operations in the unary representations. If we can show the ability to
perform arbitrary single qubit gates and CNOT gates, by the universality constructions of Chapter 4
we can construct an arbitrary unitary transformation.

e Z-rotations: For the effective qubit we wish to perform the Z-rotation on, identify the 27!
unary states/wires that correspond to the qubit in the |0) state and apply the phase shift
P(—0/2) = e~/2 Identify the 2"~ unary states/wires corresponding to the qubit in the |1)
state and apply the phase shift P(6/2) = ¢*%/2. This is the action of the R.(f) gate.

e Y-rotations: For the effective qubit we wish to perform the Y-rotation on, identify the 271
pairs of unary states/wires corresponding to the qubit in the |O/1> state with all other states
in the same basis state. Then, between all such pairs apply the beamsplitter operation By, =

cos(0/2) —sin(6/2)
sin(0/2)  cos(6/2)
follow from the Euler decomposition of rotations of Theorem 4.1.

. This is the action of the R, () gate. Arbitrary single-qubit unitaries

e CNOT gates: It will be simpler to perform a C'Z gate (which can then be conjugated via
Hadamards to yield a CNOT). For the effective two qubits we wish to perform the C'Z between,
we identify the 2"~2 pairs of states/wires in the unary representation that correspond to the
qubit state [11). To these unary states we apply the phase shift P(7) = e!™ = —1, which is
the CZ action.

Let us give a concrete example for three qubits. The mapping between the three-qubit computational
basis states and the unary states are given by:

000) <> [00000001) = |0)
001) <> [00000010) = |1)
010) < [00000100) = |2)
011) <> [00001000) = |3)
1100) <> [00010000) = |4)
1101) <> [00100000) = |5)
|110) < [01000000) = |6)
|111) <> [10000000) = |7)

To apply an effective Z-rotation on the second qubit, we would apply phase shifters of P(—6/2)
to [0),]1),]4),|5) and P(0/2) to |2),|3),|6),|7). To apply an effective Y-rotation on the second
qubit, we would apply beamsplitters By between pairs [0) / [2), |1) /|3), [4) /|6), |5) /|7). To apply
a CZ gate between qubits 1 and 2, we would apply phase shifters P(7) on states |3) and |7).
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2. For this problem, we consider 2-qubit algorithms, where we make the identification:

100) <> [0001)
01) <> [0010)
110) <> [0100)
|11) <> |1000)

and denote |0001) as the top optical line down to |1000) as the bottom optical line.

The 1-qubit Deutsch-Jozsa circuit to reproduce looks like (in the binary representation):

Uy

n—aHv vesw

It will also be useful to recall the decomposition of the Hadamard gate as H = R, (7/2)Z =
Ry(m/2)R,(m). Let us look at the four possible cases of f(z).

e f(x) = 0. in this case, Uy is the identity, so the Hadamard on the top qubit cancels, leaving
just the single Hadamard on the bottom qubit. In unary, the resulting circuit takes the form:

o) —<72 [~
o) —=<2 [
iy —32 |} [~

o) —=£2

e f(z) = 1. In this case Uy = X,. Again the top two Hadamards cancel, and on the second
qubit we have XH = (HZH)H = HZ = R,(n/2)ZZ = Ry,(w/2). Thus in the unary
representation:

N

0) —

b &

10)

1) —o—

0

o f(x) =x. In this case, Uy = CXy 2 = HyCZ; 2H> so two Hadamards on the bottom qubit
cancel and the resulting (binary) circuit is H; HoC'Zy 2Hi. In Unary, this takes the form:

S

280




—7/2 —7/2 —7/2

|0)

b=y
[~~~
[\)

L] f(l') =x 1. In this case Uf = CX1’2X2 = HQCZLQHQHQZQHQ = HQCZLQZQHQ and
again the two Hadamards on the bottom qubits cancel, leaving us with H1HoCZ, 2 ZoH, =
H]_Ry,g(?T/Q)ZQZQCZLQHl = HlRy72(7T/2>CZ172H1. In Unary, this takes the form:

10) —m/2 —/2

—7/2 —7/2

o) —a2 4 32 | [

3. We adopt the 2-qubit search circuit given in Box 6.1:

—{uf—oHu x|
—H [}

For simplicity, we take the case where O = CCX; 23 (Toffoli with controls on the first two qubits
and the target as the third qubit). The other three cases can be handled by appropriate conjugation
by X on the control qubits. We remove X's from our circuit via Hadamard conjguation via inserting
H? = I, which yields:

—Laf—zf——

the only possibly foreign gate is the CCZ gate, which has the action CCZ |111) = —|111) and
identity on all other computational basis states. In the unary representation, it is easily implemented
by a phase shift by 7 on the bottom/|7) state.

Finally, Let us use H = R (n/2)Z = ZR,(—m/2) to obtain the final circuit to convert:
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Ry(r/2) Ry(7/2) Ry(—7/2) b—
Ry(7/2) (7] R n2) —
As a unary circuit:
= —7/2

o———o
o ®
[~~~
[\)
o———=»

[T

Dy
@
Dy

>
\
>
3

s l & 7/2 l s I I

T /2,
l m2 l I -
—0 /2, o

T T /2 T -

4. This already follows from our constructions in step 1. Since even a effective single-qubit unitary
requires O(2™) optical components, a generic unitary transform will have this component cost.

Problem 7.3: Control via Jaynes—Cummings interactions

(%%%) Robust and accurate control of small quantum systems — via an external classical degree of freedom
— is important to the ability to perform quantum computation. It is quite remarkable that atomic states
can be controlled by applying optical pulses, without causing superpositions of atomic states to decohere
very much! In this problem, we see what approximations are necessary for this to be the case. Let us begin
with the Jaynes—Cummings Hamiltonian for a single atom coupled to a single mode of an electromagnetic
field,

H=alo_ +aoy,

where o4 act on the atom, and a,a’ act on the field.

1. For U = ¢"H  compute

A, = (n|U|a)
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where |a) and |n) are coherent states and number eigenstates of the field, respectively; A, is an
operator on atomic states, and you should obtain

@ cos(0/n) “f sin(6y/n)

A, =elof ,
€ n! V%sin(ﬁx/nﬂ—l) cos(@ n+1)

The results of Exercise 7.17 may be helpful.

There is an error in the above expression, the correct expression should be:

A = 67‘(”2/2@7” cos(6y/n) DT sin(fy/n)
" Vn! \/;1”? Sin(ﬁx/n + 1) cos (9\/71 + 1)

. It is useful to make an approximation that « is large (without loss of generality, we may choose «
real). Consider the probability distribution

which has mean (n) = z and standard deviation 1/ (n2) — (n)> = \/z. Now change variables to
n = x — L+/z, and use Stirling's approximation

n! =~ vV2rnn"e "

to obtain
e—L?/2

pL =~ o

. The most important term is A,, for n = |a|*>. Define n = a2 + La, and for
1 L 1 L
a=y\—w+—andb=y/ 5 +—+1,
) Y Y )

A ~ e~L*/4 cos ay iasin ap
L (2m)l/4 | (i/b)sinbp  cosby |

where y = 1/«, show that

using 0 = ¢/a. Also verify that
/ AV ApdL =1
—o0

as expected.
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4. The ideal unitary transform which occurs to the atom is

[ cosafl  isin aH]
U= | .
isinaf  cosal

. How close is Ay, to U? See if you can estimate the fidelity

o ot

| —o0

as a Taylor series in y.

Concepts Involved: Jaynes—Cummings Model, Operator Functions, Coherent States, Stirling’s Approxi-
amtion, Fidelity

1. We recall from Exercise 7.17 that:

H |xn) = Vn+1|xn)
H[X,) = —vn+1[X,)

where |xn), [X,,) are the eigenstates

1
) = Z5llm 1)+ n+1,0)]
1
We can invert these to write:
1 _
In, 1) = —=[Ixn) + [Xn)]

-5
[\ [\

In,0) = 7[|Xn—1> — [Xn-1)]

We also note from the definition of the coherent state |a) = e~1°I"/2 Do % |n) and the orthog-
onality of the number eigenstates

(Xn|o) = %[(H (na) + (0] (n + 1|a)]
- i[<1| o—lal?/2 & + (0] e*|a|2/2L+1]
V2 vn! (n+1)!
e~lal*/2gn «

= WKH + (0| m]

284



2
e—\a| /2an

(Xnla) = o [(1] = (0] m]
So combining these two observations, we can evaluate
(n, 1| U |a)
= 5100+ (Tl o)
250l 7 4 (7,07 )
= 510 lo) Y 4 (T, o) V]
1 elel”/2qn 1 0 « i0/mFT e~lal®/2gn 1 0 « —io/nFT
*\ﬁ[ W[HJFHW} € + W[H*H (n+1)] ]
elol?/2gn
= ol [2 cos(@x/n—l— 1) (1] + \/T%sm(H\/n—l— ) (O@
elalP/2m
= — |:COS(9\/77/+ 1) 1]+ \/75111(9\/71—}— ) (0 |}
(n,0|U|a)
= 5t | = (T a1 o)
%KXTL | eV — (Xn 71|3_19f e
= 5l{xam1l0) €77 = (%, 1]a) e
_ 1 e—\a|2/2an—1 ) " a 0 e—\a|2/2an—1 ) . «a ioym
_ﬁ[ ﬂ[<|+<|%] e - W[H—H%] e ]
e~lal’/2q a \/n
= l%\f sin(6v/n) (1] + N [2 cos(6/n) <0|]
e~lal?/2an [ /n
== l \afsin(ﬂ\/ﬁ) (1] + cos(6v/n) <0|]

and from these we can read off the matrix elements

(ol U oy = coel0v)

sin (Hm) cos (em)

e_la‘z/Qan
ﬁ (1]
n: /n+1

%m(m)}

2. Throughout, we consider the limit of large . Using Stirling’s approximation on the Poisson distri-
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bution

xn

—XT
A ey
V2mnnte "

we then change variables to n = x— L+/z, multiplying the distribution by / to retain normalization:

\/Exsz\/E
2m(x — Ly/z)(x — L\/7)*~LvTe—(2-LV7)
e~V T T
Vor \Vz—Lyx \z— Lz

pL =

)%—Lﬁ

In the limit of large x the prefactor z_fﬁ approaches 1 and so can be dropped.

e—L\/E ( x )x—L\/E

pL = V2 T — L\/E
z—L+\/x
_ e VT (o L+ Lz
V2 T — L\/E

Now using that exp(log(a)) = a and log laws we obtain

e~ Iv®
pL = o

z—L+\/x
exp | log )

(i

- \/% exp (—Lﬁ + (z — Lv/z)[log(x) — log(z — L\/:E)])

We can now write

log(z — Lv/z) = log (:c(l - \%)) = log(x) + 1og<1 - \%) ~ log(z) — % _ %L;

where in the last step we Taylor expand to second order (valid as L < v/z. Thus p;, becomes

2
P e (—Lﬁ + (@ = Ly/)og(a) — (log(z) = = ;an)
2
— e (L\/M (@ LVa) + ;’;n)
_ %ﬂ_exp (—L\/E+L\/E+ %LQ _ - ;5;)
1 2 113
===\ 5 34
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Since L < y/x we may drop the last term, and thus we conclude
e—L2/2

pL = 7ﬁ2w

. First studying the prefactor to A,,, we find (dropping the |a| as « is assumed to be real)

ey an _ e—oﬂ@ N e—L2/2 _ e—L7/4
V! n! Vor (2m)1/4

where in the approximations step we observe that the expression is just a Poisson distribution with
parameter o2, so in the large « limit we can apply the result of the previous part.

Now we study the matrix elements. With the given definitions, we note that

i, VE_,
O[_ (67 N

and so:

cos(0y/n) z\éﬁ sin(6y/n) _ | cos(faa)  iasin(fac)
o gin (Hm) cos (Gm) (i/b) sin(fba)  cos(Oba)

vn+1

and so with 6 = ¢/« we conclude:

AL""

~ (27r)1/4

e~L*/4 cos(ap) iasin(ay)
(i/b) sin(by)  cos(by)

as claimed. Evaluating ATLAL we have:

Al A
_ e cos(ap)  —(ifb)sin(bp) | e/ | cos(ap)  iasin(ap)
(2m)1/4 | —iasin(ayp) cos(by) (2m)1/4 | (i/b) sin(bp)  cos(by)
_ e~L*/2 cos?(ap) + 4 sin’(by) ia cos(ay) sin(ayp) — (i/b) cos(by) sin(by)
V2or | —tacos(ap)sin(ayp) + (i/b) cos(bp) sin(bp) cos?(by) + a? sin’(ay)

In the limit where L < a we have that:

1 L 1 1 L 1
a=y | s+ —=y /==L b=y /s+—+l=y /5 =1
Y Y Y Y Y )
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and so ATLAL becomes:

Al AL ~ e 1L cos?(ip) + sin’(p) i cos(¢p) sin(y) — i cos(¢p) sin(y)
Lok V2or | —icos(p)sin(p) + i cos(p) sin(p) cos? () + sin?(y)

_ e"L*/2 (1 0
- Ver |01
Now, we note the Gaussian integral identity

/ efLZ/QdL =2

— 00

which allows us to conclude:

oo oo —L?%/2 /9
/ AL AdL ~ 67\/271@ = \/—211 =1
—00 —00 ™ Yis

. Setup and notation. y := 1/a, n = a®> + La = y=2 + Lyt with L = O(1); a := /n/a =
VI+Ly, b= vn+1l/a = \/1+Ly+y? U = ¥% = (COS“’ ism“’), 0 = af; My =

isin @ cos ¢

cos(ap) ia sin(ap) \. L . 2 —1/2 —L2%/2
(ib71 sin(by) cos(by) )' K = UTML - I |g(L) - (27T) / € / o

Series to O(y?).

a=1+Ly—L4210(%), b= 1+§y+<%f%)y2+0(y3), bt = 1-Lyt (%Jr%)y%O(y?’).

sin((1 +n)p) = sing + npcosp — 1n*p’ sinp + O(n°¢°),
cos((1+n)p) = cosp — npsinp — 37°¢” cos p + O(’¢?).
Deviations A := M, — U (keep only terms that feed O(y*y?) in the fidelity).
. 2
A = Agy = —(%y)wsmw - (%yQ) p*cosp+ O(y°, v°¢*, y20),
Aqg = iasin(ap) —sing] =i (Ly @) + i(%2y2<p cos w) + O(y¢®, ¥*¥°),
Agy =i [b~ " sin(bp) — sing] =i - O(yp?) + O(y??).
Form K; = U'A, drop pieces odd in L or beyond O(y%¢?).
K1z = (cos p) Ay + (—ising)Agy = i (Ly ) + O(y9)odd in . + Oy ),
Ko = (—i sin (p)An =+ (COS (p)Agl =1- O(y(pg),

K11 = Kas = (cos p)Aq1 + (—isinp)Agy = —(%yzapQ) c0s? @ + O(y9?)odd in L,
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L2y2

———¢?cos’p i(Ly¢p)
K = 12,2 + (all other terms are odd in L or higher order).
0 = 8y 2 cos?

Fidelity as a variance.
spi= @I+ KD, sl =1 - (K] KL}y — (KL l?) + O(50*),
with |[¢) = cost |0) + e??0sint|1), t := Ly, dr, := (L?y?/8)¢? cos? .
(Kr)y = —dp +itr cost sinte™ 0, (KEKLM, =3 sin®t + d7 + O(y*¢p?),
= (K[Ki)y = [(Ki)y* =3 sin*t,  |scf® =1 - (Lyy)® sin® ¢ + O(y°%").

Worst case and Gaussian averaging . Keep only terms that can contribute at order y?¢? and
drop everything odd in L (zero under the even Gaussian). Then

0 t
K = —diI + N + O(y*¢?), Np = <iuL 0L>’ uz = 0(y*p)-

The diagonal shift —dp I cancels out of the variance exactly:
ls2f? = 1= ((KLEL)w — |(KL)ol?) + OG°¢*) = 1 = ({NLNLy = (Vs [?) + O,

Let p = 3(I+r-0) be the pure state (|r| = 1). A short Pauli-algebra calculation for Ny, = ( 0 itL)

iuL 0
gives,

1 1 1 1
(NINp)y — (NL)y|? = 5(?5% +ui)+ 5(“% — 13 ), — 7 +ur)’ri — 7t = ur,)?ry.

This is a quadratic form Qr(r) = r" A r + const on the unit sphere with

1 7(tL +UL)2 0 0
A = 1 0 —(tL — uL)2 0
0 0 2(ud — £2)

Its maximum over |r| = 1 is the top eigenvalue of — Ay, with a minus sign (since the constant term
is independent of r). Because ur, = O(y%p) < tr = O(yp), we may set uz, = 0 in the eigenvalues
without changing the value at order y?¢?. Thus,

t% 3 3
- + Oy ¢°).

t2
)\max(*AL) = EL - Hﬁl%x (<N[TINL>¢7|<NL>¢|2) = 2
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Equivalently, for the worst—case state at fixed L,
1
L—[s = 5 (Lye)” + O(y°¢%).

To connect this quadratic—form bound with the small unitary misrotation, note that the off-diagonal
of UTMy, at order yp equals ity in the upper entry while the lower entry is ju;, = O(y%y); the
Hermitian generator that reproduces this (to the same order in the variance) is ic 0, with

t
€, = ?L (since tero, has (0,1) and (1,0) entries ieL).

For a small unitary €29, the worst—case pure-state overlap is 1 — ¢2 + O(e%). Substituting
e, = t1,/2 into the previous line yields the additional factor 1/4, and the per—L worst—case infidelity

becomes ) )
t 1
L—lsi = 5 x 7+ 0°¢%) = 2 (Lyp)* + O(y’¢").
Finally, average with the even Gaussian
1 ot P 9 s
1-F={|gL)2[1 - QdL:fQ/ 2(Ly)2dL 0<ff):— o(ff).
Jls@ru-tseP1az =gt [lsPavdL +0(5, %) = 5 +0(5, 5,
| —

y2=aq—2

Remark: Odd-in-L pieces vanish under the even Gaussian; the leading contribution is a variance built
from the linear-in-L off-diagonal K12 = i(Ly)ep; the diagonal O(L%y%y?) enforces variance (not mean)
and does not contribute at leading order after cancellation; any symmetric pointer with the same E[L?]
yields the same a2 scaling; shaping to cancel the O(y) off-diagonal slope pushes 1 — F' to O(a~%).

Problem 7.4: lon trap logic with two-level atoms

(%) The controlled-NOT gate described in Section 7.6.3 used a three-level atom for simplicity. It is possible
to do without this third level, with some extra complication, as this problem demonstrates.

Let yg'“e' j(0) denote the operation accomplished by pulsing light into the sideband frequency, w = Q+w.,
of the jth particle for time 6+/N /7, and similarly for the red sideband. f denotes the axis of the rotation
in the X — § plane, controlled by setting the phase of the incident light. The superscript 7 may be omitted
when it it clear which ion is being addressed. Specifically,

) . . . 1
YR“e(0) = exp [(e“‘” |00)(11] 4 ™% [11)(00] + €*v/2|01)(12] + e =% |12)(01] + .. ) 12} :
where i = X cos ¢ + ¥ sin ¢, and the two labels in the ket represent the internal and the motional states,
respectively, from left to right. The \/2 factor comes from the fact that af |n) = /n +1|n+ 1) for
bosonic states.

(1) Show that S7 = Yd(7) performs a swap between the internal and motional states of ion j when
the motional state is initially |0).
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(2) Find a value of @ such that Y2"“¢(6) acting on any state in the computational subspace, spanned by
|00), |01), |10), and |11), leaves it in that subspace. This should work for any axis f.

(3) Show that if Y2u®(¢) stays within the computational subspace, then

U = YU (=B) VR (0) Ve (8)

also stays within the computational subspace, for any choice of rotation angle 5 and axis a.

(4) Find values of « and § such that U is diagonal. Specifically, it is useful to obtain an operator such

as
e™VZ 0 0 0
0 -1.0 0
0 0 1 0
0 0 0 em/V2

(5) Show that (7.187) describes a non-trivial gate, in that a controlled-NOT gate between the internal
states of two ions can be constructed from it and single qubit operations. Can you come up with a
composite pulse sequence for performing a CNOT without requiring the motional state to initially be
|0)?

J

Concepts Involved: Controlled Operations, Operator Functions, Rotations

(1) The red sideband couples |1,n) <> |0,n+1); with motion initially |0) the active subspace is S =
span{|1,0),|0,1)} and |0,0) is dark. In the ordered basis {|1,0),]0,1)} the generator is

+i —i 0 e 2
A=et10,0{L,01+ e [L0)O1 = ( o , |, A=

Thus a red-sideband pulse of area # acts as

Vied(0)| g = exp(%A) =cosd I +isind A.
For a 7 pulse, A

5 = Veim)|g = id=i (0 0) ,

so that
11,0) = —ie™|0,1), 0,1) = —ie™ % [1,0), |0,0) — ]0,0).

Hence, when the motion starts in |0), SJ swaps the internal excitation with one phonon, up to a
global (—i) and known Z-axis phases set by ¢ (removable by a virtual R, or by choosing ¢ = 7/2).

(2) On the blue sideband, the dynamics decomposes into disjoint SU(2) blocks {|0,n),|1,n+1)},
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with rotation angle #v/n+1 about an in—plane axis 7 set by the laser phase ¢. Within H. =
span{|00), |01),]10),|11)} the only possible leakage is |01) <+ |12) (the v/2 factor comes from
at|l) = v/212)). Explicitly,

0 : 0
|00) — cos 5 |00) + i e*? sin§ [11),
0 R
[11) — cos 5 [11) +ie™* sin 5 |00),
V20 V26
2 2

|01) + cos |01) + i e sin 112),

[10) — |10).
To ensure the image of every state in H,. remains in H,., we require the leakage amplitude to vanish

sin(@)zo — | 0=mnrV2, meZ)|

This choice works for any axis 7 (the axis only affects phases within each SU(2) block, not the
rotation angles). The minimal nontrivial choice is # = 7v/2, which returns [01) (up to a —1 phase),
mixes {|00), |11)} within ., and leaves |10) unchanged.

(3) Let H. =span{]00),|01),|10),|11)} and, for the blue sideband, decompose the Hilbert space into
disjoint two-level blocks

B, = span{|0,n),|1,n+ 1)}, n=0,1,2,...,

on which any YbMe(.) acts block-diagonally as an SU(2) rotation. Assume VP'°(6) leaves H.
invariant (e.g., by part (b), take § = mmv/2, so on B; = span{|01),[12)} it is (—1)"™I). For
arbitrary axis « and angle 3, define

W=y"(B),  U=WIRre@)w.
Because W is also block-diagonal over the same {13,,}, we have

Ulg, =WH((-)") W = (-1)™,
so starting from |01) € H. no |12) component can be produced. On By = span{|00),|11)},
each factor maps By to itself, hence U does too; and |10) is fixed by every blue pulse. Therefore

UH. C H, for any o, 5.

(4) Use the leakage-free choice from part (b), § = 7v/2, so that on B; = span{|01),|12)} the blue
pulse is a scalar —I (hence |01) — — |01) and no leakage), while on By = span{|00), |11)} it is an
SU(2) rotation by angle mv/2 about some in-plane axis. Choose

U = yzl})luc(_%) ygluc<ﬂ_\/§) yzlj)luc(g) )
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(5)

By axis conjugation, on By this equals a Z-rotation of angle mv/2
Rz(wx/ﬁ) = exp(—i ”TQ az) ,
50 [00) — e~ /V2|00) and |11) — e¢™¥™/V2|11). On By, the middle pulse is —I and conjugation by

the side pulses leaves it unchanged, hence |01) — — |01). The blue sideband leaves |10} invariant.
Therefore, in the computational basis {|00),]01),|10),|11)},

U = diag (e_”/‘/ﬁ, -1, 1, e+i“/‘/§)

is diagonal as required.

Let
U= diag(e‘”, -1, 1, e+i7), v =

s

acting on (internal®bus) in the basis {]0, 0), |0, 1), |1, 0), |1,1)}.
With the shared mode prepared in |0), define the two-ion diagonal gate

G = SOy® gt

where S() is the red-sideband m-swap on ion 1 (part (a)). On the two internal qubits (the bus
returns to |0)),

G =diag(e™", 1, =1, ™) in the basis {|00),(01), [10), [11)}.

Choose single-qubit Z phases
Z, = diag(1, e_i(Tf-W))7 Z; = diag(1, 6_”).

Then
(Z.®Z:) G = e~ diag(1,1,1,—1) = e~*7 CZ,

so, up to a global phase,

CZ = (Z.9%Z) s @ gt |

Now, one can simply perform a basis transform via Hadamard gates to produce the desired CNOT
gate CNOT,_,» = (I®H)CZ(I®H).
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8 Quantum noise and quantum operations

Exercise 8.1: Unitary evolution as a quantum operation

Pure states evolve under unitary transforms as |¢)) — U |i)). Show that, equivalently, we may write
p = E(p) = UpUT, for p = [}yl

Solution

Concepts Involved: Unitary Operators, Density Operators
Under unitary evolution, a pure state maps to another pure state via [1)) — U [¢). The density operator
corresponding to the final state is then pyy = U [¢) 4] Ut = UpUT. We can see that this final state is
equivalent to if we started in the density operator formalism p = |¢)(¢| and acted on it with the quantum
operation &(p) = UpUT. O

Exercise 8.2: Measurement as a quantum operation

Recall from Section 2.2.3 (on page 84) that a quantum measurement with outcomes labeled by m is
described by a set of measurement operators M,,, such that )" M} M, = I. Let the state of the system
immediately before the measurement be p. Show that for &,,(p) = M,,pM],, the state of the system
immediately after the measurement is

Em(p)
tr (gm (P))

Also show that the probability of obtaining this measurement result is p(m) = tr (£,,(p)).

Solution

Concepts Involved: Quantum Measurement, Density Operators

It suffices to prove the claim for pure states p = |[¢))(v)|, as mixed states are a linear combination of pure
states and &,,(+) and the trace are both linear in their arguments.
The postulate of quantum measurement tells us that the probability of measuring outcome m given state

) is:
p(m) = (| M, My, [9)
For pure p = [))(¢| we have:
tr(Em(p)) = tr (MnpM, ) = tr (Mon [9)0] MY, ) = (] M, Mo [9) = p(m)

where we have used that tr(|a)(3|) = («|B). The postulate of measurement tells us that the post-
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measurement state (when measuring a pure state) is:

M, |¢)

W MM, )

The density operator corresponding to the post measurement state is:

) —

M, |¢) (¥l M, _ M WX MY, MuwpM], _ Em(p)

S8 0 \ 0l M) ) MM ) ) 6 (En()

which is what we wished to show. ]

\ J

(%) Our derivation of the operator-sum representation implicitly assumed that the input and output spaces
for the operation were the same. Suppose a composite system AB initially in an unknown quantum state
p is brought into contact with a composite system C'D initially in some standard state |0), and the two
systems interact according to a unitary interaction U. After the interaction we discard systems A and D,
leaving a state p’ of system BC. Show that the map &(p) = p’ satisfies

E(p) =) EwpEf
k

for some set of linear operators E}, from the state space of system AB to the state space of system BC,
and such that 3, El B}, = 1.

Concepts Involved: Operator-Sum Representation, Quantum Operations, Density Operators, Partial
Trace

This problem involves deriving the operator-sum representation for the map £(p) = p’, where p’ is the
state of subsystems BC' after discarding subsystems AD.

Step 1: State evolution via unitary U

Initially, the total state of the system ABCD is

paB ® |0)c{0| ®|0) p{0].
After applying the unitary U, the state becomes
U(pas ®10)c (0] ®10)p(0)UT.

Step 2: Partial trace over AD
After the interaction, systems A and D are discarded. To describe the remaining state of systems BC,
we need to trace out the subsystems AD. The state of BC' after tracing out AD is

e = Trap (U(pas @ 0)c(0] © 0)p(0)U")
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Step 3: Kraus decomposition
Now, we can express this map £ in terms of Kraus operators. To this end, we express

E(pas) =Y _ ExpanEl,
K

where the operators Ej, are linear operators from the state space of system AB to the state space of
system BC.
Specifically, the Kraus operators E}, are given by:

Ek = <€k|U|O>D,

where {|ex)} is some orthonormal basis for the combined system AD.
Step 4: Trace-preserving condition
Finally, the requirement that £ is trace-preserving implies that the Kraus operators must satisfy

S BB, =1
k

This follows simply from the cyclicity of the trace.
O

\ J

Exercise 8.4: Measurement

Suppose we have a single qubit principal system, interacting with a single qubit environment through the
transform

U=FPQI+P X

where X is the usual Pauli matrix (acting on the environment), and Py = |0)0|, Py = |1)1]| are projectors
(acting on the system). Give the quantum operation for this process, in the operator-sum representation,
assuming the environment starts in the state |0).

Concepts Involved: Kraus Representation, Quantum Measurements, Projectors, Partial Trace

Simply using the natural form of the Kraus operators Ej, = (ex|Ulep), we have:

Ey = (0g|U|0g) = P,
By = (15|U|0g) = Pi.
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Exercise 8.5: Spin flips

Just as in the previous exercise, but now let

X Y
U=—=I+—=0X

V2 V2

Give the quantum operation for this process, in the operator sum representation.

Solution

Concepts Involved: Kraus Represenations, Partial Trace

Using the same idea,

X
Eo = (0g|U|0g) = 73

Y
E, = (1g|U|0g) = NG

Exercise 8.6: Composition of quantum operations

(%) Suppose £ and F are quantum operations on the same quantum system. Show that the composition
F o & is a quantum operation, in the sense that is has an operator-sum representation. State and prove
an extension of this result to the case where £ and F do not necessarily have the same input and output
spaces.

Solution

Concepts Involved: Krauss Represenation, Linear Maps, Compositions

Step 1: Composition of Two Quantum Operations

For an input state p, the action of the composition is:

(Fo&)(p) =F(E(p)).

First, apply £(p) using its Kraus decomposition:

E(p) = ExpE].
k
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Next, apply F to the result of £(p):
F(E(p) = F | D BwpE[ | = > F(EwpE}).
k k

Since F is linear, we can apply it to each term in the sum separately: ]—"(Eka};) = Zj FjEkaliFjT.
Thus, the composition F o £ can be written as:

(Fo&)(p) =Y F;ExpELF].
7,k

This expression is again in the form of an operator-sum representation, where the Kraus operators for the
composed operation F o & are given by the products F;Ej. Hence, we have shown that the composition
of two quantum operations is itself a quantum operation, with Kraus operators F; .

Step 2: Trace-Preserving Condition

To check that the map F o £ is trace-preserving, we compute:

S (FE)N(FEy) =) ELFIFE,.
j’k j’k

Since F is trace-preserving, we know that Zj F]TFj = I, so this simplifies to:
> ElIE, =) ElE: =1,
k k

Step 3: Extension to Different Input and Output Spaces

Suppose that:
e & maps states from the Hilbert space H4 to Hp,
e F maps states from Hp to He.

We can still write the composition F o £, but now & will have Kraus operators Ey : Ha — Hp and F
will have Kraus operators F; : Hp — Hc.
The composition will act as:
(Fo&)(p) = Y FyExpELF],
3.k
where p is a state on H 4, and the result will be a state on H. The Kraus operators for the composed

map are still given by the products F}; Ej, which now act from H4 to Hc.
O
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Exercise 8.7

(%) Suppose that instead of doing a projective measurement on the combined principal system and en-
vironment we had performed a general measurement described by measurement operators {M,,}. Find
operator-sum representations for the corresponding quantum operations &,, on the principal system, and
show that the respective measurement probabilities are tr[£(p)].

Solution

Concepts Involved: Kraus Representation, Quantum Measurements

Let the principal system S start in p and the environment E in |0)g. A joint unitary U acts on S ® E,
followed by a general measurement on SE with measurement operators {M,, } satisfying > M M,, =
Isg.

The (unnormalized) conditional post-measurement state of S given outcome m is

Em(p) = Tep | My U (p @ 0X0)) UM, |
Fix an orthonormal basis {|a)} of E and define Kraus operators on S by
Ko = (o M, U0) € L(S).

Then &, has the operator-sum form

Em(p) =Y KmapKf,,
«

Moreover,
> KhaKma = 010D MM, )U0) = 0]UTT0) = I,

so » .. Em is trace preserving and each &,, is completely positive.
The probability of outcome m is

p(m) = Tr[En(p)] | = Te[Mn U (p@ 0)O)) UMY,

and equivalently p(m) = Tr(F;,p) with POVM elements F,, := > K}LmaKm,a >0and ), F,=1Is.
(If E starts in a mixed state o = _; AjlejXe;|, take K aj := \/Aj (@|MUle;) and sum over a, j.)
O

Exercise 8.8: Non-trace-preserving quantum operations

Explain how to construct a unitary operator for a system—environment model of a non-trace-preserving
quantum operation, by introducing an extra operator, E,, into the set of operation elements E}, chosen
so that when summing over the complete set of £, including k& = oo, one obtains ), E;Ek =/,
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Concepts Involved: Kraus Representation, Completeness

Non trace preserving quantum operators are characterized by the relation

Y BB <1
k

To embed this operation into a unitary evolution, we introduce an auxiliary operator F, such that

N ElE.+El Ex =1,
k

Ey = |I— ZE,iEk.
k

To construct a unitary U, introduce an environment Hilbert space with an orthonormal basis {|e;)} and
define

where E is defined as

Ulb)leo) = Y (Eule)) ® lex) + (Bool$) ® leco)-

k

The unitarity condition UTU = I follows from the completeness relation of the extended Kraus operators,
ensuring that the process remains reversible in the extended system-environment space. O

Exercise 8.9: Measurement model

(x) If we are given a set of quantum operations {&,,} such that ) &, is trace-preserving, then it is
possible to construct a measurement model giving rise to this set of quantum operations. For each m, let
E,.1. be a set of operation elements for &,,. Introduce an environmental system, E, with an orthonormal
basis |m, k) in one-to-one correspondence with the set of indices for the operation elements. Analogously
to the earlier construction, define an operator U such that

Ule)leo) =Y Emlt)|m, k).

m,k

Next, define projectors P,, = ), |m,k)(m, k| on the environmental system, E. Show that performing
U on p ® |eg)(eo|, then measuring P, gives m with probability tr(,(p)), and the corresponding post-
measurement state of the principal system is &, (p)/ tr(Em(p)).

Concepts Involved: Kraus Representation, Projectors, Quantum Measurement

300



Performing U we have:

p® leoXeol = Ulp® leo)eo JUT = Z EnkpEL 4 @ |0, kXn, k')
n,k n’,k’

Now measuring P,,, the post-measurement state of the entire system is given by:

PU(p ® |eo)eo|)UT Py Z|ml m, )Y EmipE]
n,k n,k’

3 EuoBl & I K ]
k,k’

Z|ml (m, 1])

where we have used the orthogonality of the |m, k) states.
Tracing out the environmental system yields the (unnormalized) post-measurement state on the principal
system:

Trp(Pul(p @ leoXeo U Pr) = Trp(> " EmipE]y @ [m, kXm, K'|)
(857

= Z Emka:rnk
k
= Em(p)

where the trace only picks out the diagonal elements in the sum. To get the probability of this measurement
outcome, we take the trace of the above (noting that Tr = Tr Trg):

Tr(PmU p® leo) eo|)UTP )
Tr(Tr (PulU(p ® |eoXeo|)UT Py ))
= Tt(Em(p))

And hence the normalized post-measurement state of the principal system is:

En(p)/p(m) = Em(p)/ Tr(Em(p))
O

\. J

Exercise 8.10

(%) Give a proof of Theorem 8.3 based on the freedom in the operator-sum representation, as follows. Let
{E;} be a set of operation elements for £. Define a matrix W, = tr(E]T.Ek). Show that the matrix W

is Hermitian and of rank at most d?, and thus there is a unitary matrix u such that uWWu'! is diagonal
with at most d? non-zero entries. Use u to define a new set of at most d? non-zero operation elements
{Fj} for £.
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Concepts Involved: Kraus Representation, Unitary Operators

Wi = Te(E] Ey,).
Since W is constructed from inner products, it satisfies
W, = Te((E]Ey,)*) = Te(ELE;) = Wiy,

proving that W is Hermitian.
Since each E; is a d x d matrix, the space of all such matrices has dimension at most d?. Thus, the rank
of W is at most d?,

rank(W) < d?.
Since W is Hermitian, there exists a unitary matrix u such that
uWul = A,

where A is diagonal with at most d? nonzero entries.
Define new operation elements

Fj = Zu]kEk
k
Since u is unitary,
E(p) =) E;pEl =) F;pF).
J J

Thus, the same quantum channel can be represented using at most d* nonzero operators {F}}. O

Exercise 8.11

Suppose £ is a quantum operation mapping a d-dimensional input space to a d’-dimensional output space.
Show that £ can be described using a set of at most dd’ operation elements {E}}.

Solution

Concepts Involved: Kraus Representation

Again we let Let E(p) = >, EjpE; be a quantum channel with operation elements {E;}, where each

E; is now a d’ x d matrix. Now let D = max(d,d’) and construct the operation elements {E;} where

each E; is a D x D matrix, having padded the deficient rows/columns with zeros. We can then construct

W, = TT(E;TE,’C) as in the last problem, wherein W now satisfies rank(WW) < dd’ as each E; has only at
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most dd’ nonzero entries. Following the previous exercise, we can construct dd’ nonzero operators {FJ’}

(which are D x D matrices) which we can then trim back off the zero row/columns to get back to d’ x d
operators {F} }. O

Exercise 8.12

Why can we assume that O has determinant 1 in the decomposition (8.93)7

Solution

Concepts Involved: Affine Maps, Orthogonal Matrices, Polar Decomposition

By construction the O appearing in M = OS is orthogonal, which means det(O) = £1. In the case that
det(0) = —1, we may write M = (—=0)(=S) = O’S’ in which O’ = —O is real, orthogonal, and has
det(O’) =1 and S’ = —S is still symmetric and real. Hence we may assume that O has determinant 1.

Remark: In the polar decomposition discussed in Chapter 2.1.10, we write M = UJ where U is unitary
J is positive, not just real and symmetric. Here we relax the positivity condition so that we may absorb a
potential negative sign from U/O.

Exercise 8.13

(%) Show that unitary transformations correspond to rotations of the Bloch sphere.

Concepts Involved: Unitary Operators, Rotations, Bloch Sphere

(I+r-o), with o = (0,,0,,0.) and r € R3.

N[—=

Any single qubit density matrix can be expressed as p =
Let the unitary be the axis—angle element

A 5 0 0
U = gigfe = cl —is(n-o), ¢ = cos o, s:sini,

where [|7]| = 1. The evolved state is o' = UpU' = (I + 1’ - o) with
v o=U(r o)U'.
Using the Pauli identity (o-a)(o-b) = (a-b) I +io-(a x b), set A=o-r, B= -0, we compute
UAU' = (cI —isB) A(cI +isB) = ¢?A + ics[A, B] + s’ BAB.
From the product rule,
[A,B]|=2io-(r x ) =—2io-(7h X ), BAB = —o-r+2(fi'r) o-f.

Inserting this into the expression of interest and using ¢? — s2 = cosf, 2¢s = sin#, 252 = 1 — cosf, we
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have
Ule-r)Ul = (> —s*)or+2cso- (7 x r) + 25> (A1) -

=0 (rcos€ + (2 x r)sinf + a(h-r)(l — cos@)).

Therefore the Bloch vector rotates as

’ r' =rcosf + (7 x r)sinf + n(A-r) (1 — cosh) ‘

i.e. Rodrigues’ formula for a rotation by angle 6 about axis 7.
Hence U acts as a rotation on the Bloch sphere. O

Exercise 8.14

Show that det(.S) need not be positive.

Concepts Involved: Affine Maps, Symmetric Matrices, Polar Decomposition, Bloch Sphere

It suffices to provide an example. Consider M = diag(1,1,—1), corresponding to a reflection z < —z
about the xy plane of the Bloch sphere. Evidently this maps the Bloch sphere to itself. However, we note
that det(M) = —1 and thus det(M) = det(OS) = det(O) det(S) = det(S) = —1 and hence det(S) is
negative in this case. Generally, any map involving a reflection will result in det(S) < 0 (since we absorb
the negative signs arising from reflections that were in O into S as per Ex. [8.12). O

Exercise 8.15

Suppose a projective measurement is performed on a single qubit in the basis |+), |—), where |£) =
(]0) & |1))/v/2. In the event that we are ignorant of the result of the measurement, the density matrix
evolves according to the equation

p=E(p) = [N+ o)X+ + |=X=lp]=X-]

Illustrate this transformation on the Bloch sphere.

Concepts Involved: Density Operators, Quantum Measurement, Bloch Sphere

Using the standard pauli projectors, [+£)(+| = 1(I & X), we have

E(p) = [+HX+pl+X+H + =X—lpl=X~| = 3 (p + X pX).

Now, we note that p = (I +r - o) with r = (r,,7y,72). Since X0, X = 0, X0y X = —0,, X0.X =
—0z,

E(p) =3I +r0,) = ¥ =(ry0,0).
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Thus the nonselective measurement in the {|+),|—)} basis acts as complete dephasing in the X basis:
the Bloch vector is orthogonally projected onto the z-axis (only 7, survives, r, and r, vanish). O

Exercise 8.16

(%) The graphical method for understanding single qubit quantum operations was derived for trace-
preserving quantum operations. Find an explicit example of a non-trace-preserving quantum operation
which cannot be described as a deformation of the Bloch sphere, followed by a rotation and a displacement.

Concepts Involved: Density Operators, Bloch Sphere

Consider the filter
E(p) = KpK', K =10)(0] + X |[1){1], 0<A<1.

Then KTK = [0)(0] + A2 |1)(1| < I, so & is completely positive and trace-non-increasing . Write
p=3(I+z0, +yo, + 20.), so

5(p):;<A(i~iz¢y) igﬂ(cl—fg) p(x,y,z):tr[g(p)}:(lm)+2(1_A>z_

Conditioned on the outcome (i.e. after renormalization p’ = &£(p)/p), the output Bloch vector »' =
(z',y',2') is
/_)‘j F_ Y s A=)+ A+ M)z

S YTy T aEmra-we )

This dependence on p (which itself depends on z) makes r — 1’ fractional-linear, not affine. But any

“deformation of the Bloch sphere, followed by a rotation and a displacement” is an affine map r’ = Ar +t.
A concrete convexity check shows the failure of affinity. Let p; = |0)(0] (r1 = (0,0,1)), p2 = |1)(1]
(r2=(0,0,—-1)), and p= £ (7 = 0). From (x):

r=(0,0,1), 75 =(0,0,—1) f’—(ooﬂ)
1 — 9 Yy ) 2 — » Yy 9 - [ 1 + )\2 °
Yet %(r’l +75) = (0,0,0) # 7. Therefore this non—trace-preserving operation cannot be represented by

the Bloch-sphere graphical recipe (affine transform).
O
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Exercise 8.17

Verify (8.101) as follows. Define

£(A) = A+ XAX +YAY +ZAZ

and show that

Now use the Bloch sphere representation for single qubit density matrices to verify (8.101).

Solution

Concepts Involved: Depolarizing Channel, Bloch Sphere

It is straightforward to check

g(X)iX+XXX+YXY+ZXZ7X+X+YXY+ZXZ _X+X-X-X .
- 4 - 4 n 4 -

Similarly, it follows £(Y') = £(Z) = 0.Now, we simply employ linearity and the single qubit density matrix

representation to arrive at
1 1
2
1
2

XpX YY z
:>p+p+4p+p

which we set out to prove. O

Exercise 8.18

For k > 1 show that tr(p*) is never increased by the action of the depolarizing channel.

Concepts Involved: Trace, Depolarizing Channel, Binomial expansion
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Now taking the trace, we have

Tr ([5p(p)]k) = Zk: (:;)(1 —p)* ™ T (pk‘m) (fl :
m=0
rkk —k*mmlm as Tr(pF r(p"~™) Ym
<T(p)mz_:0< >(1 p)Fp (d) Tr(p*) > Tr(p"™™) ¥m >0
=Tr (o) @—p+ D)
STr(pk)(l—erp)k Vd>1
()

O
Exercise 8.19

Find an operator-sum representation for a generalized depolarizing channel acting on a d-dimensional
Hilbert space.

Solution

Concepts Involved: Kraus Representation, Depolarizing Channel

The generalized depolarizing channel £ on a d-dimensional Hilbert space is defined as

E(p) = (L=plp+ =,

where 0 < p < 1 is the depolarizing probability and I is the identity operator in the d-dimensional space.
The operator-sum (Kraus) representation for this channel is

O
Exercise 8.20

Y.

Pin &b Pout

10) — Ry (6) [~
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Concepts Involved: Kraus Representation, Amplitude Damping Channel

It is instructive to write the unitary interaction as

U=I®FPR+X®P)(Ph®I+P ®Ry0))
:PO®PO+P1®PORy(0)+XPO®P1+XP1®P1Ry(9)

Thus, the Kraus operators can be calculated using

Ey = (0g|U|0g) = Py(0g|Ps|0r) + Pi(0g|PyR,(6)|0g) = Py + P1.COS(9/2)

To match this with the matrix representation in Eq. (8.108), we should have
cos(0/2) = /11—~
— v = sin?(6/2).

O

. J

Exercise 8.21: Amplitude damping of a harmonic oscillator

(%) Suppose that our principal system, a harmonic oscillator, interacts with an environment, modeled as
another harmonic oscillator, through the Hamiltonian

H = x(a'b +b'a)

where a and b are the annihilation operators for the respective harmonic oscillators, as defined in Section
7.3.

(1) Using U = exp(—iHAt), denoting the eigenstates of b'b at |k;), and selecting the vacuum state
|0p) as the initial state of the environment, show that the operation elements Ey, = (k;|U|0p) are

found to be
B = () VA= k o =

where v = 1 — cos?(yAt) is the probability of losing a single quantum of energy, and states such as
|n) are eigenstates of a'a.

(2) Show that the operation elements E}, define a trace-preserving quantum operation.

Concepts Involved: Creation/Annihilation Operators, Amplitude Daming Channel, Kraus Representation

Let # = YAt and U = e A% with H = y(a'b + bfa). The Heisenberg evolution gives the standard
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beam-splitter mixing
UtaU = acosf —ibsinb, UtbU = bcos —iasinb.
Since U |04, 0p) = |04, 0p), for a system number state |n) = |n,),

_ (UatUH™ (afcosf — i bl sin )"
vnl e

Expanding binomially and using af»=*b1%(0,0) = \/(n — k)! k! |n — k, k) yields

U|n,0) = io\/ﬁcosﬁ k(—isin®)* |n— k), ® |k, -

Projecting the environment onto (k3| defines the Kraus action Ejy, = (ky| U |0p):

By ln) =/ (Z) (cos®)"F (—ising)* jn—k)  (0<k<n),

and Ej |n) = 0 for K > n. Absorbing the phase (—i)* into a redefinition of the environment basis, and

U|n,0), |0,0) = |0,0).

writing v = sin? @ = 1 — cos? §, we obtain

By = i () Va=nm+a* -kl

To show trace preservation, compute for any number state |n):

Bl = (1) = 9)" 2 ) <k <)

hence, by the binomial theorem,

(ZETEk) =3 (F) =t = [0 =)+ I = .

k=0

Therefore ), E;Ek = 1T, and the map is trace-preserving. O
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Exercise 8.22: Amplitude damping of single qubit density matrix

For the general single qubit state

show that the amplitude damping leads to

Eap(p) = 1-1—9)(1—a) by1—7
A b*vT—7 (1 =7)

Concepts Involved: Amplitude Damping Channel, Density Operators

the amplitude damping channel is

Eap(p) = KopK§ + K1pK],

(10 (o 7
KO(O 1—'y>’ Kl(o 0)'

Now, applying the Kraus operators

where the Kraus operators are

T a b\/l—j/
K“’)K(’(b*m e(1-7))"

c 0
KlpKI_<70 0).

Summing the two results

Eap(p) = a+y(1—a) by/IT—7
AP bvI—7  c(l-7))"
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Since a + ¢ = 1, we arrive at the desired form

Ean(p) = 1-(1—-7)(1—-a) byT—7
v VvI=y  el-7))

Exercise 8.23: Amplitude damping of dual-rail qubits

Suppose that a single qubit state is represented by using two qubits, as
|y = a|01) + b|10) .

Show that E4p ® Eap applied to this state gives a process which can be described by the operation
elements

E¥=\1-~1I
E" = /7 [|00){01] + [00){10]]

that is, either nothing (ES") happens to the qubit, or the qubit is transformed (E§") into the state |00),
which is orthogonal to [1). This is a simple error-detection code, and is also the basis for the robustness
of the ‘dual-rail’ qubit discussed in Section 7.4.

Concepts Involved: Amplitude Damping Channel, Dual-Rail Representation

The amplitude damping channel £4p is described by the Kraus operators

(10 (0 A
chd) )

The action of E4p ® Eap on |¢) results in

Ko ® Ko [¢) = v/1=7[9),
K1 ® Ko |¢) = a\/7100),
Ko ® K1 [) = by/7(00),
K1 ® K [¢) =0.

Thus, the total channel action is given by

Eap ® Eap([¥){(¥]) = (1 =) [¥)¥] + al*y [00X00] + [6]* [00)00]
= (1 =7) [¥X%| +~[00X00]
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This process can be described by the operation elements

By’ =/1-11,

E{" = /7 (]00) (01| + |00) (10]) .

Hence, E4p ® Eap either applies no change to the qubits (EJ") or transforms the state into [00) (E¢").
O

Exercise 8.24: Spontaneous emission is amplitude damping

A single atom coupled to a single mode of electromagnetic radiation undergoes spontaneous emission,
as was described in Section 7.6.1. To see that this process is just amplitude damping, take the unitary
operation resulting from the Jaynes—Cummings interaction, Equation (7.77), with detuning § = 0, and
give the quantum operation resulting from tracing over the field.

Concepts Involved: Kraus Representation, Amplitude Damping Channel, JC Model

Eq. (7.77) with § = 0 is given by:
U =]00X00| + cos(gt)(|01X01| + |10)X10]) — i sin(gt)(|01X10| + |10X01])
So the quantum operation on the atom obtained by tracing over the field (the first qubit) is given by:

Eo = (0] U[0) p = |0X0] + cos(gt) [1X1]

Ey = (1] U|0), = —isin(gt) |0)1]

When we look at the action of this quantum operation, since EI = isin(gt)|1)(0| and the operation
elements act on p via conjugation, we can discard the phase factor (as it drops out) and so:

Bo = 00] + cos(gt) [1)1] = [3 cos(fga]

E; = sin(gt) [01)(01] = [8 Sin(()gt)]

which are the operation elements for amplitude damping with v = sin®(gt). O

Exercise 8.25

If we define the temperature T' of a qubit by assuming that in equilibrium the probabilities of being in
the |0) or |1) states satisfy a Boltzmann distribution, that is rq = e~ Fo/k8t/Z and p; = e~ F1/ksT ) Z,
where Ej is the energy of the state |0), E; the energy of the state |1), and Z = e~ Fo/knt 4 ¢=F1/ksT,
what temperature described the state po.?
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Concepts Involved: Density Operators, Mixed States

To determine the temperature T that describes the state p,, we assume that in equilibrium, the probability
of the qubit being in states |0) and |1) follows the Boltzmann distribution:

e—Eo/ksT
Po = —z
e—E1/ksT
b1 = T’

where the partition function is:
Z — ¢~ Bo/kpT | ~Ei/kpT
By defining the energy difference between the two states as:
AE = E, — Ey,

we rewrite the probability of being in state |1) as:

e—E1/kpT

b1 = e—EO/kBT +6—E1/kBT
e—AE/kBT

T 14 e AE/ksT"
Thus, the ratio of the probabilities satisfies:
b1 _ o~ AE/ksT
Po

Given a state po, with diagonal elements (poo)oo = p and (poo )11 = 1—p, we can determine its temperature
by solving:

l-p _ o—AB/kpT

Solving for T

Exercise 8.26: Circuit model for phase damping

Show that the circuit in Figure 8.15 can be used to model the phase damping quantum operation, provided
0 is chosen appropriately.
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Concepts Involved: Kraus Representation, Phase Damping Channel

It is instructive to write the unitary interaction as
U=(Py®I+P®Ry0))
Thus, the Kraus operators can be calculated using

Ey = (0g|U|0g) = Po(0g|I|0g) + Pi(0|Ry(6)|0g) = Py + Pl.cos(0/2)

This is the phase damping operation, provided 6 is chosen as

sin?(0/2) = \.

Exercise 8.27: Phase damping = phase flip channel

Give the unitary transformation which related the operation elements of (8.127)-(8.128) to those of (8.129)-
(8.130); that is, find u such that By =}, u; Ej.

Concepts Involved: Unitary Operators, Kraus Representations, Phase Damping Channel, Phase Flip
Channel

Let us first choose A = sin 6, which gives us a = cos?(6/2).
We can write down the Kraus operators as

and

~ cos(6 ~ sin (60
b= ( (0/2) cos(09/2)> = ( (0/2) —sin0(0/2)> '

Using the transform equations,
Eo = upoEo + uo1 Er

yields ugo = cos(6/2) and ug; = sin(6/2).
Similar equations for E gives us, u1g = sin(6/2) and u1; = — cos(6/2). Thus the unitary transformation
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relating the two representations is

U— (cos(9/2) sin(6/2) )

sin(0/2) — cos(6/2)

where cos(6/2) = V/\.

Exercise 8.28: One CNOT phase damping model circuit

Show that a single CNOT gate can be used as a model for phase damping, if we let the initial state of
the environment be a mixed state, where the amount of damping is determined by the probability of the
states in the mixture.

Concepts Involved: Controlled Operations, Phase Damping Channel

Let us express the initial state of the environment in the computational basis as

~ [P @
pE<a* 1_p>

and the pure system state under evolution as

The output of the channel is given by,

Pout = Trg (U(Ps ® pE)UT)

- I 0 I o0 B la|?pE af*pg - X
Pout = Tre (0 X)'(ps®pE)'<o X) _TrE<a*ﬁX-pE B*X - pE - X

Thus,
~ |of? 2Re(a) - af*
pout = 3 2
2Re(a) - o f 18]
This is the phase damping channel with e=* = 2Re(a) O
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Exercise 8.29: Unitality

A quantum process £ is unital if £(I) = I. Show that the depolarizing and phase damping channels are
unital, while amplitude damping is not.

Concepts Involved: Unitality, Depolarizing Channel, Phase Damping Channel

We compute the action of the channels on the density matrix. For the depolarizing channel, for the correct
normalization we input I/d (a normalized quantum state) rather than I

5depo|(§) = pé +(1 *p)é = é
So it is indeed unital. For phase damping we have
Epp(I) = EyIE} + By IE]
= EoE} + ELE]}
1 0 1 0 0 O 0 0
_omlo \/ﬁJroﬁHO ﬁ}
1

b

so it is also unital. For the amplitude damping channel we have

Enn(I) = EIE} + E\IE}
= FEyE} + By, E}

|1 0 1 0 . 0 7 0 O
0 VI=7| |0 VI=7 0 O Na\
oo S
01—+« + 0 0]
__l—i-v 0
B 0 1—~
£1
so it is not unital. ]
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Exercise 8.30: T, < T,/2

The T phase coherence relaxation rate is just the exponential decay rate of the off-diagonal elements
in the qubit density matrix, while 7} is the decay rate of the diagonal elements (see Equation (7.144)).
Amplitude damping has both nonzero T} and T5 rates; show that for amplitude damping 75 = T3 /2. Also
show that if amplitude and phase damping are both applied then Tb < T} /2.

Concepts Involved: Density Operators, Amplitude Damping Channel, Phase Damping Channel

Eq. (7.144) describes the T /T, decay:

a b
b* 1—a

We can compare this to the result of Ex. [8.:22}

a b . 1-1-v)(1-a) by1—7
b 1-a b*vI—~ (I—a)(1-7)

(a — ag)e™ Tt 4 aqg be /T2
bret/T2 (ag —a)e T +1—aq

wherein for amplitude damping we can identify ag = 1, (1 —v) = e */", and /T — v = e“¥/2. Therein:
(eft/T2)2 — 672t/T2 — e*t/Tl
and so T, = T4 /2.

If we have phase damping inb addition to amplitude damping, the off-diagonal/coherence terms decay
with parameter A (See Eq. (8.125)), so:

a b 1—(1-v)(1-a) b/T—qe?
bol—al | ByTmAer (1—a)(1-7)

wherein we now identify \/T — ve~* = e~*/T2. We then can calculate:

(eft/T2)2 _ ef2t/T2 — (mef)\)2 _ (1 _ 7)672>‘ _ eft/T172/\

Exercise 8.31: Exponential sensitivity to phase damping

Using (8.126), show that the element py.,, = (n|p/m) in the density matrix of the harmonic oscillator
decays exponentially as e=2n=m)” ynder the effect of phase damping, for some constant A.
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Concepts Involved: Density Operators, Phase Damping Channel

Consider pure dephasing with Hamiltonian H = wN and Lindblad operator L = N (set h = 1). The
master equation is

p = —ilH, p| +7(LoL - H{I?,p}) = —iwIN,p] - §[N, [, ]
In the number basis N|n) = n|n), taking matrix elements gives
Prm = —iw(n —m)ppm — %(n - m)2 Pnm-

Solving,

—iw(n—m)t e—%t(n—m)2

pnm(t) = pnm(o)e

so the magnitude decays as

2
Pum®] = [pum (@) e, A= %,

Exercise 8.32

H D

(%) Explain how to extend quantum process tomography to the case of non-trace-preserving quantum
operations, such as arise in the study of measurement.

Concepts Involved: Quantum Process Tomography, Kraus Representation

In standard quantum process tomography (QPT), one reconstructs a completely positive, trace-preserving
(CPTP) map £. In Kraus form,

E(p) =) ArpAl, Y AlA, =1
k k
Equivalently, the Choi operator
J(€) = (€@ T)(|2){Q)
satisfies the trace-preserving constraint

Trow|J(E)] = I.

For non—trace-preserving operations, such as measurement outcomes, the map is still completely positive
but only trace—nonincreasing:

Sm(p) = ZAm,k pAInng ZAIn,kAm,k < I,
k k
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The corresponding Choi operator is positive semidefinite,
J(Em) 20,
but now obeys the weaker condition
Trou[J(Em)] = P < 1,
where P,, is the success operator. The probability of outcome m on input p is

Pm(p) = Tx[ Pmp].

Thus the extension of QPT to non—trace-preserving maps is simply: in the reconstruction procedure, do
not impose the trace-preserving constraint Tro,: J = I, but instead allow the more general Troy J < I,
and use tomographic data to estimate both the dynamical map J(&,,) and its associated success operator

1B O
Exercise 8.33: Specifying a quantum process

(%%) Suppose that one wished to completely specify an arbitrary single qubit operation £ by describing
how a set of points on the Bloch sphere {ry} transform under £. Prove that the set must contain at least
four points.

Concepts Involved: Affine Maps, Bloch Sphere

Any single-qubit state can be written as p =
on Bloch vectors

(I +r-0o) with ||| < 1. Every CPTP map & acts affinely

N[—=

r = v =Tr+t, T eR33, t e R3.

If we try to determine £ by prescribing the images of m Bloch-sphere points {rj}}" ;, we obtain the linear
system
Try+t=r), (k=1,...,m),

which yields at most 3m independent scalar equations for the 12 real unknowns (the 9 entries of 7" and
the 3 entries of t). Thus a necessary condition for unique determination of (7', t) in general is 3m > 12,
i.e. m>4.

Moreover, the CPTP constraints do not rescue the case m = 3. Fix three sphere points r{,rs,r3 and
define d; = r; — r3, do = ry — r3. Choose v # 0 orthogonal to both d;,ds and any u # 0, and set

AT =uv', At =—ATr;.

Then ATri + At = 0 for k = 1,2,3. Let (Tp,to) be any qubit CPTP map in the interior of the
CPTP set (e.g., the completely depolarizing channel). For sufficiently small ¢ # 0, the perturbed map
(To + AT, to + cAt) remains CPTP, yet it agrees with (Tp,t¢) on rq,ra,r3. Hence three points never
suffice to uniquely specify €. Therefore, at least four (affinely independent) Bloch-sphere points are
necessary to completely determine an arbitrary single-qubit operation. O
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Exercise 8.34: Process tomography for two qubits

Show that the 4 describing the black box operations on two qubits can be expressed as
X2 = Aap'Asy
where Ao = A ® A, A is as defined in Box 8.5, and 7 is a block matrix of 16 measured density matrices,
Pl P2 Piz Pla
5= pT |Pn Pz P Pulp
P31 Ps2 s Paa
P Phz Pis Paa

where o, = & (0nm) s prm = T [00X00| Ty, Ts = [ @ I, Ty = I® X, Ty = X ® I, Ty = X ® X, and
P =1® [(poo + p12 + p21 + p33) ® I] is a permutation matrix.

Concepts Involved: Quantum Process Tomography, Density Operators,

Let {[1),2),13),]4)} = {]00),]01),]10), |11)}. Define
=101, Th=I9X, T3=X®I, T,=X&X.

Then
Prm = Ty |00X00|T,, = InYm| = Epp,.

Passing these through & gives
pipm = E(pnm) = S(Enm)7

and assembling them yields the 4 x 4 block matrix

B = [p;nn ]i,m:l'

The Choi matrix of £ is

n,m n,m

This is a reshuffling of B, implemented by a fixed permutation matrix P. Define
7 = PTBP,

so that p’ is exactly J(&) written in the computational operator basis.
For a single qubit, Box 8.5 introduces a 4 x 4 change-of-basis matrix A that maps from the matrix-units
basis {|i)(j|} to the normalized Pauli basis {I, X,Y, Z}/+/2. For two qubits this factorizes as

Ag=AQA.
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By definition, the x-matrix is the Choi matrix expressed in the Pauli-product basis. Therefore,
X2 =Nz 0’ Ay,

as required. 0

\. J

Exercise 8.35: Process tomography example

(%) Consider a one qubit black box of unknown dynamics £;. Suppose that the following four density
matrices are obtained from experimental measurements, performed according to Equations (8.173)—(8.176)

, 1o
pl_ O O

;) 0 Vv1—v
P2 = 0 0

N
p3_ /1_,7/ 0
|7 0

where  is a numerical parameter. From an independent study of each of these input-output relations, one
could make several important observations: the ground state |0) is left invariant by &;. the excited state
|1) partially decays to the ground state, and superposition states are damped. Determine the x matrix
for this process.

Concepts Involved: Quantum Processing Tomography, Density Operators

The input/output data correspond to the amplitude—-damping channel with parameter v, whose Kraus
operators may be chosen as

) )
Express K; in the normalized Pauli basis {Ey, F1, Eo, E3} = {I, X,Y, Z}//2. With s = /T — 7,
Ko=al+BZ = V2aEy+V2BE;, a=12 =13
Ki=Y(X+iY) = YL E+ B,
Let eg = (v/20,0,0,v28)" and e; = (0, %, i\‘g,o)T be the coefficient vectors of Ky, K in this basis.
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Then the process matrix is x = . eiej, i.e.

1-2+s 0 0 3
0 1 -z 0
X = P ; s=y1-7.
0 g2 2 0
ol _ 2 _
5 0 0 le=g=5 UXY.Z}V3

This x is positive semidefinite and satisfies the trace preserving constraint in the normalized Pauli basis.
O

Problem 8.1: Lindblad form to quantum operation

(%) In the notation of Section 8.4.1, explicitly work through the steps to solve the differential equation
. A
p=—5lo4o-p+poro_ —20_poy)

for p(t). Express the map p(0) — p(t) as p(t) = >, Ek(t)p(O)E,i(t).

\. J

Concepts Involved: Differential Equations, Kraus Represenations

Let us use the master equation to obtain the differential equations for the diagonal and off-diagonal
elements:

e Population (diagonal) elements:
p11(t) = —=Ap11(t),  poo(t) = Apui(t),

with solutions:
p11(t) = p11(0)e ™, poo(t) = poo(0) + p11(0)(1 — e~ ).
o Coherence (off-diagonal) elements:

A

pro(®) = ~5mm0(0), hor(t) = ~Sp0 (),

with solutions:
p10(t) = p10(0)e ™2, po1(t) = por(0)e /2.

The time evolution of the density matrix can be expressed using Kraus operators for amplitude damping:

Eo(t>:<1 0 ) El(t)=<o ”1_6_M>-

0 e~ At 0
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These Kraus operators satisfy the completeness relation:
Ej(t)Bo(t) + E{(®)Br(t) = 1,
and the solution to the master equation is:
p(t) = Eo(t)p(0)Ef(t) + Ex(t)p(0) B (2).

O

\. J

Problem 8.2: Teleportation as a quantum operation

(%) Suppose Alice is in possession of a single qubit, denoted as system 1, which she wishes to teleport to
Bob. Unfortunately, she and Bob only share an imperfectly entangled pair of qubits. Alice’s half of this
pair is denoted system 2, and Bob's half is denoted system 3. Suppose Alice performs a measurement
described by a set of quantum operations &,,, with result m on systems 1 and 2. Show that this induces an
operation E,, relating the initial stat of the system 1 to the final state of system 3, and that teleportation
is accomplished if Bob can reverse this operation using a trace-preserving quantum operation R,,, to
obtain

m(p)

gN J—

where p is the initial state of system 1.

Solution

Concepts Involved: Quantum Teleporation, Density Operators, Kraus Representation

Teleportation Protocol

Let us consider a scenario where Alice holds qubit 1 (state p) to be teleported, and shares an imperfectly
entangled pair of qubits with Bob, where Alice holds qubit 2 and Bob holds qubit 3. The initial state of
the combined system (qubits 1, 2, and 3) is:

p123 = p1 ® [¥)ys (¥,

where |U),. represents the (imperfectly) entangled state between qubits 2 and 3.

Step 1: Alice’s Measurement on Systems 1 and 2

Alice performs a measurement on systems 1 and 2, described by the quantum operation &,,, corresponding

to Kraus operators E,%Z), and records the measurement outcome m. After this measurement, the state
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of the combined system becomes:

ﬁ(m) _ (ET()’P) ® I3)p123(E7(r}2) ® Ig)T
- T(ER? © Is)pr2s(En” © Is)T]

Step 2: Induced Operation on Bob’s Qubit

The measurement on systems 1 and 2 induces an operation &,, on Bob's qubit (system 3), which can be
expressed by tracing out systems 1 and 2:

Em(pr) = Triz [(BSD @ L) (o1 @ [ W)y (U)(EGD @ L)1

This describes how Alice’s measurement modifies the state of Bob's qubit, based on the initial state p; of
system 1.

Step 3: Bob’s Recovery Operation

Once Alice communicates the measurement outcome m to Bob, he applies a trace-preserving quantum
operation R, to reverse the effect of the induced operation &,,. The condition for successful teleportation

IS:
Tr[gm(/’l)}

where the division by Tr[&,,(p1)] ensures normalization.

Problem 8.3: Random unitary channels

(k%) It is tempting to believe that all unital channels, that is, those for which £(I) = I, result from
averaging over random unitary operations, thatis, £(p) = >, pr Ui p U,I, where Uy, are unitary operations
and the pi form a probability distribution. Show that while this is true for single qubits, it is untrue for
larger systems.

Concepts Involved: Unitary Operators, Unitality, Kraus Representation

Let X = C? and define the (Werner-Holevo) map

E(X) = %Tr(X)I - %XT

for all X € L(X). It can be confirmed that £ is a channel and unital, but it is not a mixed-unitary channel.
To demonstrate that £ is not a mixed-unitary channel, observe the decomposition

E(X) = A1 XAl + A, X AL + AsX Al
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for all X € L(X), where the matrices are given as

1 1
00(1) 0 0 0 5 0
Ap=10 0  Z5f, Ay=] 0 0 0], A=[-% 0 0
1 1
0 -% 0 -7 0 0 0 0 0

The validity of this expression for all X € L(X) can be verified through the Choi representation of the
map, which matches the right-hand side.

Recalling the Choi theorem,

Let X and Y be complex Euclidean spaces. Suppose £ € C(X,)) is a quantum channel, and let
{4, :a € X} C L(X,)) be a linearly independent set of operators. Then

E(X)=> AXA}
a€x
for all X € L(X). The channel £ is an extreme point of the set of channels C'(X,Y) if and only if the
collection
{AlA, : (a,b) €2 x 2} C L(X)

is linearly independent.
For us, the set {A}Ak :1 <4,k < 3} contains the following operators:

00 0 000 0 0 0
Alai=10 3 o], Ald=]1 o0 of, Alaz=(0o o o],
00 2 0 0 0 0 -1+ 0
0 30 00 0 00 0
AlAi =10 0 o], Ald,=(0 0 o, AlAz=[0 o L[,
000 00 1 00 0
00 —3 00 0 3 00
Alai =10 0 o], Ald,=|0 0o 1|, Aldz=|0 0 of.
00 0 00 0 000

This collection forms a linearly independent set and thus £ is an extreme point of the set of channels.
Since £ is not a unitary channel, it follows that it cannot be written as a convex combination of unitary

channels.
O
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9 Distance measures for quantum information

Exercise 9.1

What is the trace distance between the probability distribution (1,0) and the probability distribution
(1/2,1/2)? Between (1/2,1/3,1/6) and (3/4,1/8,1/8)?

Concepts Involved: Trace Distance

The trace distance between (1,0) and (%, 1) is:

D=5 (1-4l+0—4l) =

1
2

The trace distance between (%, %, %) and (%, %, %) is:

1 1 1
D=3 (-t +l-d+1h-3) -5 G+a+H) -3

Show that the trace distance between probability distributions (p,1 — p) and (¢,1 — q) is |p — q|.

Concepts Involved: Trace Distance

]

What is the fidelity of the probability distributions (1,0) and (1/2,1/2)? Of (1/2,1/3,1/6) and
(3/4,1/8,1/8)7

Solution

Concepts Involved: Fidelity

The fidelity between classical probability distributions p = (p1,...,pn) and ¢ = (q1,...,Gs) is

F(p,q):Z\/quz'-
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For (1,0) and (1,3),

]

Prove (9.3)

Concepts Involved: Trace Distance

We are given two probability distributions p, and g, over a finite sample space X, and aim to show:

1
D(p,q) = §Z|px — go| =max|> " (p: — )| -

SCx
zeS

Let A:={z € X :p, >q.}. Then:

Z|pr — G| = Z(pr —G2) + Z(% —Pa) = 22(1090 — 4a).

T€A zg A TEA

Thus, )
D(p,a) = 5 D lpe — gzl = D (p= — ¢2) = p(A) — q(A).
T T€A
Since this value is achieved by some subset A C X, it follows that:

D(p,q) = e Ip(S) — q(S)].

Exercise 9.5

H [j

Show that the absolute value signs may be removed from Equation (9.3), that is,

D(ps,¢z) = max(p(S) — q(S)) =max [ D pe— D e

€S zeS
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Concepts Involved: Trace Distance

The trace distance between distributions p and ¢ is

D(p,q) = max |y (p — 0a)|-

zeS

Let S be the complement of S. Then

Z(px — ) = Z(p:c — ) — Z(pac —¢z) = — Z(px — qa)s

zeS T z€S z€eS

since Y pe = ,q» = 1. Thus,

Z(pm - Qx) = max Z(pw - qgc)a Z(pw - (Zw)

€S zeS zeS

Therefore,

D(p, q) = max zeg(pm — ).

H D

Exercise 9.6

What is the trace distance between the density operators

S oXol + 1K1l 2 joXol + 3 1l

Between

3 1 2 1
21001+ XL S 4K+ + 5 1-X-1?

(Recall that |£) = (]0) £ |1))/V/2.

Concepts Involved: Trace Distance

3 1 2 1
p=7100 0+ 21D, o=310){0]+ 3 [1) {1
These states are diagonal in the computational basis. Their difference is

p-o= (- e+ (3-3)mai- 5o o- 5
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This operator has eigenvalues £, so its trace norm is:

T3
1 1 1

lo—oll = ’12 +'—12 =5

Thus, the trace distance is
D(p,0) = 5llp— ol = 5
For the second part, we have
2
p=71000[+71QAl, o=3l+ ><+|+ =) (=
Recall that 1 1
|H=—ﬁ®+M%IH=7ﬁm—M)

We express |+) (£] in the Pauli basis

[ (= 3@+ X), =)= @~ X)

So, we have ;
1
|0><0| +5 |1><1\ + = |0><0| - |1>< |=35+Z
2 1 1 1 1

The Bloch vectors are
_’:(Oa())%)v §: (%a070)

The trace distance between qubit states is

Dip,0) = 5l = 3 = 51/ (0= 1)’ + (3 -0)* =3

O

Show that for any states p and o, one may write p — o = Q — S, where @ and S are positive operators
with support on orthogonal vector spaces. (Hint: use the spectral decomposition p — o = UDUT, and
split the diagonal matrix D intro positive and negative parts. This fact will continue to be useful later.)

Concepts Involved: Positive Operators, Spectral Decomposition

Let A := p — o, which is Hermitian. By the spectral theorem, we can write

A=UDU?,
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.

where D = diag(A1,...,\,) is a real diagonal matrix and U is unitary.
Define the positive and negative parts of D as:

D, := diag(max{)\;,0}), D_ := diag(max{—2\;,0}).

Then:
D=D,-D_. = A=UD,U'-UD_U".

Define:
Q:=UD,U', S:=UD_U".

Then p—o =@ — S, where Q@ >0, S > 0. Since Dy and D_ act on disjoint eigenspaces, their supports
are orthogonal, and unitaries preserve orthogonality. Therefore:

supp(Q) L supp(S).

Exercise 9.8: Convexity of the trace distance

Show that the trace distance is convex in its first input,

D sz—m,o < ZPiD(PiaU)

By symmetry convexity in the second entry follows from convexity in the first.

Concepts Involved: Trace distance, Convexity, Triangle inequality

Let D(p,0) := %||p — o|[1. We want to show:

D Zpipi,U SZPz’D(Pz’,U)~

Define 7 := 3. pip;. Then:

D(r,0) = 3 | S pilps — o)
g 1

Using the triangle inequality and linearity of the trace norm:

> pilpi—0)|| < pilloi —olh
g 1 %
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Hence:

D Zpi/’i70 < ZpiD(Pi,U)~

Remark: This proves convexity of the trace distance in the first argument. By symmetry D(p,0) =
D(o, p), convexity in the second argument follows. More generally, the trace distance is jointly convex:

D Zpipi,ZpiUi SZPiD(Pian),

a fact useful in quantum information theory and quantum hypothesis testing.

Exercise 9.9: Existence of fixed points

Schauder'’s fixed point theorem is a classic result from mathematics that implies that any continuous map
on a convex, compact subset of a Hilbert space has a fixed point. Use Schauder’s fixed point theorem to
prove that any trace-preserving quantum operation £ has a fixed point, that is, p such that £(p) = p.

Solution

Concepts Involved: Schauder's Fixed-Point Theorem, CPTP Maps, Convex Compact Sets, Continuity
Let £ be a trace-preserving quantum operation on density matrices. The set D of density matrices on a
finite-dimensional Hilbert space H is convex, compact, and closed in the trace norm topology.

Since £ is a quantum channel, it is completely positive and trace-preserving (CPTP), hence continuous in
the trace norm. Thus, £ : D — D is a continuous map from a convex compact subset of a Banach space
(here, a finite-dimensional space suffices) to itself.

By Schauder's fixed point theorem, there exists p € D such that £(p) = p. O
Remark: In finite dimensions, the Banach space structure is not essential — the convexity and com-
pactness of the set of density matrices, plus continuity of &, suffice. The fixed point p can be interpreted
physically as a steady state of the quantum channel.

Exercise 9.10

| r
\

Suppose & is a strictly contractive trace-preserving quantum operation, that is, for any p and o,
D(&(p),E(0)) < D(p,0). Show that & has a unique fixed point.

Solution

Concepts Involved: Strict Contraction, Trace Distance, Banach Fixed Point Theorem

Let £ be a strictly contractive, trace-preserving quantum operation. That is,

D(E(p),E(0)) < D(p,o) for all p # 0.
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The trace distance D(-, ) is a metric on the compact convex set D of density matrices.

This strict contractivity implies that £ is a strict contraction with respect to a complete metric (the trace
distance), hence the Banach fixed point theorem applies. Therefore, £ has a unique fixed point p* € D
such that £(p*) = p*. O
Remark:  Strict contractivity guarantees not only existence but also uniqueness of the fixed point.
Moreover, iterating the map p,11 := E(pn) leads to exponential convergence to the unique fixed point
p*, making it a strong attractor under repeated application of £.

Exercise 9.11

Suppose € is a trace-preserving quantum operation for which there exists a density operator py and a
trace-preserving quantum operation £’ such that

E(p) =ppo+ (1 —p)&'(p),

for some p, 0 < p < 1. Physically, this means that with probability p the input state is thrown out and
replaced with the fixed state pg, while with probability 1 — p the operation £’ occurs. Use joint convexity
to show that & is a strictly contractive quantum operation, and thus has a unique fixed point.

Concepts Involved: Trace Distance, Joint Convexity, Density Operators, Strict Contraction, Fixed Points

E(p) =ppo+ (1 —p)E'(p), with0<p<1.
Let p, o be two arbitrary density operators. Then:
D(&(p),€(a)) = D(ppo + (1 —p)E'(p), ppo + (1 — p)&'(0)).

Apply joint convexity of trace distance:

D(ppo + (L = p)E'(p), pro+ (1 = p)E'(0)) < pD(po, po) + (L — p)D(E'(p), €' (0)).

Since D(po, po) = 0 and &’ is trace-preserving (thus contractive):
D(E(p),£(0)) < (L —p)D(E'(p),€'(0)) < (1 = p)D(p,0).
Since 0 < p < 1, we have (1 — p) < 1, so:
D(&(p),€(0)) < D(p,0),

i.e., & is strictly contractive. O

Remark: By the previous result, any strictly contractive trace-preserving quantum operation has a unique
fixed point. Here, it is easy to see that £(pg) = po, SO po is the unique fixed point.
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Exercise 9.12

Consider the depolarizing channel introduced in Section 8.3.4 on page 378, £(p) = pI/2+ (1 —p)p. For
arbitrary p and o, find D(E(p),E(a)) using the Bloch representation, and prove explicitly that the map &
is strictly contractive, that is, D(E(p),E(0)) < D(p,0).

Solution

Concepts Involved: Depolarizing Channel, Bloch Sphere, Trace Distance, Strinct Contraction

The depolarizing channel acts as

I
E(p) =p5 + (1 —p)p, with0<p<1.

Represent qubit states p and o in the Bloch form

1 1
p:§(I+r g), ozi(I—i—s )
Then, ) ) ) .
=1+ —Pr.g S 3P
E(p)f2l+ 5 0 E(o) 2[+ 550

So the Bloch vector of £(p) is scaled by 1 — p. The trace distance between qubit states is

D(p,0) = 57 =, D(EP),E(@)) = (L~ p)(7 = )]l = (1~ p)D(p,).
Since0<p<1, wehave0<1-p<1,so
D(E(p), £()) < D(p,0)

for all p £ 0. Thus, £ is strictly contractive. U
Remark: The depolarizing channel shrinks all Bloch vectors toward the maximally mixed state I/2,
reducing distinguishability between any pair of states. Hence, it is strictly contractive and has a unique
fixed point: I/2.

,
\

Exercise 9.13

Show that the bit flip channel (Section 8.3.3) is contractive but not strictly contractive. Find the set of
fixed points for the bit flip channel.

Solution

Concepts Involved: Bit Flip Channel, Trace Distance, Contraction, Strict Contraction, Fixed Points

The bit flip channel is defined as
E(p) = (1 —p)p +pXpX,

where X is the Pauli-X operator and 0 < p < 1.
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To show contractivity, let p, o be density matrices:

E(p—o)=(10-p)p—0)+pX(p—0)X.

Using unitary invariance and convexity of the trace norm

1€(p = o)llh < (X =p)llp—olls +plX(p— o) X|[s = llp — ol

Thus, D(E(p),E(0)) < D(p,0), so & is contractive.
To see it is not strictly contractive, consider p, o diagonal in the {|+),|—)} basis, i.e., eigenstates of X.
Then XpX = p, so £(p) = p, and likewise for o, hence

D(&(p),E(0)) = D(p,0).
For fixed points, solve
E(p)=p=A—-pp+pXpX =p= XpX =p.

This implies p commutes with X, i.e., [X,p] = 0. The matrices commuting with X are exactly those
diagonal in the {|+),|—)} basis. Hence, the fixed points are the set of density operators diagonal in the
Hadamard basis. O

\. J

Exercise 9.14: Invariance of fidelity under unitary transforms

Prove (9.61) by using the fact that for any positive operator A, VUAUt = UV At.

Concepts Involved: Trace Norm, Positivite Operators, Unitary Operators

Equation (9.61) states that the trace norm is unitarily invariant:
|UAUT||, = ||Al|ly for all operators A and unitaries U.
Let A be arbitrary. By definition of the trace norm:
J Al = Tr VATA,

Let B := At A, which is a positive operator. Then:

||UAUT||1 =Tr \/(UAUT)T(UAUT) =T VUAIUTUAUT = Tt VU ATAUT.
Now apply the fact that for any positive operator B, VUBUT = Uv/BU'. So:
|[UAUT|); = Te(UVBUT) = Te(VB) = || A,

using cyclicity of the trace. Hence, |[UAUT||; = || Al|;. O
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Exercise 9.15

(%) Show that

F(p,0) = nﬁgﬂ(ww

Where |v) is any fixed purification of p, and the maximization is over all purifications of o.

Concepts Involved: Fidelity, Purifications, Uhlmann's theorem

Let |¢)) € H ® K be a fixed purification of p, i.e., Tric [ )| = p.
Any purification |¢) of o in the same extended space can be written as

o) =T ®U)|p),

where |@) is a fixed purification of o, and U is a unitary operator on the ancillary Hilbert space K. This
follows from the fact that any two purifications of the same state are related by a unitary on the purifying
system.

Therefore, the overlap between |¢) and |p) takes the form

Wlp) = Wl (T@U)[P),

and the maximal overlap over all purifications of o becomes
Iﬁl;ﬂ (W) | = max |(y| T U)|$)|-

Uhlmann's theorem states that
F(p,0) = max (W] (T U) I$)]

for any fixed purifications |¢)) of p and |®) of o.
Thus, we conclude

Remark: This expression shows that fidelity between mixed states equals the best achievable overlap
between a fixed purification of p and all purifications of o, emphasizing its interpretation as an optimal
transition amplitude between purifications.
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Exercise 9.16: The Hilbert—Schmidt inner product and entanglement

Suppose R and @ are two quantum systems with the same Hilbert space. Let |ig) and |ig) be orthonormal
basis sets for R and Q. Let A be an operator on R and B be an operator on Q. Define |m) = 3", |ir)|ig).
Show that

tr (ATB) = (m|(A® B)|m)

where the multiplication on the left hand side is of matrices, and it is understood that the matrix elements
of A are taken with respect to the basis |ig) and those for B with respect to the basis |ig).

Concepts Involved: Trace, Tensor Products, Maximally Entangled State, Hilbert-Schmidt Inner Product.

Let Hr = Hq = C? be Hilbert spaces for systems R and @, with orthonormal bases {|ir)} and {|ig)}.
Define the (unnormalized) maximally entangled state:

d
Im) = "lir) ® |iq) € Hr @ Hq.
=1

Let A be an operator on R, and B an operator on ). Then:

(ml (A® B)lm) = | >_ (irl ® (iq| | (A2 B) | 3_lir) ® |je)

J

=Y (irl Aljn) - (io| B|je)
%]

=" A;Bj;
%]

= (A);:B;
%]

= tr(ATB).

Remark: This relation plays a key role in the Choi—Jamiotkowski isomorphism and quantum process
tomography.

Exercise 9.17

Show that 0 < A(p, o) < /2, with equality in the first inequality if and only if p = o.

Solution

Concepts Involved: Density Operators, Angle Between States, Fidelity
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The angle between quantum states p and o is defined as:

A(p, o) = arccos F(p, o),

where F(p,0) = (tr \/,Bcr\/ﬁ)2 is the fidelity.
Step 1: Range of Fidelity
By definition, fidelity satisfies:
0< F(p,0) <1,

with equality F' =1 if and only if p = ¢, and F' = 0 if and only if p and o have orthogonal support.
Step 2: Apply arccos to the range
Since arccos : [0,1] — [0,7/2] is decreasing, we have:

0< Alp,o) < g

Step 3: Equality conditions
e Alp,0) =0 <= F(p,0)=1 <= p=o,

o A(p,o) = g <= F(p,0) =0 <= the supports of p and ¢ are orthogonal.

Thus, the first inequality is saturated if and only if p = 0. O

Remark: This shows that A(p, o) behaves like a proper distance measure (though not a metric), vanishing
only when the states are identical and attaining its maximum when they are perfectly distinguishable.

Exercise 9.18: Contractivity of the angle

Let £ be a trace-preserving quantum operation. Show that

A(E(p), €(0)) < A(p, )

Concepts Involved: Density Operators, Angle Between States, Fidelity

We are given a trace-preserving quantum operation £. Define the quantum angle as
A(p, o) = arccos F(p, o).

Fidelity is monotonic under CPTP maps:
F(&(p),€(0)) = F(p,0).

Since arccos(z) is decreasing on [0, 1], applying it gives

A(E(p), £(0)) < A(p, ).
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Exercise 9.19: Joint concavity of fidelity

Prove that fidelity is jointly concave,

F Zpipi,z;nmi ZZPiF(pian)'

inequality.

Concepts Involved: Fidelity, Concavity, Joint Concavity, Uhlmann's Theorem, Purifications, Jensen's

F Zpipi, ZPiUi > ZPiF(Pi,Uz‘).
By Uhlmann’s theorem, the fidelity satisfies:

F(p,0) = max | {|p) |,

X |
[),le)

where the maximization is over all purifications [¢) of p and |¢) of o.
For each pair (p;,0;), let |¢;) and |p;) be purifications such that

F(piyoi) = | (¥ilgi) |-

Define the following purifications:
0) =D VBl ® i), 19) =Y Bilei) ® i),

where {|7)} is an orthonormal basis for an auxiliary system.
Then |¥) and |®) are purifications of ). p;p; and ), p;o;, respectively. Thus,

Y

| (V]®) |

F sz'pi, ZPiUi

sz' (Yilpi)
> Zpil (Vs]eps) |
= ZpiF(Pi;Ui)a
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Let {p;} be a probability distribution, and let p; and o; be density operators. We aim to prove:




where the second inequality follows from the triangle inequality.

Remark: Alternatively, if we use the strong concavity property the result is immediate:

F Zpipi, Zpﬂi > Z\/pipiF(Pi;Ui) = ZPiF(Pi;Ui)~

This inequality shows that averaging quantum states cannot increase their distinguishability, making fidelity
a robust tool under mixing and quantum operations.

Exercise 9.20: Concavity of fidelity

Prove that fidelity is concave in the first entry,

F sz'ﬁi,a ZZPiF(Pi»U)-

By symmetry the fidelity is also concave in the second entry.

Solution

Concepts Involved: Fidelity, Concavity, Uhlmann’'s theorem, Purifications, Triangle Inequality

Let {p;} be a probability distribution and fix a purification |¢) of o. For each p;, choose a purification
|1;) such that
F(pi,0) = | (il@) |-
Define
O) = VRl ® i), 18)=Ip)®) vEili),

where {|i)} is an orthonormal basis of an auxiliary system. Then |¥) purifies Y. p;p; and |®) purifies o,
so by Uhlmann's theorem,

v

(2|2} |

F Y pipis o
i

Zpi (i)
> ZPH (ile) |
= ZpiF(PuU)~
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Remark: Alternatively, the result immediately follows from the joint concavity:

F> pipio | =F D pipi, Yy pic | 2> piF(pi,0).

Exercise 9.21

When comparing pure states and mixed states it is possible to make a stronger statement than (9.110)
about the relationship between trace distance and fidelity. Prove that

1 - F(l4),0)* < D(|), 0).

Concepts Involved: Pure States, Mixed States, Trace Distance, Fidelity

Let |¢)) be a pure state and o a density operator. The fidelity is given by
F(l¢),0) = V/(dloly).
From the classical fidelity bound (Eq. 9.108),
1= F(l¢),0) < D(|¥),0),
where D is the trace distance. Squaring both sides gives
(1= F(1¢),0))" < D(9),0)*

Expanding the left-hand side:
1-2F 4+ F? < D?,

which implies
1-F?<D?>+2F(1-F)<D,

since F' € [0,1] and D < 1. Therefore,

1= F(ly),0)* < D(|¢),0).
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Exercise 9.22: Chaining property for fidelity measures

(%) Suppose U and V are unitary operators, and £ and F are trace-preserving quantum operations
meant to approximate U and V. Letting d(-,-) be any metric on the space of density matrices sat-
isfying d(UpUt,UcU") = d(p,o) for all density matrices p and o and unitary U (such as the angle
arccos(F(p,0))), define the corresponding error E(U, &) by

E(U,&) = max d(UpUT,E(p))

and show that E(VU, Fo &) < E(U,&) + E(V,F). Thus, to perform a quantum computation with high
fidelity it suffices to complete each step of the computation with high fidelity.

Concepts Involved: Unitary Operators, Fidelity, Triangle Inequality

Let d(-,-) be a unitary-invariant metric on quantum states, meaning
dUpUT,UoUT) = d(p, o)
for all unitaries U and density operators p,o. Define the approximation error as

EU,E) := max d(UpUT,E(p)).

We aim to prove that
E(VU,Fo&) < E(U,E) + E(V,F).
Let p be any density matrix. Then

d(VUpUTVT, (F o €)(p)) = d(V(UpUNVT, F(E(p)))

=d
=d(VoVT, F(1)),

where we set o := UpUT, 7:= &£(p).
By the triangle inequality and unitary invariance,

d(VoV, F(1)) <d(VaVT, F(o)) + d(F(o), F(r))
=d(o, FT F(0)) + d(o,T)
< moaxd(vavh F(o)) + max d(UpUT,E(p))

=EV,F)+ E(U,E).
Maximizing over p, we conclude

E(VU,Fo&) < E(U,E) + E(V, F).
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Exercise 9.23

show that F' =1 if and only if £(p;) = p; for all j such that p; > 0.

Concepts Involved: Average Fidelity, Density Operators

Let F := > PiF(pj, E(pj)) denote the average fidelity of a quantum operation £ on an ensemble {p;, p; }.
We will prove

F=1 <« ¢&(pj)=p; foralljsuch that p; > 0.

(=) Suppose F = 1.
Since fidelity satisfies 0 < F(p;,E(p;)) < 1, and all p; > 0, the only way the weighted sum F' can equal
1is if:

F(pj,E(p;j)) =1 whenever p; > 0.

But fidelity is 1 if and only if the two states are equal. Hence,
E(pj) = p; forall j with p; > 0.

(<=) Suppose E(p;) = p; for all j such that p; > 0.
Then for each such j, we have
Fpj; E(ps)) = Fpj: ps) =1,

F=>)pj-1=1
J

so the average fidelity is

Problem 9.1: Alternate characterization of the fidelity

(xx) Show that
_ - -1
F(p,0) = 1%f tr(pP) tr(oP ),

where the infimum is taken over all invertible positive matrices P.

Concepts Involved: Fidelity, Density Operators, Positive Operators

Recall that 9
F(p,0) = IVAvall = (Try/vBo V) -

For any P > 0 and any unitary U,

| Te(v/pvaU)| = | T (VPyp P/2/5U)| < VPl IVPTVaU s,
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where || - ||2 is the Hilbert—=Schmidt norm. This gives

| Tt (v/pv/oU)| < \/Tr(pP) \/Tr(cP~1).

Taking the supremum over U yields

Try/vpovp < V/Tr(pP) Tr(aP-1).

Squaring and infimizing over P > 0 gives
< i *1).
F(p,0) < })Iifo Tr(pP) Tr (O’P

For the reverse inequality, define
X :=/\/po/p, P,:=p Y2 X p /2

Tr(pP,) = Tr(X), Tr(aP*_l) = Tr(X).

Then

Thus
Tr(pP,) Tr(aP*_l) = (Tt X)? = F(p, o).

Hence the infimum is attained at P,, and we obtain the equality

F(p,o) = liDI;fO Tr(pP) Tr(aP_l).

O
Problem 9.2

(%) Let £ be a trace-preserving quantum operation. Show that for each p there is a set of operation
elements {E;} for £ such that

F(p,&) = |tr(pEy)[".

Concepts Involved: Kraus Representation, Fidelity, Density Operators

Let £ be a quantum operation with Kraus decomposition £(p) =, Eszj The fidelity between p and

E(p) is given by ,
<¢|90>|> ,

where [1)) and |¢) are purifications of p and &(p), respectively. By Uhlmann's theorem,

F(p,&) =
(5:8) (mz'

Fp, ) = max|(|(I 8 D)]@)[*,
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where U ranges over unitaries on the environment, and |®) is a purification of £(p).
Using the Stinespring dilation £(p) = Trg [U(p ® [0)(0))UT], fix a purification ) = 3=, \/pjl7) ® |j) of
p. Then a purification of £(p) is

o) = (@ U)(|9) ® |0)).
Therefore,
F(p, &) = || ® (O|U]) ® |0)]”.

Choose the Kraus representation E; = (i|U|0) by fixing an orthonormal basis {|i)} for the environment.
Define E; = (0|U|0), then we have
F(p,€) = |tr(pEn)|?.
O

. J

Problem 9.3

(%%) Prove fact (5) on this page: Suppose that (|E(|¢)(|)|¢) > 1 —n for all |¢)) in the support of p
for some n. Then F(p,&) > 1 — (3n/2).

Concepts Involved: Density Operators, Fidelity, Purification, Spectral Decomposition

Let p = >, Ax|k)E| be the spectral decomposition and

1) ="V k)R ® [k)q
k
a purification. Then

F(p,€) = Xee (LIE(EXL))]0).

k.l

To control the cross terms, consider

(@) =D VA ek k),
k

with arbitrary phases ¢ € [0,27). By hypothesis,

WP E(L (PN WP [¢(p)) = 1=

Expanding in the {|k)} basis and averaging uniformly over all phases eliminates all oscillatory terms,
leaving

F=F(p,&)+ 3 3 Mdm (mlE(R) (kD)m) > 1—n.

k m#k
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Thus,

F(p,€) = 1=n=Y > Aehm (m|E(k)(E])m). (15)

k m#k
Now we use trace preservation. For each k,

> (mIE(k) (K] m) = 1,

and by hypothesis (k|E(|k)(k|)|k) > 1 —mn, so
> (mlE(k)(E[)m) <.
m#k
Next, we order the eigenvalues so that \; > Ay > ---. Split the double sum in @[) into two pieces
-Fork=1,
> MAm(mIE(D(ANIm) < Adan.
m#1
- For k #£1,
> Xedm(mIE(kY (k) m) < Agin. (16)
m#k

Summing over k # 1 gives

ST MAm(mlER) kD Im) < (1= A)Aua.

k#1 m#£k

Therefore,
F(p,&) > 1— (1 + A + (1 - )\1))\1)17.

For fixed A1, the RHS is minimized at Ao = 1 — Ay, yielding
F(p,€) > 1— (142X (1 — A1)
The factor 1 + 21 (1 — A;) attains its maximum at A; = % where it equals % Thus

F(p,€) 2 1-2n.
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10 Quantum error-correction

Exercise 10.1

Verify that the encoding circuit in Figure 10.2 works as claimed.

¥)
0) —
0) ———b—

that is, it encodes [¢)) = a|0) + b|1) to a|000) + b|111).

Solution

Concepts Involved: Bit Flip Code, Controlled Operations

We calculate:

[¥) ®10) ®[0) = CX13C X2 |¢¥) ®0) ®[0)
= aCXLgCXLQ ‘000> + bCXLgCXLQ |100>
= a|000) + b|111)

where we use the definition of the controlled-X gate C X2 |0) ® |¢) =(0) ® |p) and CX12|1) ® |¢) =
[1) ® X3 |p) in the last line. O

| '
\

Exercise 10.2

The action of the bit flip channel can be described by the quantum operation £(p) = (1 — p)p + pX pX.
Show that this may be given an alternative operator-sum representation, as £(p) = (1—2p)p+2pPypPy +
2pP_pP_ where P, and P_ are projectors onto the +1 and —1 eigenstates of X, (|0) + [1))/v/2 and
(|0) — |1))/+/2, respectively. This latter representation can be understood as a model in which the qubit
is left alone with probability 1 — 2p, and is ‘measured’ by the environment in the |+), |—) basis with
probability 2p.

Solution

Concepts Involved: Bit Flip Channel, Projectors, Spectral Decomposition

First, note that we may write:

[ St ol S el e Y

P, = =
L = [+ : .

where we have used X = |+)+| — |—)}—| as the spectral decomposition of X and I = |+)+| + |—)}—|

the resolution of the identity. We can obtain the analogous relation for P_:

I-X
2

P_
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Therefore we can expand:

E(p) = (1 —2p)p + 2pPypPy +2pP_pP_
I+X I+X I-X I-X
1- 2p 2
=(1-2p)p+ 5 Py T
=(1—-2p)p+ 2(p+Xp+pX+XpX)+§(p—Xp—pX+XpX)
=1 —pp+pXpX
which proves the claim. U

Exercise 10.3

Show by explicit calculation that measuring Z; Z5 followed by 7573 is equivalent, up to labeling of the
measurement outcomes, to measuring the four projectors defined by (10.5)-(10.8), in the sense that both
procedures result in the same measurement statistics and post-measurement states.

Solution

Concepts Involved: Bit Flip Code, Quantum Measurement, Projectors, Spectral Decomposition.
The four projection operators corresponding to the four error syndromes of the three-qubit repetition code
are given by:

Py = |000%000| + [111)111]
P, = [100)100| + [011)011]
P, = |010)010| + [101)101]

= 001)(001| 4 |110)(110|

It suffices to show that the composition of projectors corresponding to measurements of Z1Z5 and Z3Z;
yield the same four projectors as the above. Z;Z5 has spectral decomposition:

Z1Z5 = (]00%00] 4 |11)11|) ® I — (|01X01| + |10X10|) ® T
which corresponds to a projective measurement with projectors:

Pz, z,=11 = (|00X00] + [11}11]) & I
Pg,2,=—1 = (|01)01] + [10X10]) ® I

analogously, Z>Z3 has spectral decomposition:
ZsZ3 =1 ® (]00X00| + [11)11]) — T ® (|01X01| + |10)X10])
which corresponds to a projective measurement with projectors:

Praza—s1 = 1 ® ([00)00] + [11)11])
Praza=—1 = I ® (0101 + [1010]).
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Now, we observe that:

Pz, 2,=11Pz,2,=11 = [(|00X00] + [11)(11]) ® I][I ® (|00)00] + [11)}11])] = [000X000] + [111)(111] = Pp

Py 2a=—1P2a z—41 = [(101(01] + [10)10]) @ I][I & (J00)(00] + [11(11])] = [011)011] + |100)100] = P,

Pz, 7,=—1Pz,7,——1 = [(J01)01] + |10)X10]) ® I][I ® (|01)01] + |10)(10])] = [010)010| + |101)}101| = P,

Pz, 2,=+1Pz,2,=—1 = [(|00)00] + [11)(11]) @ I][T ® (|01)01] 4 [10)X10[)] = |001)001| + [110)X110| = Ps

so the claim is proven. O

Exercise 10.4

(%) Consider the three qubit bit flip code. Suppose we had performed the error syndrome measurement
by measuring the eight orthogonal projectors corresponding to projections onto the eight computational
basis states.

(1) Write out the projectors corresponding to this measurement, and explain how the measurement
result can be used to diagnose the error syndrome: either no bits flipped or bit number j flipped,
where j is in the range one to three.

(2) Show that the recovery procedure works only for computational basis states.

(3) What is the minimum fidelity for the error-correction procedure?

Solution

Concepts Involved: Bit Flip Code, Projectors, Error Syndrome and Recovery, Fidelity

(1) The projectors are:
1000)(000] , |001)(001 |, [010)010| , |100)(100] , [011)011], [101)101| , [110)(110], [111X111].

Since the encoded state is [¢)) = a|000) + b|111), if we measure one of |000),|111) we would
conclude no bits have been flipped. If we measure |001) or |110), we would conclude that bit 1
was flipped (and so the state had become a|001) + b|110). If we measure |010) or |101), then we
would conclude that bit 2 was flipped (and so the state had become a|010) + b|101)). Finally, if
we measure |100) or |011), we would conclude that bit 3 was flipped (and so the state had become
a[100) 4 b(011)).

(2) The recovery procedure involves doing nothing if the error syndrome tells us that no bits are flipped,
or flipping the jth bit if the jth bit was flipped. In the no bit flip case, after recovery we have
|000) — |000),|111) — |111). In the case we conclude the first bit was flipped, after recovery
we have |001) — |000),|110) — |111). In the case we conclude the second bit was flipped, after
recovery we have |010) — |000) , |101) — |111). Finally if we conclude that the third bit was flipped,
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after recovery we have |100) — |000),]011) — |111). In all cases, the post-recovery state is one
of the computational basis states |[000) / |111), so the recovery only succeeds if the initial state was
one of the computational basis states.

Supposing we use the three qubit error-correcting code to protect |)) = a |0) 4+ b|1). The encoded
state is |U) = a |000) + b|111). After applying the noise channel (i.e. each bit flips with probability
p), the state we have is:

E(pw) = (lal*(1 = p)* + bI*p* ) 000)(000]
<7 (|a|2p(1 —p)?+ pf*p*(1 - p)) (1001)001] + [010)(010[ + [100)(100])
+ (|b|2p(1 —p)? + laf*p?(1 - p)) (1110)(110| + |101)101] + [011)011])
+ (16*(1 = p)* + lal*p? ) [111)111)

The recovery procedure maps any state with > 2 zeros to |000)000| (and hence back to [0X0| after
decoding) and any state with > 2 ones to |111)(111] (and hence back to |1)1| after decoding), so
the final state is:

p = RAE(a) = (ll* [(1= ) + 3001 = )] + B[4 + 3520 )] ) oo
+ (10 [0 99° + 300 - 07] + 1al? [5* + 3200 - )] )
To find the minimum fidelity, it suffices to minimize (1| p [15), which we compute to be:
(v1p19) =1af* (la* (1= ) + 3001 = )] + B [3# + 3520 - )]
o (1 [0 = )® + 3000 = 2] + ol [5# + 3520 )]

With the normalization constraint on the initial state of |a|® + [b|> = 1, we can rewrite the above in
terms of of |a|? alone:

Wl pl6) = (201al*)? = 20> + 1) [(1 = p)* + 3p(1 = p)?] + (2lal® = 2(1a)?) [p* + 39°(1 - p)

We take the derivative of the above w.r.t. |a|® and set it to zero to find the minimzing value of |a|*:

9

a1 V1o0) = @lel” =2 [(1=p)° +3p(1—p)? =" + 3571 )] = 0

Which for any value of p is satisfied when |a|* = L, ie. |a| = % (and so |b] = % as well). So,

the fidelity is minimized for |¢)) = %(ew0 |0) + €1 [1)) (which is what we might have expected -
given that the error correction succeeds only for the computational basis states, we should have the
worst fidelity for states which are the furthest from both). For these states, the fidelity is (plugging
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into our former general expression):

SO Y [ e T (R

1
ﬁ

H [j

Exercise 10.5

Show that the syndrome measurement for detecting phase flip errors in the Shor code corresponds to
measuring the observables X7 X5 X35 X, X5 Xg and X4 X5X6X7XgXo.

Concepts Involved: Shor Code, Eigenvalues, Eigenvectors, Error Syndrome

We have the codewords:

(|000) + [111))(]000) + |111))(|000) + |111}))

0z) = e
1) = (|000) — |111))(]000) — |111))(]000) — |111))
L W)

A phase flip error on a given block amounts to flipping the phase of the block:
Z;(]000) + |111)) = |000) F |111)

Measuring X7 _2 = X1 X5 X3X4X5Xg compares the phase of the first and second blocks (with +1 if they
are the same, -1 if they are different) - we can see this from the eigenvalue relations:

X1 X5 X3X,X5X6(]000) +[111))(]000) + |111)) = +1(]000) + [111))(]000) + [111))
X1 X5X3X,X5X6(|000) — [111))(]000) + |111)) = +1(]111) — [000))(]000) + [111))
= —1(]000) — |111))(|000) 4 |111))
X1 X5 X3X,X5X6(]000) 4 [111))(J000) — |111)) = 4+1(]000) 4 [111))(|111) — |000))
= —1(|000) + |111))(]000) — [111))
X1X5X3X4X5X6(]000) — [111))(]000) — [111)) = +1(|111) — |000))(]111) — [000))
= +1(]000) — |111))(|000) — [111))

analogously, measuring Xo_3 = X4 X5X¢X7XgX9 compares the phase of the second and third blocks.
The codewords have all three blocks with the same phase, so if we measure X;_ 5 = X5 3 = +1 then we
conclude no phase flip error occured. If we measure X;_5 = +1 and X5_3 = —1 then we conclude that
a phase flip must have occured in the third block (one of qubits 7/8/9). If we measure X;_5 = —1 and
Xo_3 = +1 then we conclude that a phase flip occured on the first block (one of qubits 1/2/3). If we

measure X;_o = X5_3 = —1 then we conclude that a phase flip error occured on the second block (one
of qubits 4/5/6). We thus conclude that measuring these two operators yields the syndrome for detecting
phase flip errors. O
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Exercise 10.6

Show that recovery from a phase flip on any of the first three qubits may be accomplished by applying
the operator Z1Z573.

Solution

Concepts Involved: Shor Code, Error Recovery

We have the encoded state:

|Yr) = al0L) + B |1L)
000) -+ [111))(]000) + [111))(|000) + |111)) 000) — [111))(]000) — [111))(|000) — |111))
2v2 2v2

We saw that Z;(|000) + [111)) = |000) F |111) for ¢ € {1,2, 3}, so if a phase flip error occurs on the first
qubit, we have:

L

+B(

" >5&(|000>—|111>)(|000>+|111>)(|000>+\111>) (000) + |111))(]000) — [111))(|000) — [111))
L 202 202

Now since Z;Z5Z5(|000) = [111)) = |000) 4 (—1)3 [111) = |000) F |111), we have:

+ 5

(|000) — |111))(]000) + |111))(]000) 4 |111)) (]000) + |111))(]000) — |111))(|000) — |111))
VAVAVA (a 2 +8 22
B a(|000> +|111))(]000) 4 |111))(|000) + |111)) " ﬂ(|000> —[111))(]000) — |111))(]000) — |111))
B 2v/2 2v/2
= [¢L)
so the error correction is accomplished. O

,
\

Exercise 10.7

Consider the three qubit bit flip code of Section 10.1.1, with corresponding projector P =
|000)000| + |111)X111|. The noise process this code protects against has operation elements
{\/(1 —p)3I, \/p(l —p)2Xy, \/p(l —p)2Xs, /(1 — p)2X3} where p is the probability that the bit flips.
Note that this quantum operation is not trace-preserving, since we have omitted operation elements cor-
responding to bit flips on two and three qubits. Verify the quantum error-correction conditions for this
code and noise process.

Solution

Concepts Involved: Bit Flip Code, Projectors, Error Correction Conditions
We calculate PEJE]-P for each of the errors E;. Note that in this case the errors are all Hermitian,
so this reduces to calculation of PE;E;P for all combinations of errors. Furthermore, note that the

set of errors {\/(1 —p)3l, \/p(l —-p)2Xy, \/p(l —p)? X, \/p(l — p)2X3} is mutually commuting, so
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PE,E;P = PE;E;P so we only need to check all combinations (and the order does not effect the result).

P\/(1 - p)*I/(1 - p)*IP = (1 - p)*P? = (1 - p)°P

P+/p(1 — p)2X1y/p(1 — p)2X1P = p(1 — p)>PIP = p(1 — p)>P*> = p(1 — p)*P

P/p(1 —p)2X2y/p(1 — p)2X2P = p(1 — p)>PIP = p(1 — p)>P* = p(1 — p)*P

Py/p(1 —p)2X3\/p(1 — p)>XsP = p(1 — p)>*PIP = p(1 — p)*P*> = p(1 — p)*P

where we have used that Paulis square to the identity and projectors are idempotent. For the other

combinations we find:

P/ (1 —p)3I/p(1 — p)2X, P = /p(1 — p)5(]000Y000]| + [111)111])(]100)000| + |011)(111]) =

P/(1 —p)3I/p(1 — p)2XoP = /p(1 — p)5(]000X000]| + [111)111])(]010)000| + |101)(111]) =

P+/(1 —p)3I/p(1 — p)2X3P = /p(1 — p)5(]000X000]| + [111)111])(]001)000| + |110)(111]) =

P/p(1 — p)2X1y/p(1 — p)2XoP = p(1 — p)%(|000)100| 4 [111)(011])(|010X000] + |101)111]) =

P/p(1 = p)2X1y/p(1 — p)2X3P = p(1 — p)%(]000)100| + |111)011])(|001)000| + |110)X111]|) =

P/p(1 — p)2X2y/p(1 — p)2 X3P = p(1 — p)%(]000)010| + |111)101])(|001)000| + |110X111]|) =

So we therefore find:

PE!E;P = o;;P

where:
(1 —p)3 0 0 0
0 p(l-p)? 0 0
o =
0 0 p(1—p)? 0
0 0 0 p(1—p)?

is Hermitian. The error-correction conditions are therefore verified.

=0P

=0P

=0P

=0P

=0P

=0P
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Exercise 10.8

Verify that the three qubit phase flip code |0z) = |+++),|1l) = |— — —) satisfies the quantum
error-correction conditions for the set of error operators {I, Z, Zs, Z3}.

Solution

Concepts Involved: Phase Flip Code, Projectors, Error Correction Conditions

First, note the projector onto the code C' in this case is:
P=[+++)+++ + - — =X

We calculate PEZTEjP for each of the errors E; € {I, Z, Z5, Z3}. The calculation is completely analogous
to that in Ex. [10.7] simply replacing X — Z, [0) — |+),|1) — |—), and setting all of the pre-factors
v/ (1 =p)3 and /p(1 — p)? to one. The result we find is:

PE!E;P = o;;P

where:
1 0 0 O
o 01 00
0010
0 0 0 1
which is of course Hermitian, and the QEC conditions are thus satisfied. O

r
\

Exercise 10.9

Again, consider the three qubit phase flip code. Let P; and @Q; be the projectors into the |0) and |1)
states, respectively, of the ith qubit. Prove that the three qubit phase flip code protects against the error
set {val,Ql’PZaQ%PSvQS}-

Solution

Concepts Involved: Phase Flip Code, Error Correction Conditions, Discretization of Errors
By Theorem 10.2 in the text, we know that if C' is a quantum code and R is the error-correction procedure
constructed via the error correction conditions that corrects for a noise process £ with operation elements
{E;}, then R also corrects for arbitrary complex linear combinations of the E;. We then note that all
errors in {I, P1,Q1, P», Q2, P3,Q3} can be written as linear combinations of errors in {I, Z1, Z5, Z3}:

1+ Z;
=—

_I-2Z

I=1 P
’ 2

Qi

therefore by Theorem 10.2 and the result of Ex. [10.8), the phase flip code can protect against
{IP1,Q1, P2,Q2, P3,Q3}. [
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Exercise 10.10

Explicitly verify the quantum error-correction conditions for the Shor code, for the error set containing I
and the error operators X;,Y}, Z; for j = 1 through 9.

Concepts Involved: Shor Code, Projectors, Error Correction Conditions

We have
P =10L)X0r| 4+ [1X1L]
where
102) = (]000) + |111))(]000) + |111))(|000) + |111))
L) = WG]
L) = (|000) — |111))(]000) — |111))(]000) — |111))
L e

All E; we consider in the set of errors are Hermitian, so EZ = F;. Firstly, since all Pauli operators square
to the identity, we find for all E; that

PE'E,P=PE?}P=PIP=P?=P
Next, we observe

PIXP = PIY;,P = PIZyP = PX3ZyP = PZy X,P = PX;,Yx P = PY. X3P = PY; ZxP = PZ,Y, P
=0=0P

as all possible bit/phase flips on a single qubit map the codewords to states orthogonal to both codewords.
Next, we find that for k # [ that

PXy X, P=PY,Y,P=PX,Y,P=PY,X|,P=PX;,ZP=PZ X,P=PY,Z|P=PZ,Y, P
=0=0P

as in each case we have a bit flip on one or two qubits which maps the codewords to state orthogonal to
both codwords.
Finally, we find that

P if k,l are in the same block

PZyZ,P =
0 if k,1 are in different blocks
as in the former case the two phase flips cancel out (and thus P is preserved), and in the latter case
we have phase flips on two different blocks and the codewords are mapped to states orthogonal to both
codewords.
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We thus conclude that
PE!E;P = o;;P

where «;; is Hermitian (as it has 1s on the diagonal, 1s on entries for Z;Z; with ¢, j in the same block
(thus symmetric across the diagonal), and zero elsewhere). We have thus verified the quantum error
correction conditions. O

Exercise 10.11

Construct operation elements for a single qubit quantum operation £ that upon input of any state p
replaces it with the completely randomized state I/2. It is amazing that even such noise models as this
may be corrected by codes such as the Shor code!

Concepts Involved: Kraus Representation, Density Operators

We wish to find operation elements {Ej} such that:

1

Elp) = ZEkaT =3
k

for any input single-qubit state p. We claim that {11, 1X,1Y,1Z} are the operation elements with this
desired property. First, we verify that they satisfy the completeness relation:

1 1
> ElE = Z(12 +X24+Y%24+ 2% = JUn=1I
k

Next, we verify that they have the claimed property of sending every initial qubit state to the maximally
mixed state. From Ex. we can write a single-qubit density operator as:

_ I+r, X +ry)Y +r.Z
N 2

p
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where r = (r,,7,7,) € R? and ||r|| = 1. Now calculating £(p), we have:

Elp)=-(p+XpX +YpY + ZpZ)

oo\»—wk\'—'

((I F X2 Y24 Z2) 4 (X + X3+ YXY + ZX2)

+

M\NOO\)—‘OO\HOO\H ﬁ

Y+ XYX+Y3 4 ZYZ)+1.(Z+ XZX +YZY + Z3))
(4 + ry(2X +20Y Z) + 1y (2Y + 2iZX) + r,(2Z + 2iXY))

(41 4 rp(2X + 2i(X) + 7y (2Y + 2i(iY)) + 7.(2Z + 2i(i2)))

—
W
~

S~—

where we use that XY =2, YZ =iX, and XZ =Y. The claim is thus proven. O

Remark:
The described channel is of course the single-qubit depolarizing channel of full strength.

Exercise 10.12

| '
\

Show that the fidelity between the state |0) and £(|0)(0]) is y/1 — 2p/3, and use this to argue that the
minimum fidelity for the depolarizing channel is /1 — 2p/3.

Solution

Concepts Involved: Fidelity, Depolarizing Channel

The density operator corresponding to |0) is [0)0|, and sending this through the depolarizing channel we

have:
£(10X0]) = (1~ p) 0X0] + ZX 10)0] X + ¥ [0)0] Y + Z[0)0] 2)
— (1) l0x0 + 2 <|1><1| 1K1 + 0X0)
= (- 2)joyol + 2 py
and so:
F(0). £(10)0D) = \/ o1 (@ =2y jowol + Zuyat) o) = /1~ 2 (17)

as claimed. Because the depolarizing channel is symmetric in X/Y/Z, it is therefore symmetric in possible

input states and so for any input state |¢)) we would find that F(|0),£(|0X0])) = \/1 — 2p/3. As such,
this is the minimum fidelity.
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For a more rigorous argument; by from Ex. we can write a single-qubit density operator as

I+r, X +ry)Y +r.Z
p= D)

where r = (r,,7,,7.) € R? and |[r|| = 1 when p = |¢)}(¢)| a pure state. We then have that:

2

(W] X i) = Tr(py X) = TT(X t el + 1Y X +7"ZZX> .

and analogously for Y/Z. We then have:

z«wxwmw»=¢w(u—mwww¥$XWWX+Y¢W¢Y+mwww0

(1= p) WX + S(WI X 19)° + @I Y [9) + Wl Z[)°

y
Ja-»+

p
Pz +rd+r2)
p
=./(1— L2
yA-p)+3
2
—,1-%
3
where we use that ||r|| = 1 in the fourth equality. Since this is true for all pure states, it must be the
minimum fidelity. O

Exercise 10.13

(%) Show that the minimum fidelity F'(|1), £(|1)(¥])) when £ is the amplitude damping channel when &
is the amplitude damping channel with parameter v is \/1 — 7.

. sowiion |

Concepts Involved: Fidelity, Amplitude Damping Channel

Let |1) = a|0) 4 b|1) with |a]® + [b]* = 1. Then we have:

2
|ww=[ﬁb§4

and after applying the amplitude damping channel we have (from Ex. [8.22)):

_[1-A=n-af) abryT=7
E(lYXyl) = [ a*byT—7 b (1 - 7)]
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Calculating the fidelity, we then have:

F(l9), E(XeD) = v @I EDXYI) [4)

— |:a* b*:| 1_(1_7)(1_ |a“2) a‘b*\/l_’y a
b T=7 P |b

= \/Ial2(1 — (L= 7)1~ [al)) +2lal|bl*v/T = + [b]*(1 ~ )

. o i, 2 2 , . 2
Using the normalization condition, |b]” = 1 — |a|” so we can write the above in terms of |a|” alone:

F(1) £00X1) = y/1al*(1 = (1 = )1 ~ 1) + 201~ la)y T=7 + (1 ~af)2(1 =)
= /20— VT=7 = )(al)2 + (=2 + 2T+ 3)lal* +1 -9

This is minimized when the expression under the square root is minimized. Taking the derivative w.r.t

la|?, we find:

af;gw(w EQUNEN)) = 4(1 — T = lal’ — 24+ 2T 7 + 3y

which is non-negative for |a|> € [0,1] (which is the domain over which it is defined). Therefore
F(|), E(|)Xw])) is an increasing function of |a|* over [0,1], and hence F([1),E(|¢)Xv])) is minimized
when a = 0 and therefore |1)) = |1). In this case, the fidelity is:

F(l9) , E(X]))min = F(11),E(LX1]) = /T —

as claimed. 0

Exercise 10.14

Write an expression for a generator matrix encoding k bits using r repetitions for each bit. This is an
[rk, k] linear code, and should have an rk X k generator matrix.

Concepts Involved: Repetition Code, Generator Matrices

The claimed generator matrix G is an rk X k matrix such that:

G 1 rj—1)<i<rj
“ 0 otherwise.

By matrix multiplication, we can see that:

T times T times T times

——T
G(z1,22, s Tk) = (T1y ooy 1,22y e e ey T2y ooy Thoy v vy L)
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Exercise 10.15

Show that adding one column of G to another results in a generator matrix generating the same code.

Concepts Involved: Generator Matrices

The set of possible codewords of a code corresponds to the vector space spanned by the columns of G.
So if G = [v1,Va,... V] then the possible codewords are:

V=CV]+CVy+...+CpVg

where ¢; € Zs and addition is done modulo 2. WLOG suppose we add column 2 to colummn 1 (permuting
the columns of G clearly preserves the codespace, as it just amounts to permuting labels in the equation
above), so we have G’ = [v1 + va,Va,...,Vg], so the possible codewords are:

v =cj(vi+ Vo) +chvo+ ...+ vk
where ¢} € Z. By defining ¢} = c1,¢, = c1 + ca, and ¢ = ¢; for j > 2 we can see that the codewords
v’ are the same as the codewords v, and thus G and G’ generate the same code. O

\. J

Exercise 10.16

Show that adding one row of the parity check matrix to another does not change the code. Using Gaussian
elimination and swapping of bits it is therefore possible to assume that the parity check matrix has the
standard form [A|L,_] where A is an (n — k) X k matrix.

Concepts Involved: Parity Check Matrices, Gaussian Elimination

In the parity check matrix formulation, an [n, k] code is all x € Z2 such that Hz = 0 where H € Z{"~*>*"
is the parity check matrix. We can write:

with v the rows of H. By the definition of matrix multiplication, it follows from Hz = 0 that:
vi-x=0

for each i and for all codewords x. WLOG suppose we add row 2 to row 1 (permuting the rows of H
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clearly preserves the codespace, as the above condition is unchanged). We then have:

V1T+V2T

T
Va

H =

It then follows that if Hz = 0, then H'z = 0 as:
(vi+ve) x=v1-x+ve-x=04+0=0
and v; - x = 0 for ¢ > 2. Furthermore, if H'z = 0 then Hx = 0 as:
vi-x=(vi+va+vy) - x=(v1-V2) X+Vve-x=0+0=0

and v; - x = 0 for 1 > 2. Therefore, H, H' correspond to the same code.

Since Gaussian elimination only involves swapping rows (does nothing to H), swapping columns (changes
the labels of the qubits) and adding rows to each other (does nothing as shown above), we can thus always
assume that the parity check matrix can be brought to standard form. O

Exercise 10.17

Find a parity check matrix for the [6, 2] repetition code defined by the generator matrix in (10.54).

Solution

Concepts Involved: Repetition Code, Generator Matrices, Parity Check Matrices
The [6, 2] repetition code has generator matrix:

== =0 OO

O O O =

To construct H, we pick out 6 — 2 = 4 linearly independent vectors orthogonal to the columns of G. Four
such vectors are:

S O O O = =
OO;HHO
OH»—?OOO
== O O O O
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Therefore one such parity check matrix is:

oo o~
oo~ &~
oo~ o
o~ oo
=
—_ o o o

,
\

Exercise 10.18

Show that the parity check matrix H and generator matrix G for the same linear code satisfy HG = 0

Concepts Involved: Generator Matrices, Parity Check Matrices.

H = . 5 GZ[Yl Y2 o Yk

where v;,y; are each n-dimensional vectors which are orthogonal to one another. By the definition of
matrix multiplication, HG is a n — k x k matrix with entries:

(HG)U =Vi'Yy; =0

where the last equality follows by orthogonality, thus proving the claim. O

Exercise 10.19

Suppose an [n, k| linear code C' has a parity check matrix of the form H = [A|L,,_]|, for some (n—k) x k
matrix A. Show that the corresponding generator matrix is

o-[2]

Solution

Concepts Involved: Generator Matrices, Parity Check Matrices

To get a generator matrix from a parity check matrix, we pick k linearly independent vectors y1,...¥yk
spanning the kernel of H, and set G to have columns y; through yyy. In this case, H has standard form
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H = [A|l,,—] and so we may write:

Vi el,nfk
ap ap
AP Con—k

where V;‘F are the rows of A and e; ,,_, is a n—k length vector with 1 in the ith position and Os elsewhere.
We want to find vectors in the kernel of H, i.e. vectors y that satisfy:

Vi Vi,...k T €mnk Yktl,.n

for every i € {1,...,n — k}. A clear choice that satisfies this relation is y1,. n—r = €nk and yi41,..n =
—w,, where w,, is the nth column of A; this choice satisfies the above as:

Vi-€nk +€ink (—Wn) = ain — ain =0
This yields y;, ...y, one for each column of A. We therefore construct G as:

Iy,

—A

€1k €2 k coo €L k
G = =
—W; —Wgo -+ —W,

which was what we wished to show. O

Exercise 10.20

Let H be a parity check matrix such that any d — 1 columns are linearly independent, but there exists a
set of d linearly dependent columns. Show that the code defined by H has distance d.

Solution

Concepts Involved: Parity Check Matrices, Code Distance

Given a parity check matrix H, a codeword x = (z1, z2, ..., ) satisfies Hx = 0, which implies:
J}lhl +Z‘2h2++$nhn ZO

where h; are the columns of H. Since any d — 1 columns are linearly independent, it follows that any sum
of d—1 (or less) columns of H is nonzero, and therefore there are no codewords of weight d — 1 or lower.
However, there exists a set of d linearly dependent columns, and therefore there exists a codeword that
is 1 for each of those columns and 0 elsewhere, and is therefore of weight d. There are no codewords of
smaller weight, and therefore we conclude that the code has distance d. O

Exercise 10.21: Singleton bound

Show than an [n, k, d] code must satisfy n — k > d — 1.
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Solution

Concepts Involved: Parity Check Matrices, Code Distance

An [n, k, d] code has an n—k xn parity check matrix H. It therefore has at most n—k linearly independent
columns. From the solution to the previous exercise, if a code has distance d then the parity check matrix
must have all sets of d — 1 columns be linearly independent (else there would exist a codeword of weight
d—1 and hence the code would have distance < d, a contradiction). Combining these two facts, it follows
that:

n—k>d—-1

as claimed. ]

Exercise 10.22

Show that all Hamming codes have distance 3, and thus can correct an error on a single bit. The Hamming
codes are therefore [27 — 1,2" — r — 1, 3] codes.

Solution

Concepts Involved: Hamming Code, Parity Check Matrices, Code Distance
Recall that the [2" — 1,2" — r — 1] Hamming code (for > 2) is a linear code having parity check matrix
whose columns are all 2" — 1 bit strings of length  which are not zero.

1 0
0 1
0], 01, 0
0 0 0

which are linearly dependent as they add together to make zero. By Ex. [I0.20, any Hamming code has
distance 3. Since a distance d > 2t 4+ 1 code can correct errors on t bits, all Hamming codes can correct
errors on one bit. ]

Exercise 10.23

(%) Prove the Gilbert-Varshamov bound.

Solution

Concepts Involved: Binary Entropy, Hamming Weight, Entropy Bound

We want to show that for every n and ¢, there exists a binary linear code of length n and dimension k

correcting t errors such that

M om),

n

3
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where Ho(2) = —zlogy x — (1 — x) log,y(1 — ) is the binary entropy function.

Proof. Let

=0
denote the volume of a Hamming ball of radius 7 in {0,1}".

Step 1: Greedy code construction. Start with the full set {0,1}". Pick an arbitrary string as a codeword
and delete its Hamming ball of radius 2¢. Repeat until no strings remain. Since balls of radius 2¢ around
distinct codewords are disjoint if the minimum distance is > 2t 4 1, the number of codewords M chosen
satisfies b

M2 B(n,2t)’

Thus there exists a code with dimension

k = logo M > n —log, B(n,2t).

O
&
o
N
S
<
=
()]
h
=
3
L
=
®
=
o
=
Q
Il
=
~
S
2
—+
=
o
IN
Q
IN
w2l

This follows from the entropy bound () < 2"#2(®) (See Ex. for the proof of this bound and a
related lower bound) and the inequality B(n,an) < (an+ 1)() (this follows from taking i = an in
every term of the sum for B(n, an), and the monotonicity of (77) for i < n/2), whose polynomial prefactor
is negligible compared to the exponential term.

Step 3: Conclusion. Substituting « = 2t/n gives
k > n—nHs (%) ,

or equivalently
k
= > 1-Hy(%).

- n

Exercise 10.24

Show that a code with generator matrix G is weakly self-dual if and only if GTG = 0.

Concepts Involved: Generator Matrices, Dual Codes

Recall that if we have a [n,k] code C' with generator matrix G and parity check matrix H, then the
dual code C* is the code consisting of all codewords 3 such that y is orthogonal to all codewords in C.
Furthermore, recall that a code is weakly self-dual if C' C @

: Suppose that G is weakly self dual. Then, it follows that every codeword y = Gz € C is
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contained in C. Since the parity check matrix applied to a codeword of a code gives zero, for C+ we
have that GTy = 0 and thus GTy = GT Gz = 0 for all length k binary vectors z, but this is only possible
if GTG = 0.

: Suppose that GG = 0. Suppose that y = Gz, 1y’ = G2’ are codewords of C. We then see that
y -y =2TGTGx = 2’70z = 0. Thus, all codewords of C are orthogonal to each other, and thus all
codewords ¥ of C' are codewords of C* by definition. Thus C' C C*. O

Exercise 10.25

Let C be a linear code. Show that if x € C* then Yyec(1D)®Y = [C|, while if z ¢ C* then
Y yec(=1)*Y =0.

Concepts Involved: Dual Codes

Suppose = € C*. Then it follows that 3 -z = 0 for every codeword y € C. Thus, Zyec(fl)z'y =
Zyec(—l)0 =Y ,ec 1 =|C|. Suppose instead that = ¢ C+. Then we claim that half the codewords of
C are orthogonal to x with = -y = 0, and the other half are not orthogonal with x -y = 1. As proof of
this fact, suppose there are n basis codewords ¥, . .., ¥, of C; since x ¢ C, it follows that at least one
of these basis codewords is not orthogonal to x. Let yi,...,yx be the non-orthogonal basis codewords
and Yx41,-..,Yn be the orthogonal codewords. To form an arbitrary codeword of C, we take a linear
combination of the basis codewords. If an even number fo y;, ...,y are included in the sum then the
codeword is orthogonal to x and otherwise the codeword is not orthogonal to . There are 2°~! to choose
an even number of elements out of a set of k elements and 2*~! ways to choose an odd number, and
therefore there are the same number of codewords in C' that are orthogonal to x as there are those that
are not orthogonal. Hence, the contributions of these two evenly weighted parts cancel in the sum to yield

> ec(-1)"Y =0. O

Exercise 10.26

Suppose H is a parity check matrix. Explain how to compute the transformation |z)|0) — |z)|Hz) using
a circuit composed entirely of controlled-NOTs.

Concepts Involved: Parity Check Matrices, Controlled Operations

By the definition of matrix multiplication:

J

So, if we want the ith bit in the second register to become |(Hac)l> this can be realized by applying a
CNOT gate with control on the jth qubit of the first register (in |z)) and acting on the ith qubit of the
second register if H;; = 1 (and doing nothing if H;; = 0); each gate (or identity) realizing one term in
the above sum. O
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Exercise 10.27

(%) Show that the codes defined by

1 :
mZ(—l)u‘y|x+y+’U>
2 y€Cs

as parameterized by u and v are equivalent to CSS(C4,C5) in the sense that they have the same error-
correcting properties. These codes, which we'll refer to as CSS,, ,,(C1, C2) will be useful later in our study
of quantum key distribution, in Section 12.6.5.

|z + Co) =

Solution

Concepts Involved: CSS Codes

Let us start by “corrupting” the states by applying a bit flip (X) where ever v is nonzero and a phase flip
(Z) where ever u is nonzero. First applying the bit flips:

XV x+Cy) = \/|C’72 DYz +y+ov+ov) = \/FZ 1)“Y |z +y)
2 yeCsy 2 y€eCsy

where we use that v + v = 0 under mod 2 addition. Next applying the phase flips:

\/\*c > (- ) )
2 yeCs

mz D" oty

yeCs

= ()" Y o +)

y€C>

AD. & |$ + Cg>

Up to the phase factor (—1)"'*, the states appearing on the RHS are identical to the states defining the
code CSS(C1,Cs) (Eq. (10.64) in the text). This phase factor can be neglected in the bit/phase error
detection and correction analysis carried out in Section 10.4.2, and thus we conclude that CSS,, ,(C1, C5)
has the same error correcting properties as CSS(Cy, Cs). O

Exercise 10.28

Verify that the transpose of the matrix in (10.77) is the generator of the [7,4, 3] Hamming code.

Solution

Concepts Involved: Hamming Code, Parity Check Matrices, Generator Matrices
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The matrix in (10.77) is:

1 000 0 1 1
01 001 01
HCI=10 01011 0
0 00 1 1 11
Taking the transpose, we have:

1 0 0 0]

01 0 0

0 01 0

H[C)" =10 0 0 1

01 1 1

1 01 1

1 1 01

Looking at the parity check matrix for the 7,4, 3] Hamming code, we have:

0
H[Cy] = |0
1

o = O

01 1 11
10 0 1 1
1 01 01

In order to confirm H[C3]T as the generator matrix of the code, we require that the columns are linearly
independent and lie in the kernel of H[C;]. The linearly independence is immediately clear by inspection
(as columns i = 1,2, 3,4 uniquely have a non-zero ith entry). Let us then just verify that they lie in the
kernel of H, which can equivalently be done by checking that H[C;]H[C5]T = 0:

100 0
) 0100
0 01 11 1]]oo 10
HIC{H[Cs)" =10 1 1 0 0 1 1[0 0 0 1
1 1010 1/f0o 1 1 1
i 101 1
110 1
[1+1 1+1 141 1+4+14+1+1
=[14+1 1+1 1+1 1+1
141 141 1+1 141
(0 0 0 0
=10 0 0 0
000 0
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Exercise 10.29

Show that an arbitrary linear combination of any two elements of Vg is also in Vg. Therefore, Vg is a
subspace of the n qubit state space. Show that Vg is the intersection of the subspaces fixed by each
operator in S (that is, the eigenvalue one eigenspaces of elements of S).

Solution

Concepts Involved: Group Theory, Pauli Group, Stabilizer Formalism, Vector Subspace

Let S C P,, be a subgroup of the n-qubit Pauli group. Define the stabilized subspace:

Vs = {1} € C*" | gly) = |) for all g € 5}

To show that Vg is a subspace, take |¢), |p) € Vg, and a, 8 € C. Then for any g € S,

g(al¥) + Ble)) = agly) + Bgle)
= aly) + Bly),

so alt) + Blp) € Vs. Hence, Vg is a subspace.
Now define for each g € S the stabilized subspace:

Stab(g) == {|u}) € C" | gly) = )}
Then by definition,

Vs = () Stab(g),

g€eSs

as a state is in Vg if and only if it is stabilized (i.e., fixed) by all elements of S. O

Remark: For an abelian S C P, with |S| = 2" and —I ¢ S, the dimension of Vg is 2"~", characterizing
the number of logical qubits.

Exercise 10.30

Show that —I ¢ S implies +il ¢ S.

Solution

Concepts Involved: Group Theory, Pauli Group
Subgroups are groups and therefore closed under multiplication. If il € S, then (iI)? = (i)?I = —I € S.
The claim is thus shown via the contrapositive. O

Exercise 10.31

Suppose that S is a subgroup of G,, generated by elements g1,...,g;. Show that all the elements of S
commute if and only if g; and g; commute for each pair i, j.
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Solution

Concepts Involved: Group Theory, Pauli Group, Group Generators
: Suppose all elements of S commute. Since each generator is itself an element of S, any pair of
generators will commute.

: Suppose any pair of generators g;, g; of S commute. Any two elements 51,52 € S can be written
as a product of generators:

— ny N2 Nk — my M2 mi
S$1=91 927 -9 » S2=01 G~ ---Gg

Using the pairwise commutation of the generators, we can move the g;s together to find that s;s0 =

8981 = gt gh2 2 [ g™ and so all elements of S commute. O

Remark: The above argument holds for any group, not just subgroups of G,,.

Exercise 10.32

| r
\

Verify that the generators in Figure 10.6 (reproduced below) stabilize the codewords for the Steane code,

as described in Section 10.4.2.
Name Operator

9 ITTXXXX
g2 IXXIIXX
g3 XIXIXTX
ga 1117777
gs 1771177
96 ZI1Z1Z17

Solution

Concepts Involved: Steane Code, Stabilizer Formalism

The logical codewords for the Steane code are given by:
1
NE
+ [0001111) + |1011010) + |0111100) + [1101001)]
1
NE
+ [1110000) + [0100101) + |1000011) + [0010110)]

02) = —= [0000000) + |1010101) + [0110011) 4 [1100110)

l1z) = —= [[1111111) + |0101010) + [1001100) + |0011001)
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Let us first check that |0r) is stabilized by the 6 generators:
1
g10L) = %
+ [0000000) + [1010101) + [0110011) 4 [1100110)]
=|0z)
1
9210) = 7
+ [0111100) + |1101001) + [0001111) + [1011010)]
=0z)
1
0 -
930L) 7
+ [1011010) + [0001111) + [1101001) + [0111100)]
=0z)

1
g40L) = 7 [(—1)0 |0000000) + (—1)?]1010101) + (—1)?]0110011) + (—1)% |1100110)

[10001111) + [1011010) + [0111100) + [1101001)
[10110011) + [1100110) + |0000000) 4 [1010101)

[11010101) + |0000000) + [1100110) + [0110011)

+ (=1)*|0001111) + (—1)%|1011010) + (—1)2]0111100) + (—1)? \1101001>]
=10L)

1
g5 10) = — [(—1)O |0000000) + (—1)%|1010101) + (—1)*|0110011) + (—1)% [1100110)

V8

+ (=1)%|0001111) + (—1)%1011010) + (—1)?|0111100) + (—1)? \1101001>}
=0z)

1
96 |0L) = 7 [(—1)0 |0000000) + (—1)*[1010101) + (—1)%|0110011) + (—1)? [1100110)

+ (=1)?]0001111) + (—1)%|1011010) + (—1)%|0111100) + (—1)? \1101001)}
= |0r)

For |1z), first observe that [17) = XXXXXXX |0) = X |07), and further that [X, g;] = 0 for each
i (the commutation with the X generators is trivial, and the commutation with the Z generators is seen
by observing that there are an even number of Zs). Hence, for each g; we have g; |1.) = ¢; X |01) =
Xg;|0L) = X|0.) = |1) as we have already shown that |0.) is stabilized. We conclude that both
codewords are stabilized by all generators. O

Exercise 10.33

Show that g and ¢’ commute if and only if r(g)Ar(g’)Y = 0. (In the check matrix representation,
arithmetic is done modulo two.)

Solution

Concepts Involved: Stabilizer Formalism, Check Matrix Representation, Symplectic Inner Product
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Each n-qubit Pauli operator g is represented as a binary vector
r(g) = (a1, an | b1, ..., bn) €FF" (19)

where a; = 1 if the jth component is X or Y, and b; =1 ifitis Z or Y.
Let g, ¢’ have binary vectors r(g) = (a | b), r(¢’) = (a’ | V'). Define the symplectic matrix

0 I] (20)

A=17 o

Then the symplectic inner product is given by
r()Ar(g) =a-b +b-d

z": b5 + bja}) mod 2

j=1
This value is 0 if and only if g and ¢’ commute. Therefore,

g and g’ commute <= r(g)Ar(¢" )" =0 (21)

Exercise 10.34

Let S = (g1,...,491). Show that —I is not an element of S if and only if gj2. =1 for all j, and g; # —1I
for all j.

Solution

Concepts Involved: Group Theory, Pauli Group, Order

—I ¢S ifandonlyif gjz» =1 and g; # —1 for all j.

[= ]: Assume —I ¢ S. Then for each generator g;, we must have g7 = I. If instead g7 = —I, then
—1 € S, contradicting the assumption. Also, if any g; = —I, then clearly —I € S. Therefore, we must
have both g7 = I and g; # —I for all j.

: Now assume that for all j, gJQ» = [ and g; # —1. Then each generator is of order 2 and Hermitian.
Products of such generators can only produce other Hermitian Pauli operators (up to sign), and since none
of them is —1, and none squares to —1, no combination of them can yield —I. Therefore, —I ¢ S.
Conclusion: —I ¢ S if and only if each g; is of order 2 and not equal to —I. O

Exercise 10.35

Let S be a subgroup of G,, such that —1I is not an element of S. Show that g2 = I for all g € S, and
thus gt = g.
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Solution

Concepts Involved: Group Theory, Pauli Group

Let S C G, be a subgroup of the Pauli group such that —I ¢ S. Every element g € G,, has the form
g = aP, where o € {£1,£i} and P is a tensor product of Pauli matrices. Since each Pauli matrix squares
to I, we have

g =a’I e {I,~I}

But —I ¢ S, so g2 =1 for all g € S. Now, since each Pauli matrix is Hermitian and o = +1, it follows
that

So every g € S is Hermitian.

Exercise 10.36

H D

Explicitly verify that UX, U = X1 Xy, UXoUY = Xy, UZ UY = Zy, and UZ5UT = Z1Z5. These and
other useful conjugation relations for the Hadamard, phase, and Pauli gates are summarized in Figure
10.7.

Solution

Concepts Involved: Unitary Operators, Controlled Operations

First note our ability to write the controlled-NOT operation in block diagonal form

I 0
=] T:
U=U 0 X]

By explicit (block) matrix multiplication we then have:

roolfo f]fr of _fo 1|z o) _fo x]_,
0 x||7 ollo x| |x o|llo x| |x of “'*?

A5 AE =0 A A=E A6 3=F 4==

Ux,ut =

UX,UT =

Uz, Ut =
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I 0
0 X

Z 0
0 Z

I 0
0 X

Z 0
0 XZ

I 0
0 X

Z 0
0 XZX

Z 0
0 —Z

= = = 221Z2

UZ,Ut =

Exercise 10.37

H [j

What is UY,U1?

Solution

Concepts Involved: Unitary Operators, Controlled Operations

Note from the previous Exercise that UX,UT = X, X, and UZ,UT = Z,. Hence writing Y = iZX and
using that UTU = I:

Uy,Ut =iuzXUt =iuzUTUXUT =iZ, X1 X5 = iV1 X,

,
\

Exercise 10.38

Suppose U and V are unitary operators on two qubits which transform Z;, Z5, X; and X5 by conjugation
in the same way. Show this implies that U = V.

Solution

Concepts Involved: Unitary Operators, Pauli Group

We observe that UAUT = VAV for A € {Z1, Z5, X1, X5} implies that UAUT = VAV for any two
qubit Pauli as UAUTUBU' = VAVIVBVY — UABU' = VABV? for any two operators A, B,
and {Z1, 75, X1, X2} generates all two qubit Paulis via multiplication (which is seen from Z? = I and
ZX = iY). Then, observing that the two-qubit Pauli operators form a basis for operators acting on
the Hilbert space C* (formally - they are 16 linearly independent vectors in C*** over field C, and since
dim C*** = 16 they form a basis) we can write any operator O € C*** as a linear combination of the
two qubit Paulis, O = . ¢;A;. We then have:

UOUT =U [ Y cidi |UT =D cUAUT =) e VAVI =V | Y A | Vi=vOVT

So UOUT = VOV for all O € C***, which is only possible if U = V. O

Exercise 10.39

Verify (10.91).
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Concepts Involved: Unitary Operators

We verify by matrix multiplication:

1 olfo 1]t o] Jo 1]]1 o 0 —i
SXST[O 2H1 0]01‘]1‘0][0 Z]L 0
1 olft o]t o] 1 o[t ol [t o] [1 o
0 i| |0 —1]|0 —i| |0 —i| |0 —i| [0 (=9)?| |0 -1

O
Exercise 10.40

(%) Provide an inductive proof of Theorem 10.6 as follows.

Szst =

1. Prove that the Hadamard and phase gates can be used to perform any normalizer operation on a
single qubit.

2. Suppose U is an n + 1 qubit gate in N(G,,41) such that UZ,U" = X; ® gand UX U = 7, @ ¢’
for some g,¢' € G,,. Define U’ on n qubits by U’ [¢)) = v/2(0|U(|0) ® |#)). Use the inductive
hypothesis to show that the construction for U in Figure 10.9 may be implemented using O(n?)
Hadamard, phase, and controlled-NOT gates.

3. Show that any gate U € N(G,y1) may be implemented using O(n?) Hadamard, phase, and
controlled-NOT gates.

Concepts Involved: Group theory, Pauli Group, Stabilizer Formalism, Normalizers, Controlled Operations,
Induction

1. H and S generate all single-qubit normalizer operations. Let G; be the single-qubit Pauli group
and N(G,) its normalizer (single-qubit Clifford). Conjugation by any U € N(G1) permutes {X,Y, Z} up
to a sign. The maps induced by

HXH=7, HZH =X, HYH = -Y, Sxst=v, syst=—-x, szs8t =2

show H implements the transposition (X Z) and S the 3-cycle (XY Z) (up to signs). These generate all
signed permutations of {X,Y, Z} modulo global phase, hence (H,S) = N(G;) (up to phase).
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2. Canonical (n+1)-qubit case. Assume the inductive hypothesis: every V € N(G,,) is implementable
with O(n?) gates from {H,S,CNOT}. Let U € N(G,,11) obey

Uz Ut =X1®g9, UXiU'=27Z1®¢,
for some g,g’ € G,, on qubits 2,...,n+1. Define U’ on n qubits by
U'lg) = V2 (0| U(j0)®[y)) .

Claim: U" € N(G,). For any h € G,, since U normalizes GG,,+1 there exist a phase w, a single-qubit
Pauli P, and pj, € G, s.t. U (I®h) Ut = w (Pi®py). Using the given images of X, and Z;, one checks
that the (0| (-) |0) matrix element vanishes unless P; = I; in that case

U/ hU/T X pn € G",

so U’ maps Paulis to Paulis and hence U’ € N(G,,) (global phase irrelevant).
Realizing the g, g’ factors with O(n) gates. We can wire the first qubit to imprint the tensor factors of g
and ¢’ using {H,S,CNOT}, leaving the remaining n-qubit block otherwise untouched:

o To multiply Z; by a Z; factor (in g): apply CNOT(j — 1), which conjugates Z; — Z1Z; and leaves
X7 invariant.

e To multiply Z; by an X; factor: apply H;, then CNOT(j —1), then H;.

o To multiply Xy by an X factor (in ¢'): apply CNOT(1— j), which conjugates X; — X;X, and
leaves Z; invariant.

o To multiply X; by a Z; factor: apply H;, then CNOT(1— j), then H;.

Processing all non-identity factors in g, g’ uses O(n) one- and two-qubit Clifford gates.

Complete the construction. By the claim, U’ € N(G,,) and by the inductive hypothesis can be implemented
on the last n qubits with O(n?) gates. Conjugating I® U’ by the O(n)-gate wiring above, and composing
with a single-qubit H on qubit 1 (to swap X; <> Z; as specified) yields a circuit whose conjugation matches
U on both the first-qubit generators and on I® G,,. Total gate count: O(n) + O(n?) = O(n?).

3. General (n+1)-qubit case. Forany U € N(G,1) thereexist P, P| € {X1,Y1,Z1} and g,¢' € Gy,
with
UZ Ut =+Pi®yg, UX,U'=+P/®¢,

obeying the Pauli commutation/anticommutation relations. Using only H and .S on the first qubit (con-
stant cost), map the pair (P, P{) to the canonical pair (X1, Z1) or (Z1, X1) (signs are irrelevant up to
global phase). This reduces to the canonical case handled in Part 2, yielding an O(n?) implementation
over {H,S,CNOT}. O

Exercise 10.41

Verify Equations (10.92) through (10.95).
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Concepts Involved: Controlled Operations

Toffoli projector form. Let U = CCNOT} 5,3 and IT = %(I —Z1)I — Zs). Set A =TI ® (X3 — I3).
Then U =1+ A and
UOU' = (I+ A)O(I + A) = 0+ {A,0} + AOA

for any operator O.

(1) UZ,UY = Zy and UZ,UT = Z,. Since 7 (and Z3) commute with II and with X5 — I3, we have
[A,Z;]=0and AZ;A=0. Hence UZ;U" = Z; for j = 1,2.

(2) UX3U" = X3. Here X3 commutes with IT1. Compute {A, X3} = I®{X3—1I3, X3} = I®2(I3—X3),
and AX3A = I® (X3 —I3)X3(X3—1I3) = I®2(X3—I3). These two terms cancel, giving UX3UT = X3.

1
(3) UXlUT = 5 X1 (I + Z2 + X3 — ZQXg). Use

{ILX}=3{I-2Z, X1}I - Zo) = 1 Xa (I — Z»), X101 =0,
(the last because (I — Z1)X1(I — Z1) = 0). Thus

UX\UT =X+ {A, X1} + AX1A= X, +{I1, X1} ® (X3 — I3) + 0
=X1+1X1(I - 2)(X3—I3) = 3 X1 (I + Z5 + X3 — Z2X3).

1
(4) UXUT = §X2 (I + 714+ X5 — Z1X3). This is identical to (3) by the 1 <+ 2 symmetry of U.

1
(5) UZ3UT = 5 Z3 (I+Zl+ZQ—leQ). We have {Xg—];g,Zg} = —273 and (Xg—[g)Zg(Xg—Ig) =0,
and Z3 commutes with II. Therefore

UZsUT = Zs+ {A, Z3} + AZsA = Zs + I @ (—223) + 0 = Z3 (I — 210).

Since [ — 2I1 = % (I+Zy+ Zy — Z1Z5), the claim follows. O
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Exercise 10.42

(%) Use the stabilizer formalism to verify that the circuit of Figure 1.13 on page 27 teleports qubits,
as claimed. Note that the stabilizer formalism restricts the class of states being teleported, so in some
sense this is not a complete description of teleportation, nevertheless it does allow an understanding of
the dynamics of teleportation.

Concepts Involved: Stabilizer Formalism, Quantum Teleporation

Let us label the qubits as follows: qubit 1 is Alice's input (A), qubit 2 is the resource qubit (R), and
qubit 3 is Bob's qubit (B). The Bell state |So0) rp has stabilizers ZrZp and XpXp. Alice performs
CNOT A — R, then H 4, then measures Z4 with outcome my and Zi with outcome msy. Bob applies
X™M27™ to qubit B.

Case I: input |0) 4 (stabilizer Z4). We start with a state with the stabilizer group

S=(Za, ZrZp, XrXs).

After CNOT A — R,
S =(Za, ZaZrZp, XrXB).

After H 4,
S=(X4a, XaZrZp, XprXB) =(Xa, ZrZp, XrXB)

Measure Z4 (outcome my): replace X4 by (—1)"1Z :
S={((-1)™Za, ZrZp, XrXB).
Measure Zg (outcome my): replace XgXp by (—1)"2Zg and ZrZp by (—1)"2Zp
S={((-1)™Za, (-1)™Zg, (—1)™Zg).

Now, looking at Bob's stabilizer, we have ((—1)™2Zg). Thus Bob's state is Z™* X"2|0).
Case Il: input |+) 4 (stabilizer X 4 ). Initial stabilizer group to start with

S = (X4, ZrZs, XrXs).

After CNOT A — R:
S =(XaXgr, ZaZrZp, XrXB).
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After H 4,
S =(ZaXr, XaZrZp, XrXp).

Measure Z4 (outcome my): replace XaZrZp by (—1)™Z4 and reduce Z4X g to (—1)™ Xpg:
S=((-1)"Xgr, XrXp, (=1)™Za).
Measure Zg (outcome mg): replace X by (—1)"2Zp and update XpXp — (—1)"™ Xp:
S={(=1)"Zg, (-1)™Xp, (1) Za).
Eliminating A, R, Bob's stabilizer is ((—1)"* X ). Thus Bob's state is Z™* X™2|+).

Remark: Technically speaking, one should also consider starting with |1) or |—) as input; following the
sign changes through the stabilizer updates leads to the same conclusion as in Cases | and II.

Exercise 10.43

Show that S C N(S) for any subgroup S of G,,.

Solution

Concepts Involved: Group Theory, Normalizer

By definition,
N(S)={g€G,|gsg~' €S forall sc S}

Forany s € S, and all s’ € S, we have ss’s™! € S since S is a group.

= s € N(S)forall seS=5CN(S)

Remark: S = N(9) iff S is self-normalizing. For stabilizer codes, N(S) \ S contains logical operators.

Exercise 10.44

Show that N(S) = Z(S) for any subgroup S of G,, not containing —I.

Solution

Concepts Involved: Group Theory, Pauli Group, Normalizer, Centralizer Pauli group G,,, Group theory.

N(S)={g€G,|gsgtecSforallseS}, Z(S)={g€eG,|gs=sgforallscS}
Assume —1 ¢ S. Let g € N(S). Then for all s € S,

gsg™! = wys  for some w, € {#1,+i} = gs = wssyg
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If any ws # 1, then gs # sg = g ¢ Z(S), but wsg € S = +i € S, implying —I € S, contradiction. So
all wg =1, and thus g € Z(S). Therefore, N(S) C Z(S). Since always Z(S) C N(S), we conclude:

Remark: If —I € S, then elements may normalize S while anti-commute with some s € S, breaking the
equality. This makes the exclusion of —I essential in stabilizer codes.

Exercise 10.45: Correcting located errors

(%) Suppose C(S) is an [n,k,d] stabilizer code. Suppose k qubits are encoded in n qubits using this
code, which is then subjected to noise. Fortunately, however, we are told that only d — 1 of the qubits are
affected by the noise, and moreover, we are told precisely which d — 1 qubits have been affected. Show
that it is possible to correct the effects of such located errors.

Solution

Concepts Involved: Stabilizer Codes, Code Distance, Error Correction Conditions
Let C(S) be an [n, k, d] stabilizer code with code projector P. Suppose noise acts on a known set L C [n]
of £ qubits with £ < d—1 (“located” errors). To show these errors are correctable, it suffices (by linearity)
to verify the Knill-Laflamme conditions for a Pauli basis of errors supported on L.
Let {E,} be all n-qubit Pauli operators supported on L. For any «, 3 we have EZLE[; supported on L,
hence

wt(ElEg) < £ < d—1.

By distance d, any nontrivial Pauli of weight < d either (i) maps the code space to an orthogonal subspace
(i.e. is detectable), in which case PE] E5P = 0, or (ii) lies in the stabilizer S, in which case PE{ EgP = P.
Thus there exist scalars c,3 with

PElEgP = cop P,

namely ¢, = 1 if E} Eg € S and cap = 0 otherwise.
These are exactly the Knill-Laflamme error-correction conditions, so the set of all errors supported on L is
correctable. Equivalently, any [n, k, d] code can correct up to d — 1 located errors on known positions. [

| r
\

Exercise 10.46

Show that the stabilizer for the three qubit phase flip code is generated by X; X5 and X5 X3.

Solution

Concepts Involved: Phase Flip Codes, Stabilizer codes, Generators

The three-qubit phase-flip code encodes

0) =l+++),  [o)=|---),
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with [+) = (]0) & [1))/+/2. Since X |+) = |+) and X |-) = —|—), we can check the stabilizers
g1 = X1Xo, g2 = X2X3.

On |0L) = |[4+ + +) both g1 and g5 act trivially, giving eigenvalue +1. On |11) = |- — —), two X operators
act, so the minus signs cancel, again giving eigenvalue +1. Thus both logical states are stabilized by g1
and gs. These generate the stabilizer group

S ={I, X1 X5, X2X3, X1 X3}

Since there are n = 3 qubits and 7 = 2 independent generators, the stabilized subspace has dimension
2"~ = 2, which is precisely the logical qubit of the code. Therefore, the stabilizer of the three-qubit
phase-flip code is generated by X; X5 and X5 X3. O
Remark: This stabilizer structure is directly analogous to that of the three-qubit bit-flip code, whose
stabilizer is generated by Z; Z5 and Z3Z3. The two codes are related by applying Hadamard gates to each
qubit, H®3, which interchange Z <+ X. Thus, the phase-flip code is simply the Hadamard-transformed
version of the bit-flip code.

Exercise 10.47

| r
\

Verify that the generators of Figure 10.11 generate the two codewords of Equation (10.13).

Name Operator

g1 ZZIIIIIIT
go I1ZZIIIIIT
g3 IIIZZIIII
g4 IIIIZZIIT
gs IIIII1ZZ1
96 IIIIIIIZZ
g7 XXXXXXIII
Js INIXXXXXX
% XXXXXXXXX
X 777777777

Solution

Concepts Involved: Shor Code, Stabilizer Code, Generators

Letting S = (g1, 92,93, 94, J5, 96, g7, gs), we have n — k = 8 independent and mutually commuting
generators from Gz, and hence Vg is 2! = 2-dimensional (there are only 2 codewords) from Proposition
10.5. We could generate the two codewords via brute force by defining the projector:

p(0.0,0,0,0,000) _ I15_,(I +g:)
S ==

and finding the two eigenvectors corresponding to non-zero eigenvalues. However, since we are given the
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codewords:

(|000) + |111))(|000) + |111))(|000) + |111}))

O =5
| L> 2\/5
1) = (|000) — |111))(]000) — |111))(]000) — |111))
2v2
to verify them we only need verify that they are both +1 eigenvalues of ¢4, ..., gs.

First, note that for the generators g, ...gg that they are all pairs of Zs that act on the same 3-qubit
blocks, and hence leave the codewords invariant (the sign of |111) in a given block is flipped twice). For
g7, gs, note that this involves swapping |000) +<> |111) in two blocks; for [0.) this does nothing (every
block is left invariant by X X X') and for |11) we a two minus signs (one per block) which cancels. Hence
the two codewords are eigenstates of the generators. O

Exercise 10.48

Show that the operations Z = X1X2X3X4X5X6X7X8Xg and X = 2122Z3Z4Z5Z6Z7Z8Z9 act as
logical Z and X operations on a Shor-code encoded qubit. That is, show that this Z is independent of
and commutes with the generators of the Shor code, and that X is independent of and commutes with
the generators of the Shor code, and anti-commutes with Z.

Concepts Involved: Shor Code, Stabilizer Code, Logicals

Let S be the stabilizer of the Shor [9, 1, 3] code with eight generators: six Z-type pair checks within each
3-qubit block and two X-type weight-6 checks that couple blocks. Consider

Z=X1Xy--Xg= X%, X =212y Zg = Z%9°.

(1) Z commutes with S. For any Z-pair generator Z;Z; (within a block), we have X®%(Z,Z;) =
(—Z:i)(—Z;)X®? = Z;Z;X®?, since there are two overlaps with Z, giving a net phase (—1)% = +1.
For each weight-6 X-type generator, all overlapping factors are X, hence commute trivially with X®9.
Therefore Z € N(S).

(2) X commutes with S. It clearly commutes with every Z-pair generator. For a weight-6 X-type
generator, the overlap with Z®9 is on 6 qubits, and ZX = —XZ per overlap; thus the total phase is
(—1)% = +1, so they commute. Hence X € N(S).

(3) Independence: Z,X ¢ S. Every element of S has X-support on either zero or exactly two of the
3-qubit blocks, since products of the two weight-6 X -generators toggle blocks in pairs; thus no stabilizer
element has X on all three blocks simultaneously, so X®9 ¢ S. Likewise, within any single block the
Z-pair generators toggle Z's two at a time, so every stabilizer element has an even number of Z's per
block; therefore Z®3 on a block (odd parity) cannot arise, and Z®? ¢ S.

(4) X anti-commutes with Z. They overlap on 9 qubits, so

XZ=(-1)°ZX=-ZX.

Combining (1)-(4), Z, X € N(S)\ S and satisfy the Pauli relation X Z = —Z X , hence they act as the
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logical Z and X operators on the Shor-code encoded qubit. O

Exercise 10.49

| r

() Use Theorem 10.8 to verify that the five qubit code can protect against an arbitrary single-qubit error.

Solution

Concepts Involved: Five Qubit Code, Stabilizer Code, Error Correction Conditions

Let the five-qubit code have stabilizer
S = <gla92ag3vg4>7 g1 = XZZXI7 g2 = IXZZXa g3 = XIXZZ7 g4 = ZXIXZv

and logical operators Z = ZZZZZ, X = XXX XX. By Theorem 10.8, a set of errors { £, } is correctable
iff for all j, k, either E]T»Ek € S or E;Ek anticommutes with at least one generator of S (i.e. yields a
nonzero syndrome).

Consider &€ = {I,X;,Y;,Z; : i = 1,...,5}. For a single-qubit Pauli on site i, its 4-bit syndrome
s(E) = (s1,...,84) € {&1}* is determined by commutation with the generators:

Sg(E) = -1 <— Egg = —ggE, Sg(E) =41 «— Egg = ggE.

Equivalently, writing a binary check-matrix where rows index g, and columns index qubits, the syndrome
of X, is the “Z-column” at i (which g, have Z on qubit ¢); the syndrome of Z; is the “X-column” at i;
and the syndrome of Y; is the bitwise XOR of those two (since Y~ anticommutes with both X and Z).
Reading off from (g1,...,94) gives (rows ordered g1, g2, g3, g4):

| i=1 2 3 4 5
X-column | [1,0,1,0] [0,1,0,1] [0,0,1,0] [1,0,0,1] 0,1,0,0]
Z-column | [0,0,0,1] [1,0,0,0] [1,1,0,0] [0,1,1,0] [0,0,1,1]

Hence the five X-columns are pairwise distinct and nonzero; the five Z-columns are pairwise distinct and
nonzero; and each Y-column (XOR of its X- and Z-columns) is also distinct and different from any X- or
Z-column. Therefore all 15 nontrivial errors in £ have pairwise distinct nonzero syndromes. Consequently,
for any distinct single-qubit errors E; # Ej, the product E]T»Ek anticommutes with at least one generator
of S, satisfying Theorem 10.8. It follows that the five-qubit code corrects an arbitrary single-qubit error.
(Equivalently, d = 3 so t = 1 is correctable.) O

,
\

Exercise 10.50

Show that the five qubit code saturates the quantum Hamming bound, that is, it satisfies the inequality
of (10.51) with equality.

Solution

Concepts Involved: Five Qubit Code, Quantum Hamming Bound
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The quantum Hamming bound for a non-degenerate [n, k] code correcting up to t errors is
' /n
> ( _>3j 2k < om,
i=o

This expresses that each possible error (identity plus all weight-< ¢ Pauli errors) produces a distinct
2*_dimensional subspace, all of which must fit inside the 2"-dimensional Hilbert space.
For the five-qubit code, n =5, k=1, and t = 1. Thus,

[<2)30+ <?)31}21 =(1+15)-2=32=2°

So the inequality holds with equality. Therefore the five-qubit [5, 1, 3] code exactly saturates the quantum
Hamming bound, making it a perfect code. U

Exercise 10.51

(%) Verify that the check matrix defined in (10.106) corresponds to the stabilizer of the CSS code
CSS(Cy,C5), and use Theorem 10.8 to show that arbitrary errors on up to t qubits may be corrected by
this code.

Concepts Involved: Stabilizer Codes, CSS Codes, Check Matrix Representation, Code Distance

1L
Z|1X] = lH(OCQ ) H(%l)

The check matrix

defines Z-type stabilizers Z* for z € Cy (rows of H(C5)) and X-type stabilizers X? for z € Ci- (rows
of H(C})). Since Cy C C; we have Cf C C5-, hence H(Cy )H(C1)T = 0 and all stabilizers commute.
The code space stabilized is spanned by

{lz+Cy) = wlcﬁ Y lz+y):izei),

yeCa
which is exactly C'SS(Cy,Cs) of dimension 2%1=%2 The normalizer is
N(S)={X"Z":uecC,veClCy}, S={X"Z":ucCy veCi}

Thus if F'= X“Z" € N(S)\ S, then either u € C;\ Cy or v € C3-\ Cf-. In the first case, u is a nonzero
codeword of Cy not contained in Co, so by definition wt(u) > d(C1). In the second case, v is a nonzero
codeword of C3- not in Ci-, so wt(v) > d(C5-). Hence any nontrivial logical operator has weight at least
min{d(C1),d(Cy)}.

Let £ be all Pauli errors of weight < ¢. For Ej, £, € £ we have F' = EJTEk = X"Z" of weight < 2¢t. If
F € N(S)\S, then either wt(u) > d(C4) or wt(v) > d(Cy ). Under the assumption d(C}),d(Cy) > 2t+1
this is impossible since wt(F) < 2¢. Thus E;Ek ¢ N(S)\ S for all j,k, and by Theorem 10.8 the code
corrects all errors on up to ¢ qubits. U
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Exercise 10.52

Verify by direct operation on the codewords that the operators of (10.107) act appropriately, as logical Z
and X.

Solution

Concepts Involved: Steane Code, Stabilizer Codes, CSS Codes, Logicals

The Steane code is a CSS code based on the [7,4,3] Hamming code C' and its dual C*. The logical
codewords can be written as

0z) m a1 = w%' S o),

zeCL zeCt

where v = 1111111.

Action of Z®7. For any string y, Z%7|y) = (—1)"*®|y). Every x € C* has even weight (0 or 4),
hence
Z®"|0L) = 10z).

For x @ u, the weight is odd since wt(u) = 7 and wt(x) is even, so
Z91L) = —|1z).

Thus Z®7 acts as the logical Z operator.

Action of X®7. Bitwise X flips bits: X®7|y) = |y @ u). Therefore

X®7|OL

W > lzou) =|1z),

zeC+

and similarly X®7|12) = |07). Thus X®7 acts as the logical X operator.
Thus, the transversal operators of (10.107),

Z=2z%,6 X=X°%,

indeed act on the Steane codewords as the encoded Pauli Z and X. O

Exercise 10.53

| r

(x) Prove that the encoded Z operators are independent of one another.

Solution

Concepts Involved: Stabilizer Codes, Check Matrix Representation, Logicals

We put the stabilizer check matrix into the standard form of Eq. (10.111). In this form, we choose the k
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encoded Z operators with check matrix
GS™ =000 | AT O I].

Each Z; has no X part and a Z part that contains a 1 in the j-th of the last k columns, together with
additional entries given by AJ.
Now suppose that a nontrivial product of the encoded Z's equals a stabilizer element. Equivalently, let
v € F5\ {0} and consider

P = UTG(ZEHC).

The vector r has X-part equal to 0, and its Z-part has last k entries equal to v # 0.
Next, we examine all possible stabilizer vectors. Every stabilizer is a binary sum of rows of the stabilizer

check matrix G. In standard form, the stabilizer rows place an identity matrix in the earlier blocks of
(enc)

the Z-part, but they contain no terms in the last k Z-columns reserved for G, . Therefore, no linear
combination of stabilizer rows can yield a vector r with X-part zero and last-k Z columns equal to a
nonzero v.

This contradiction shows that the only solution is v = 0. Hence, no nontrivial product of the encoded Z's
lies in the stabilizer, and we conclude that the encoded Z operators are independent of one another. [

Exercise 10.54

| r
\

(x) Prove that with the check matrix for the encoded X operators defined as above, the encoded X
operators are independent of one another and of the generators, commute with the generators of the
stabilizer, with each other, and Xj commutes with all the Z; except with Zj, with which it anti-commutes.

Concepts Involved: Stabilizer Codes, Check Matrix Representation, Logicals

We work in the binary symplectic representation and put the stabilizer check matrix into the standard form
of Eq. (10.111). In this form we choose the k encoded Z and X operators to have k x 2n check matrices

Gz=[000] AJ0I;], Gx=[0E"I | CT00].

Thus a row of Gx (the jth X;) has X-part supported only in the middle block ET and in the last k
X-columns (with a 1 at column n — k + j), and Z-part supported only in the left block CT. A row of
Gz (the jth Zj) has no X-part and a Z-part whose last k Z-columns contain the unit vector e;.

Independence of the )_(j and independence from the stabilizer. We take a binary combination
v € FX of the rows of G'x. By construction, the X-part of Zj vj)_(j has its last £ columns equal to v,
thanks to the terminal Iy. In standard form, stabilizer rows have no support in those last k& X-columns,
so no nonzero v can be realized by a stabilizer combination. Therefore the Xj are independent of one
another and of the stabilizer.
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Commutation with the stabilizer. Write a stabilizer row as [z4|z;s] and a logical-X row as [zx|zx].
The commutation condition for Paulis is the vanishing symplectic product

<[$X|ZX]a[xs|Zs]> = xXZ;I—+ZXxI =0 (Over FZ)

Because xx has support only in (ET,I;) and zx only in CT, while [z,|z,] has support confined to the
stabilizer blocks of Eq. (10.111), the two cross-terms cancel blockwise, so each Xj commutes with every
generator of S.

Mutual commutation of the encoded X's. For i # j, take two rows [wg?|z§)] and [x%”z&ﬁ)] of Gx.

The symplectic product xg?zgg)T + zﬁ?zﬁﬁ”

Z-support in zg), and the shared (ET,CT) blocks are arranged to be orthogonal in the standard form.
Hence [X;, X;] = 0.

vanishes: the terminal I support of xg? has no matching

Commutation/anticommutation with the encoded Z’s. A row of G has zz = 0 and zz with last-k
Z-columns equal to e;. A row of Gx has xx with last-k X-columns equal to e; and zx with no support
in the last-k Z-columns. Therefore

= 5 T T T
(Xi,Z;) =axz2y +2x2, = eie; = 0ij.

Thus X; commutes with all Zj for k # j, and anti-commutes with Z;.

Conclusion. With Gx =[0ET I, | CT00] in standard form, the encoded X operators are independent
of one another and of the stabilizer, commute with the stabilizer and with each other, and satisfy the
logical Pauli relations X;Z; = (—1)%*Z, X;.

O

Exercise 10.55

Find the X operator for the standard form of the Steane code.

Concepts Involved: Shor Code, Stabilizer Codes, Check Matrix Representation, Logicals, Standard Form

From the standard-form check matrix of the Steane code (Eq. 10.112 in Nielsen & Chuang), we can read
off
Ay = (13 1, 0)7

so the encoded logical operator is
Z = 717277 (standard-form labeling).

To determine X, we require an operator that (i) commutes with all stabilizer generators, and (ii) anti-
commutes with Z. Because the code is CSS, we can restrict attention to X-type operators. To anti-
commute with 737577, the operator must overlap an odd number of times with {1,2,7}. A minimal
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choice is
X = X1 X, X5.

Undoing the swaps used to bring the check matrix into standard form relabels the qubits, yielding
X = XX, X (original Steane labeling).
This logical operator is equivalent (up to multiplication by stabilizers) to the transversal form

X = X9%7,

,
\

Exercise 10.56

Show that replacing an encoded X or Z operator by g times that operator, where g is an element of the
stabilizer, does not change the action of the operator on the code.

Solution

Concepts Involved: Stabilizer Codes, Logicals

The code space is defined by the stabilizer group S as

C={lY):glY)=|¥) Vge S}

Let O be a logical operator (for example X or Z). If we replace it by gO with g € S, then for any code
state [¢)) € C we have

(90)|4) = g(Ol4)).
Because O|t) is again a code state, and g acts as the identity on all code states, it follows that
9(O)) = Ol).

Therefore
(9O)ly) = Oly) V|¢) e,

showing that gO and O have identical action on the code. Thus multiplying a logical operator by any
stabilizer element does not change its encoded action. O

,
\

Exercise 10.57

(%) Give the check matrices for the five and nine qubit codes in standard form.

Concepts Involved: Five Qubit Code, Shor Code, Check Matrix Representation, Standard Form
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operations and simultaneous column swaps (qubit relabeling) bring G to

I. A|B 0

G~ 0|D Iy,

1 , r=rank(Gy).

Five-qubit code [5,1, 3]. Stabilizers:
g1 = XZZXI, go=1XZZX, g3=XIXZZ, qgi=ZXIXZ.

Standard-form matrices:

1 0 0 0 1 1 1 0 1 1
01 0 0 1 0 0 1 1 0
Gx=loo10 1" %=1 100 o
0 0 0 1 1 1 01 1 1
withr =4 =n — k.
Nine-qubit Shor code [9, 1,3]. Stabilizers:
212, ZaZ3, Ly 25, Lsle, Lrlg, ZgZy,
Xi- Xg, Xi---Xo.
After row/column operations, one explicit standard form is
[1 000000 0 O (0000000
01 00 0 0 O0O0O0 0O 0 0 0 0 0O
00 00 0 0 O0O0O0 0O 01 0 0 0 O
Gv — 00 0 0 0O 0 0 0 o0 G, — 0O 001 0 0O
X" loooo0oo00o0o00” " Jlooo0oo0100
00 00 0 0 O0O0O 0 0O 000 0 10
00 00 0 0 O0O0O0 0O 0 0 0 0 0 O
00 0 0 0 0 O0O0O0 0O 0 0 0 0 0 O

withr=2and n—k —r =6.

O R O O O O o o

= O O O O O O O

Thus the five-qubit code has full X-rank, while the nine-qubit code splits into two X-checks and six

Z-checks, reflected by the Iy and Iz blocks.

O
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Exercise 10.58

Verify that the circuits in Figures 10.13-10.15 work as described, and check the claimed circuit equiva-
lences.

Figure 10.15 (Measuring Z).

Concepts Involved: Quantum Measurement, Controlled Operations

The verification of Figure 10.13 was already done in Ex. For the claimed equivalences:

Measure X (Fig. 10.14) Measure Z; (Fig. 10.15)
Ancilla initial: (Z,) Ancilla initial: (Z,)
H.: Z. & X, —
CNOT s —w a: Z,+— Z:Z, CNOT s v a: Z,— ZsZ,
Now stabilizer: (Z;Z,) Now stabilizer: (Z,Z,)
Final Hy: Zs — X5 = (X:Z,) —
Measure Z,: Measure Z,:
outcome +1: (X, Z,) outcome +1: (Zs, Z,)
outcome —1: (=X, Z,) outcome —1: (—=Z,, Z,)

In the Fig. 10.14 (15) circuit, the ancilla measurement outcome projects the system into the corresponding
+1 eigenspace of X (Z,).
O
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Exercise 10.59

(%) Show that by using the identities of Figures 10.14 and 10.15, the syndrome circuit of Figure 10.16 can

be replaced with the circuit of Figure 10.17.

Figure 10.16.
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Figure 10.17.
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Concepts Involved: Error Syndrome, Controlled Operations
The circuit of Fig. 10.16 extracts both Z- and X-type Steane stabilizers using ancillas with Hadamards.
We show it is equivalent to the Hadamard-free circuit of Fig. 10.17 by applying the identities of Figs. 10.14—
10.15.

Step 1 (basis change). For the X-type checks, Fig. 10.16 prepares an ancilla in |0), applies H, couples
it to data qubits via CNOTs, applies H, then measures in the Z basis. Using the identities

HXH=2 HZH=X, (I®H)CNOT(I®H)=CZ,

this procedure is equivalent to preparing |0), using CNOTs with swapped control/target, and finally
measuring in Z. Thus all ancillas can be measured in Z, and the X-check ancillas simply use reversed
CNOT orientation.

Step 2 (uniform fan-outs). For Z-type checks, the data act as controls and the ancilla as target. For
X-type checks, after Step 1, the ancilla acts as control and the data as targets. In both cases the syndrome
is copied into the ancilla by a fan-out of CNOT gates, with the qubits involved determined by the rows of
the Steane parity-check matrices.

Step 3 (commutation). CNOTs with common control or disjoint wires commute, so each ancilla’s set
of CNOTs may be regrouped into a left-to-right “fan-out” block. This yields exactly the structure of
Fig. 10.17: three ancillas coupled with data-as-control (for Z stabilizers) and three ancillas coupled with
ancilla-as-control (for X stabilizers), all measured in Z.

Hence, by eliminating the explicit Hadamards and commuting CNOTSs, the syndrome-extraction circuit of
Fig. 10.16 is transformed into the simpler and equivalent circuit of Fig. 10.17. O

Exercise 10.60

(%) Construct a syndrome measuring circuit analogous to that in Figure 10.16, but for the nine and five
qubit codes.

Concepts Involved: Five Qubit Code, Shor Code, Error Syndrome, Controlled Operations

For a stabilizer g = ), P, on data qubits:
o Z-type (P; € {Z,I}): prepare ancilla |0); for each i with P, = Z apply CNOT,_,,; measure Z,,.

o X-type (P; € {X,I}): prepare ancilla |+); for each ¢ with P, = X apply CNOT,_,;; measure X,
(i.e., H,, then Z,).

o Mixed Pauli (P; € {X,Z,I}): either
(A) ancilla-operations: prepare |+),; for each X-site do CNOT,,_,;, for each Z-site do CNOT;_,,;
measure X,; or
(B) data-conjugation: apply H on data qubits where P; = X (so X — Z), run the Z-type pattern,
undo those H's.

391



In Heisenberg form, these implement the projective measurement {(I & g)/2}.

Nine-qubit (Shor) code [[9, 1, 3]]. Choose generators

214y, Zals, ZisZs, ZsZe, Lrls, ZsZy, X1 XoX3Xy X5Xg, XyX5X6X7X3Xo.

6 Z-checks 2 X-checks

Syndrome circuits (use one ancilla per row, or reuse sequentially):

o For each pair (i,j) € {(1,2),(2.3),(4,5), (5,6), (7,8), (8,9)} [0), ——r=eTOT=e, measure

Zy.

[T;es, CNOTaoi
%

e For Sy ={1,2,3,4,5,6} and Sy = {4,5,6,7,8,9}: |+), measure X,,.

Counts: 6 x 2+ 6+ 6 =24 CNOTs, 6 Z-basis and 2 X-basis ancilla measurements; n — k = 8 syndrome
bits.

Five-qubit code [[5, 1, 3]]. Use the standard generators (cyclic shifts of XZZXT)

g1 = X12273X4l5, go=11X2232,X5,
g3 = X112 X3Z, 75, g4 = Z1 X013 X4 Z5.

Measure each with one ancilla the following protocol

g1: |+),, CNOT,_1,CNOT,_,,,CNOT5_,,,CNOT, 4, measure X,,
g2: |+),, CNOT,_,2,CNOT3_,,,CNOT4,,, CNOT,_,5, measure X,,
g3 |+),, CNOT,_,1,CNOT,_,3,CNOT,_,,,CNOT5_,,, measure X,,
g4 |+),, CNOT;,,,CNOT,_,2,CNOT,_,4,CNOT5_,,, measure X,.

Exercise 10.61

(%) Describe explicit recovery operations E’jT corresponding to the different possible error syndromes that
may be measured using the circuit in Figure 10.16.

Concepts Involved: Steane Code, Error Syndrome and Recovery

The Steane [[7,1,3]] code is a CSS code built from the classical [7,4,3] Hamming code. lIts stabilizer
check matrix is derived from the Hamming parity-check matrix

1
H=|0
0

oS = O

1 01 01
10 0 11
01 1 11

Each column of H labels one of the 7 physical qubits, and each 3-bit vector is the syndrome produced
when that qubit alone suffers an error.
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In the Steane syndrome circuit (Fig. 10.16):

e The three Z-type stabilizers give a 3-bit outcome sx that detects whether an X or Y error has
occurred, and on which qubit.

e The three X-type stabilizers give a 3-bit outcome sz that detects whether a Z or Y error has
occurred, and on which qubit.

Error correction rule (for weight-1 errors):

1, if sx =000, sz = 000,

if Sx = C0|j(}1)7 Sz = 0007
E" =

X;,
Z;, if sx =000, sz = col;(H),
Y}'7 ifSX:CO|j(H):Sz.

That is, a nonzero sx means “apply an X on qubit j,” a nonzero sz means “apply a Z on qubit j," and
if both syndromes are nonzero and identical, the error was Y;.

Column — qubit map. The 3-bit syndromes correspond to the columns of H as follows

i |1 2 3 4 5 6 7

1l fol (1] [o| {1} f[o| |1

col;(H) | |0 1 1 0 0 1 1
o |o| fo| (1] [t]| [1] |2

The Steane [[7,1, 3]] code is a CSS code built from the classical [7,4, 3] Hamming code. Its stabilizer
check matrix is derived from the Hamming parity-check matrix

1
H=|0
0

O = O

1 01 01
1 0 0 1 1
01 1 11

Each column of H labels one of the 7 physical qubits, and each 3-bit vector is the syndrome produced
when that qubit alone suffers an error.

In the Steane syndrome circuit (Fig. 10.16):

e The three Z-type stabilizers give a 3-bit outcome sx that detects whether an X or Y error has
occurred, and on which qubit.

e The three X-type stabilizers give a 3-bit outcome sz that detects whether a Z or Y error has
occurred, and on which qubit.
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Error correction rule (for weight-1 errors):

~

, if sx =000, sz = 000,

if sx = col;(H), sz =000,

X;,
Zj, ifSXZOOO, SZ:CO|j(It[)7
1/]', ifSX:CO|j(H)=Sz.

That is, a nonzero sx means “apply an X on qubit j," a nonzero sz means “apply a Z on qubit j,” and
if both syndromes are nonzero and identical, the error was Y.

Column — qubit map. The 3-bit syndromes correspond to the columns of H as follows:

j |1 2 3 4 5 6 7
1f fol (1] [o| {1} fo| |1

col;(H) | 0| 1| |1| [o| o] |1] |1
o |o| fo| (1] [t]| [1] |2

Summary. Each nontrivial syndrome corresponds to exactly one qubit, identified by its column of H. The
type of error (X, Z, or Y) is determined by whether sx, sz, or both are nonzero. If the two syndromes
point to different qubits, this indicates an error of weight > 2, which the Steane code cannot guarantee
to correct.

O

Exercise 10.62

(x%) Show by explicit construction of generators for the stabilizer that concatenating an [n, 1] stabilizer
code with an [ng, 1] stabilizer code gives an [nins, 1] stabilizer code.

Solution

Concepts Involved: Stabilizer Codes, Generators, Code Concatenation

Let Cout be an [ng, 1] stabilizer code with stabilizer S,y C P, and chosen logical Paulis Xout, Zouwt €
N (Sout) \ Sout and Ci,, be an [ng, 1] stabilizer code with stabilizer S;, C P,,, and logical Paulis X, Zi, €
N(Sin> \ Sin-

Concatenation replaces each physical qubit of C,,t by an ns-qubit block encoded by Ciy, giving nq blocks
of size ng (total nyng qubits). Define the blockwise “lift"

ny ni
- U)
(2 Pnl —>Pn1n27 ¥ ®PJ :®Pjirf’
j=1 j=1

where Ti, := I®" X, Z;, are the inner logicals, Y, := i XinZin, and the superscript /) indicates
action on block j only. Because Xi,, Zi, reproduce Pauli commutation relations modulo Sj,, ¢ preserves
commutation.
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Concatenated stabilizer. Define Scon C Ppyn, to be generated by

n1

UsY U {#9): g€ Gou},

j=1

where Si(g) = {519 : s € Siy} and Gous is any independent generating set of Syy; (of size ny — 1).
Abelianness and stabilization. Elements within each Si(g) commute, and different blocks have disjoint
support, so |J; 5Y9) is abelian. Since Xin,Zin € N(Sin), every o(g) commutes with every S If
g, h € Sout commute, then, by symplectic preservation, [¢(g), ¢(h)] = 0. Hence Scop is abelian. Writing
the encoder as

gcon = ((c/’in)®n1 O Cout)

each Si(g) fixes Im(&y,) in block j, and for g € Sout, w(g) acts as the outer stabilizer on the encoded
logicals of the blocks, so it also fixes Im(Econ). Thus Scon stabilizes the concatenated code space.

Independence and parameters. Choose independent generators for each block: |Si,| = ng — 1 for an
[n2,1] code, so 3, |Sl(r]1)| = ni(ng — 1). The lifted set {¢(g) : g € Gout} contributes ny — 1 additional
independent generators: reduce modulo the subgroup generated by Uj Si(g) (i.e., project each block to

the logical coset space N(Sin)/Sin)- Under this projection, every Si(g) becomes trivial, while ¢(g) maps
to g on the ny outer qubits; since the g are independent in Syyut, the ¢(g) cannot be products of inner
stabilizers. Therefore

rank(Seon) = n1(ne — 1)+ (n1 — 1) = ning — 1,

so on ning physical qubits the concatenated code encodes k = nyns — (ning — 1) = 1 qubit; i.e., it is an
[n1ng, 1] stabilizer code.
A compatible choice of logical operators is

XCOH

@(Yout)a Zcon = SD( out)7

which commute with S¢o,, anticommute with each other, and are independent modulo Scon. O

Exercise 10.63

Suppose U is any unitary operation mapping the Steane code into itself, and such that UZUT = X and
UXU' = Z. Prove that up to a global phase the action of U on the encoded states |0z) and |11) is

102) = (102) + 12))/v2 and [12) = (102) — [12))/V2.

Solution

Concepts Involved: Logicals

Using that Z |OL/1L> = dE |OL/1L> and that UTU = I we find:

Ul0r) =U(+1)|05) =UZ|0L) = UZU'U |0L) = XU |0),,

Ully) =U(-1)?|1.) = -U(-1)|1p) = -UZ |11y = —UZU'U |11) = XU |1,
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The above algebra shows that U |0L/1L> are eigenstates of X with eigenvalue +1, hence:

0r) + 1) 0r) —[1L)
V2 o V2

up to a possible global phase. O

U|OL>'—> U‘1L>’—>

Exercise 10.64: Back propogation of errors

(%) It is clear that an X error on the control qubit of a CNOT gate propagates to the target qubit. In
addition, it turns out that a Z error on the target propagates back to the control! Show this using the
stabilizer formalism, and also directly using quantum circuit identities. You may find Exercise 4.20 on
page 179 useful.

Concepts Involved: Stabilizer Formalism, Errors

(A) Stabilizer / Heisenberg-picture propagation. We simply compute Pauli conjugations

UXUT |z,y) =UX |z, y®z)=Ulz @1, y @ z)
=lzol, yor)®@@dl))=|zal,ydl) = (XX l|z,y),

so UX.UT = X.X; (a control-X propagates to the target).

UZU' |z,y) = U((-1)! |z, y @ 2) ) = (=1)**° |z, y)
= (_l)x(_l)y |£L'7y> = (ZCZt) \$7y> )

so UZU' = Z.Z; (a target-Z kicks back to the control).
Thus the CNOT conjugation table is

X.— XcXta Ze > an X — Xt7 Ly v Lo Zy.

(B) Direct circuit identities (projector form). Use
CNOT - = |0){0|, ® I + |1)(1], ® X;.
Control-X propagation.

(Xc®1I;) CNOT = (X ®I)([0){0]®I + [1){1]|®X)
= |1)(0|®T + |0){1|®X
= (J0){0]®1 +[1){(1|®X)(X®X)
= CNOT (X.®X3).

Hence X, pushed through CNOT picks up an Xj.
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Target-Z back-propagation.

(Ic®Z;) CNOT = (I®2)(10)(0|®1 + |1){1|®X)
=1[0)(0|®Z + [1){1|®ZX
= 0){(0|®Z — [1){1|®XZ
= (10)(0]®1 +[1)(1[®X) (Z.® Z,)
= CNOT (Z.® %),
where we used ZX = —XZ and Z.|0)(0] = +0)(0], Z.|1){1] = —|1)(1]. Thus pushing Z; through
CNOT produces an extra Z. on the control.

Both derivations establish X on the control spreads to the target, and Z on the target kicks back to the
control. 0

\. J

Exercise 10.65

An unknown qubit in the state [¢) can be swapped with a second qubit which is prepared in the state |0)
using only two controlled-NOT gates, with the circuit

0) —P %)
|¥) S— 10)

Show that the two circuits below, which use only a single CNOT gate, with measurement and a classically
controlled single qubit operation, also accomplish the same task

) 10) —{H]

Concepts Involved: Controlled Operations, Quantum Measurement

Let the top wire be A (initially |0)) and the bottom wire be B (initially |[¢)) = «|0) + 5 |1)).
Circuit A (CNOT B— A, measure B in X, apply Z on A if m =1).

CNOT5_, 4
B

004 ¥} 5
+) = (|0) £[1))/v2:

a 00) + B11).

Write B in the X basis,

1
@[00) + 8111 = (145 (@[0)4 + B10).2) +1-)5 (@[0)4 = B11))).
Measuring B in the X basis gives outcome m € {0, 1} with post-measurement state on A

m=0: [¢), m=1: Z|Y).
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Applying the classical correction Z™ on A yields [¢) , deterministically. The measured qubit B is known
and can be reset to |0).
Circuit B (H on A, CNOT A— B, measure B in Z, apply X on A if m =1).

1
V2

Measure B in the computational basis with outcome m € {0,1}:

0V 4 185 22 140 4 1) = —= (1) (@10) 5 + BI1) 5) + 1) (1) 5 + B10))).

m=0: al0),+ 80, =[¥)s, m=1: Bl0)y+all),=X|v),.

Applying X™ on A gives [¢) , deterministically. Again, B is known (in |m)) and can be reset to |0).
Hence, in both circuits the net effect is

04l g — [¥)410)5,

i.e., the unknown state is transferred to the top wire using one CNOT plus measurement and a classically
controlled Pauli. O

Exercise 10.66

One way to implement a /8 gate is to first swap the qubit state |¢)) you wish to transform with some
unknown state |0), then to apply a 7/8 gate to the resulting qubit. Here is a quantum circuit which does
that:

Doing this does not seem particularly useful, but actually it leads to something which is! Show that by
using the relations TX = exp(—in/4)SX and TU = UT (U is the controlled-NOT gate, and T acts on
the control qubit) we may obtain the circuit of Figure 10.25.

o) —{H {1} SX |— Tw)

=
=
\\
D

D—1 7

There is an error in the problem statement, and the corrected first relation is that TX = e /A8 XT.

Solution

Concepts Involved: Quantum Measurement, Controlled Operations

Starting wihh the given circuit, we commute the 1" gate across the measurement-controlled X gate. Using
the TX = e~ ""/4SXT relation (discarding the irrelevant global phase), we get a measurement-controlled
S X operation preceded by a T. We then commute the T across the controlled-NOT gate. This yields the
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circuit of Figure 10.25. O

Exercise 10.67

Show that the following circuit identities hold:

Solution

Concepts Involved: Controlled Operations

Let U = CCX;23 and let a,b,c € {0,1}.

(a) X on a control. We compare both sides on |a, b, ¢):
LHS: UXila,b,c) =Ula®1,b,c)=|a®1,b, c® (a®1)b).

RHS:  X; CXo,3U |a,b,c) = X1 CXa3|a,b,c @ ab) = Xq |a,b, c®abPb) =|a®1,b, cBabDb).

Since (a ® 1)b = ab @& b, the third components coincide; hence LHS = RHS for all a, b, ¢, so
UX; = X1 CXe3U.
(b) Z on the target.
LHS:  UZsla,b,c) =U((—-1)°la,b,c)) = (—=1)°|a, b, c® ab) .
RHS:

Z5CZ15U |a,b,c) = Z35CZi 2 |a, b, c® ab) = Z3((—1)" |a, b, c & ab) )
= (—=1)%(=1)*®%® |a,b, c @ ab) .

Because (—1)%°(—1)®e® = (—1)¢, the amplitudes match; thus LHS = RHS for all a, b, c, and

UZs = Z35CZy5U.
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Exercise 10.68: Fault-tolerant Toffoli gate construction

(%) A procedure similar to the above sequence of exercises for the 7/8 gate gives a fault-tolerant Toffoli
gate.

(1) First, swap the three qubit state |zyz) you wish to transform with some known state |000), then
apply a Toffoli gate to the resulting qubits. Show that the following circuit accomplishes this task:

0 2] py—

0) —{ #] [x] ly)

0) P [ 7] b— [z D)
) <> [ .

[v) ® [~ .

|2) H =

(2) Using the commutation rules from Exercise 10.67, show that moving the final Toffoli gate all the
way back to the left side gives the circuit

) {1 )

[ 10) —{ )

1) s o B =)
o — & —
ly) S ®
|2) H

(3) Assuming the ancilla preparation shown in the leftmost dotted box can be done fault-tolerantly,
show that this circuit can be used to give a fault-tolerant implementation of the Toffoli gate using
the Steane code.
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Concepts Involved: Fault Tolerance, Controlled Operations

(2) Sliding the Toffoli to the left. Use Heisenberg conjugation relations for CCX (controls 1, 2; target
3):

CCX X; CCX =X;, CCXX,CCX =X, CCXX3CCX=Xs,
CCX Z; CCX = Z; CNOT4 3, CCX Z, CCX = Z5, CNOTq 3, CCX Z3CCX = Z3,
CCX (CNOT;_,;) CCX is a CNOT on the same pair, possibly accompanied by Paulis per the above.

Pushing CCX leftward across each teleportation gadget converts that gadget's classically controlled X/Z
corrections into the extra single-qubit Z/X boxes and dotted CNOTs drawn in the second figure. After
commuting all the way left, the Toffoli resides entirely in the leftmost dotted box, and everything to its
right is Clifford + measurements. Thus the second circuit is equivalent to the first.

(3) Fault tolerance with the Steane code. In the second circuit the non-Clifford operation (Toffoli)
is isolated inside the leftmost dotted box as an ancilla factory producing the three-qubit “Toffoli state.”
Prepare this ancilla fault-tolerantly (verify; discard on failure). The remainder of the circuit consists only
of transversal Clifford gates (H, CNOT, S), Pauli-basis measurements, and Pauli-frame updates applied
between the encoded data blocks and the verified ancilla. For the Steane [[7,1,3]] CSS code, these
operations are transversal and satisfy the FT criterion (one fault creates at most one data error per block,
which is correctable by distance 3). Since the only non-Clifford gate is performed off-line during verified
ancilla preparation, the on-line interaction is fault tolerant. Therefore the construction implements a FT
logical Toffoli.

O

Exercise 10.69

Show that a single failure anywhere in the ancilla preparation and verification can lead to at most one X
or Y error in the ancilla output.

Concepts Involved: Fault Tolerance

Let us represent possible X/Y errors on the three output qubits by a vector e = (eg,e2,e3) € {0,1}3,
where e¢; = 1 means that qubit ¢ carries an X or Y component. The verification circuit measures the
parities of qubits (1,2) and (2,3). In matrix form,

1 10 .
Hlo 1 1], accept if He =0 (mod 2).

A single preparation fault can introduce at most two X/Y errors, so the dangerous cases are e =
110,011,101. In each case one finds He # 0, so the verifier detects the error and the run is rejected.
Thus, when a preparation fault slips through verification, the error pattern must be either e = 000 (no
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error) or a single flip e = e;.
A single verification fault also cannot produce multiple X/Y errors on the outputs: a faulty CNOT touches
at most one ancilla output; a single-qubit fault affects only one line; and faults in verifier preparation or
measurement flip the syndrome but add no data errors.
Therefore, under the single-fault assumption and the acceptance condition He = 0, the only possible error
patterns on the ancilla outputs are

e € {000, 100,010,001},

i.e. at most one X or Y error. ]

Exercise 10.70

Show that Z errors in the ancilla do not propagate to affect the encoded data, but result in an incorrect
measurement result being observed.

Concepts Involved: Fault Tolerance

Consider the measurement of an X-type stabilizer using an ancilla prepared in |+), with CNOT gates
CNOT,,; (ancilla as control, data as target) for each qubit 4 in the stabilizer, followed by a measurement
of X,.

Suppose a Z error occurs on the ancilla. Using the CNOT propagation rules in the Heisenberg picture,

CNOTC_M : Lo > ZCy Ly ZCZt7

we see that for CNOT,_,;,
CNOT,_,; Z, CNOT! . = Z,.

a—1

Thus the operator Z, remains confined to the ancilla throughout the fanout, and no factor on any data
qubit is created. Therefore a Z error on the ancilla never propagates to the encoded data.

At the end of the circuit the ancilla is measured in the X basis. Since Z, anticommutes with X, the
presence of a Z, error flips the measurement outcome:

ZuXo = —XuZ,.

Hence the encoded data remain untouched, but the syndrome bit extracted from the ancilla is flipped.

In summary, a Z error on the ancilla does not affect the encoded data, but it results in an incorrect
measurement result being observed. O

Exercise 10.71

(%) Verify that when M = e~""/4SX the procedure we have described gives a fault-tolerant method for
measuring M.
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Concepts Involved: Fault Tolerance

We wish to measure
M=e"A8X = ¢ W/D2x — L(X4+Y). (22)

Thus Mt = M and M2 =1, so the eigenvalues are +1.

Controlled-M . Using projector decompositions,

CNOTasa = (|0X0]a ® I3) + (|11X1]e ® Xa), (23)
CSamsa = (|0X0la ® Ig) + (I1X(1]a ® Sa), (24)
CZa—q = (|0X0]q ® Ia) + (|1X1]a ® Za), (25)
T, = |0)0lq + "™/ [1X1]q. (26)
Hence
To CZqd CSasa CNOTq s = [0)0la ® Iy + [1{1], ® (¢™/*Z8X), (27)

We must check then that M = (e'™/*ZSX)®7 on the physical qubits of the Steane code has the logical
action of M. First, we calculate:

MZM' = ™A SX Ze ™/AX St = §(—ZX)X St = —Z

MXMFT=8XXxXSt=Yv

and then in the codespace we calculate:

MZM' = ("/4ZSX)®7 2% (e="/* X ST 2)®" = (2SXZXS12)®" = (2(-2)2)®" = —(2)®*" = -Z
MXM' = (™4 ZSX)®TX® (e~ /4 X 8T 2)®7 = (ZSXXXSTZ)®" = (ZY 2)®" = (-Y)®" =¥

where in the last equality we note that Y = iXZ = iX®7Z®7 = j(—iY)®7 = i(—i)7Y®" = —Y®7. So
indeed this is the correct action.

Measurement scheme. Prepare a verified m-qubit cat ancilla
jcatn) = 5 (I0™) + 1), (28)

apply CM,, .4, transversally between each ancilla qubit a; and its paired data qubit d;, then measure all
ancillas in the X basis and take the parity. The joint unitary is

U = [[CMa;ma, = 107407 T + [17)1™ ® M, (29)
i

so phase kickback effects a projective measurement of the encoded observable M,.
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Fault tolerance. Transversality ensures any single faulty two-qubit gate touches at most one data qubit.
Moreover,

[Zan CNOTa—)d] = 07 [Za7 Csa—)d] = 07 (30)

so an ancilla Z never propagates to data and only flips the X-basis readout. Ancilla X/Y faults can
propagate to the paired data qubit but to no others. Verified cat preparation bounds non-Z ancilla faults
to at most one, and repeating the measurement with majority vote suppresses readout flips. Hence the
procedure both measures M correctly and satisfies the single-fault—single-data-error criterion. O

Exercise 10.72: Fault-tolerant Toffoli ancilla state construction

(%%x) Show how to fault-tolerantly prepare the state created by the circuit in the dotted box of exercise
10.68, that is,

|000) + |010) + [100) + |111)
2

You may find it helpful to first give the stabilizer generators for this state.

o i} ——
o i} ——

0) ——&—

Concepts Involved: Fault Tolerance, Stabilizer Formalism

Computing the stabilizers explicitly from the given circuit, we find:

(21, 22, Zs) 82 (X1, X, Z3) “FF (X1CNOTs_y3, XsONOTy 3, Z3C Z1s3)

where in the last step we use Ex.
The three (mutually commuting) stabilizers of the state are non-Pauli, but can still be measured fault-

tolerantly. To see this, let us work with the Steane code, and within that encoding we notice that all three
can be applied transversally as gates (as Paulis and controlled-NOTs/Controlled-Zs are transversal). Thus
we can use the previous construction of controlled operations on a verified cat state & majority vote of a
parity measurement to fault-tolerantly measure all three sequentially. If we measure the +1 outcome for
all three, we have precisely the desired stabilizer state and are done. If we measure the —1 outcome, we
can apply an encoded Z;/Z5/ X3 operation (transversally, and thus fault-tolerantly) to correct the state

to be a +1 eigenvalue of the measured operator(s).
O
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Exercise 10.73: Fault-tolerant encoded state construction

(x) Show that the Steane code encoded |0) state can be constructed fault-tolerantly in the following

manner.

(1) Begin with the circuit of Figure 10.16, and replace the measurement of each generator, as shown in
Figure 10.30, with each ancilla qubit becoming a cat state |00...0) + |11...1), and the operations
rearranged to have their controls on different qubits, so that errors do not propagate within the code
block.

(2) Add a stage to fault-tolerantly measure Z.

(3) Calculate the error probability of this circuit, and of the circuit when the generator measurements
are repeated three times and majority voting is done.

(4) Enumerate the operations which should be performed conditioned on the measurement results and
show that they can be done fault-tolerantly.

Solution

Concepts Involved: Fault Tolerance

(1) The circuit is too large to draw in full, but simply replace each (of the 6) ancilla in the circuit of
Fig 10.16 (depicted below)

with a 4-qubit cat state %, replacing each CX®1/CZ®* gatex with 4 CX/CZ between
ancilla/physical qubit pairs + C X®? across the ancilla.
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(2) Recalling that:
T — 3777 T T

we can fault tolerantly measure this via:

any
AV
Fany
AN

X7 X7
0)87+[1)87 ] s
V2 A\

D
I

D
\

D
A\

N

1
LZ]

appending this to the circuit at the end of the previous step.

(3) Due to the controls being on different qubits, errors do not propagate in the code block (recall Ex.
[10.69] and [10.70). Hence, each component has error probability O(p), which can be independently
summed to yield O(p) error probability for each stabilizer generator measurement and of the whole
circuit. Repeating the measurements three times and taking a majority vote, the error is reduced to

o(p?).

(4) The recovery operations corresponding to different error syndromes/generator measurement out-
comes is provided in Ex. {10.61] The recovery operations are simply single-qubit Paulis (which do
not propagate). Since the Steane code can tolerate single-qubit errors, this recovery is fault-tolerant.

O
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Exercise 10.74

(%) Construct a quantum circuit to fault-tolerantly generate the encoded |0) state for the five qubit code
(Section 10.5.6).

Concepts Involved: Fault Tolerance

The procedure is identical to the steps of Ex. [10.73

(1) Simply repeat the procedure with the above Steane code circuit with the generators g1 =
XZ7ZXI1,go=127X,93=XIXZZ g,=72XIXZ.

(2) Again, repeat the above procedure, with Z = ZZZZ Z.

(3) The error probability of the circuit is O(p), and O(p?) with repeated rounds + majority vote, as
above.

(4) Studying what single-qubit errors anticommute with the above stabilizer generators, for syndrome
91929394 (with g; = 0 if measured to be +1, g; = 1 if measured to be —1), we get the table:

Syndrome | Correction Operator
0000 1
0001 X1
1000 Xo
1100 X3
0110 X4
0011 X5
1010 Zy
0101 Zy
0010 Zs
1001 Zy
0100 Zs
1011 Y;
1101 Y,
1110 Y3
1111 Yy
0111 Ys

As before, recovery is fault-tolerant as the correction operations act on single qubits.

H [j

Problem 10.1

(%) Channels & and &; are said to be equivalent if there exist unitary channels ¢ and V such that

52:1/{05101).

(1) Show that the relation of channel equivalence is an equivalence relation.
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(2) Show how to turn an error-correcting code for &1 into an error-correcting code for £. Assume
that the error-correction procedure for &£ is performed as a projective measurement followed by a
conditional unitary operation, and explain how the error-correction procedure for & can be performed
in the same fashion.

Concepts Involved: Unitary Operators, Quantum Channels, Quantum Measurement.
Recall that a unitary channel is a quantum channel such that U(p) = UpUT for a unitary operator U.

(1) Reflexivity. Take U =V = T (the identity channel, which is unitary). Then E =Zoc&o0Zso & ~ &
as desired.

Symmetry. Suppose &1 ~ E;. Then there exists U,V such that & = U o0& o V. It then follows that
&1 =UT0E o VT, where t denotes the dual channel, i.e. if U(p) = UpUT then UT(p) = UtpU. The
dual channel of a unitary channel is also a unitary channel as UT is unitary for unitary U. Hence
&y ~ &1 as desired.

Transitivity. Suppose £, ~ &5 and £ ~ 3. Then there exist U, V,U’, V' such that & =U o0& 0V
and &3 = U 0 Ey 0 V', It then follows that £3 = U' old 0 E; o V o V' and since the composition
of two unitary channels is another unitary channel (as the composition of two unitary operators is
again unitary), it follows that & ~ &3 as desired.

We have therefore shown that channel equivalence is an equivalence relation.

(2) Suppose that &5 =U o & o V. If the error correcting code for £; consists of a projective measure-
ment P, followed by a conditional unitary C,,, (where the subscript denotes a conditioning on the
measurement outcome m), this means that for a given state p which lies in the support of the code
that C,,, Pr&1(p) P Cl o< p.

If we instead have & as our noise channel, let us rotate the measurement basis and carry out the
measurement P! = UP,,U" (note that a unitary conjugation of a projector remains a projector, as
P? = (UP,UN?=UP,U'UP,U' = UP,,U" = P!). Let us also modify the conditional unitary
to be C! = V1C,,UT. We then have:

C! P! &(p)P. Clt = (Vi .UNUPUNUE(VpVvHUT(UP, UNVIC, U
=viC, . UTUPUTUE (VpVvHUTUP, UTUCTV
=VIC, P & (VVP,CI V
« VIVpviv
=p
which shows that the error-correction procedure for £ can be performed in the same fashion (with

the unitary-modified measurements/unitaries).

O
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Problem 10.2: Gilbert—Varshamov bound

(x%%) Prove the Gilbert-Varshamov bound for CSS codes, namely, that an [n, k] CSS code correcting ¢
errors exists for some k such that

As a challenge, you may like to try proving the Gilbert—Varshamov bound for a general stabilizer code,
namely, that there exists an [n, k] stabilizer code correcting errors on ¢ qubits, with

k >1- 2log(3)t I (%)
n n n

Concepts Involved: Entropy, CSS Codes, Stabilizer Codes

CSS Gilbert—Varshamov. A CSS code is specified by linear binary codes Cy; C C; C F% and encodes
k = dim Cy — dim Cy qubits. It corrects ¢ errors (i.e. has d > 2t + 1) if

dist(Cy) > 2t +1 and dist(Cy) > 2t +1,
which rules out all nontrivial Z-type and X-type logicals of weight < 2t, respectively.
Let W = {w € F5 \ {0} : wt(w) < 2t} with [W| =V (n,2t) — 1, where V(n,7) = >\ (). Choose C;
uniformly at random among k;-dimensional subspaces of Fy. For any fixed nonzero w,
Prlwe Ci] =247, PrlweCi] =27
By a union bound over W,
Pr[3w € WNCy] < V(n,2t) 2"~ Pr {Elw ewn Cf] <V(n,2t)27 ™.

Thus there exists a particular C; with both dist(C7) > 2t + 1 and dist(Ci-) > 2t + 1 whenever

logya V(n,2t) < k1 < n—log,V(n,2t). (31)

Now condition on such a C; and pick C5 uniformly at random among the ks-dimensional subspaces of
C,. For any fixed w ¢ Ci-, the event w € C5- is equivalent to w being orthogonal to Cy, which happens
with probability 272 Another union bound gives

Pr[aw eEWNCE] < Vin,2t)27",
so there exists Cy C Oy with dist(Cy) > 2t + 1 whenever

ko > log, V(n,2t). (32)
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Combining (BI)-(32), there exist nested Cy C C; with
k=dimCy —dimCy > n —2log, V(n,2t).

Using the entropy bound log, V(n,2t) < n H(2t/n), we obtain

-

which is the CSS Gilbert-Varshamov bound. (For finite n, replace the entropy bound by the exact
log, V(n,2t) and handle floors/ceilings.)

Stabilizer Gilbert—Varshamov (challenge). A stabilizer code corresponds to an (n — k)-dimensional totally
isotropic subspace S < F3" with respect to the standard symplectic form. It corrects t errors iff no
nontrivial Pauli of weight < ¢ lies in N(S) \ S, equivalently no nonzero symplectic vector of weight < 2¢
lies in S\ S.

The number of nonidentity Pauli errors supported on at most 2t qubits is

B(n,2t) = 23 (7;)

Choose S uniformly at random among (n — k)-dimensional isotropic subspaces. A fixed nonidentity Pauli
has a uniformly random syndrome; hence

Pr[E€e N(S)] =2"""%,  Pr[Ee N(9)\S] <27,

By a union bound over B(n,2t) errors, a code with distance > 2t + 1 exists whenever 2% > B(n, 2t).
Using the bounds ) . _,, (") < 2nH(2t/n) and 3¢ < 2010823 we get

7

2t
log, B(n,2t) < nH(g) + 2tlog, 3,

so it suffices that n — k > nH(2t/n) + 2tlog, 3, i.e.

ﬁ > 1 —H(ﬁ) 7 2log 3
n n

t,

which is the stabilizer Gilbert—Varshamov bound. O

Problem 10.3: Encoding stabilizer codes

(%%%) Suppose we assume that the generators for the code are in standard form, and that the encoded Z
and X operators have been constructed in standard form. Find a circuit taking the n x 2n check matrix
corresponding to a listing of all the generators for the code together with the encoded Z operations from

G:

e e o
S O O
o O O
O O M~
O ~N O
~N O O
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to the standard form

fun

Ay
0
0

S O N~

A
0
0

O N O

Cs
E
I

20 W

Concepts Involved: Stabilizer Codes, Logicals

We present a simplified version of Gottesman’s construction, given in 4.2 of arXiv:quant-ph /9705052, -
the construction there is a bit more involved as the X logicals are encoded explicitly - here, we get a little
more for free.

The goal is to start from the unencoded |0)*" state and to prepare the logical |0) = |01 ...0y) state, which
is a +1 eigenstate/stabilizer state of stabilizers g; ... g, and Z-logicals Z; ... Z, with the stabilizers

and logicals in standard form:

P n—k—r k r n—k—r k
=~ ~ = | =~ =~ ~=~
I A1 AQ B 0 C dr
0 0 0 | D I E  jnker
0 0 0 | AT o I 3k

Since all stabilizers and logicals commute, the encoding network can be applied in any order. To this end,
note that the last n — k — r stabilizers and all of the Z logicals are purely Z-type in standard form. Thus,
the initial state \0>®" is already stabilized by these operators, so for these we are already done.

The only nontrivial aspect of the encoding is thus the first r stabilizers. These stabilizers all have X in the
ith position (from the I in the top left r x r block of the standard form stabilizer matrix), so the first step
of the network is to apply a Hadamard H to each of the i = 1,...r qubits. Then, foreachi=1,...r let
g. be the stabilizer g; restricted to qubits [1,...i—1]U[i+1,...n] (leaving off qubit 7), and to the X-type
part of the stabilizer. Using qubit i as control, apply the operation C(g;) (which can be decomposed into
individual CNOT gates, one for each X appearing in g;). The ith qubit can be ignored as the X; term in
g; was already implemented by the Hadamard step. The Z-type part of the stabilizer can be ignored in
this step as again, |O)®" is already stabilized by it (even if we had included the controlled-Z gates for the
B, C' terms, the action would have been trivial).

That this step encodes the g; stabilizers can be easily be seen from (taking i = 1 as an example):

= g,9,C15p2,...n (91) X1 |+); @ 0)5"
= C1—>[2,...,n} (9/1) [+, ® |0>®n71
= C1—>[2,...,n] (gll)Hl |0>®n

where we have used the familiar result that commuting the X; across the control toggles the gate and
produces g7, which cancels with the g] being multiplied.

Thus this step encodes the g; stabilizers for i = 1,...r, and the resulting state is stabilized by all stabilizer
generators and Z-logicals. Thus our encoding of |0) = |0 ...0) state is complete! We may then apply
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the X-logicals X7, ..., X} according to their standard form [0ETI|CT00] to this encoded state to obtain
any of the basis states |¢; ... ), i.e.:

|51...5k>:Xf1...ng |(_)10k>

O

Problem 10.4: Encoding by teleportation

(%%%) Suppose you are given a qubit |¢)) to encode in a stabilizer code, but you are not told anything
about how [¢)) was constructed: it is an unknown state; Construct a circuit to perform the encoding in
the following manner:

(1) Explain how to fault-tolerantly construct the partially encoded state

0)02) + [D)]1z)
7 ,

by writing this as a stabilizer state, so it can be prepared by measuring stabilizer generators.

(2) Show how to fault-tolerantly perform a Bell basis measurement with |¢)) and the unencoded qubit
from this state.

(3) Give the Pauli operations which you need to fix up the remaining encoded qubit after this measure-
ment, so that it becomes [¢), as in the usual quantum teleportation scheme.

Compute the probability of error of this circuit. Also show how to modify the circuit to perform fault-
tolerant decoding.

Concepts Involved: Fault Tolerance

Let B be an [[n, 1, d]] stabilizer code with stabilizer (Si,...,S,_1) and logical Paulis X, Z acting on the
block B. Let gy be a single physical qubit, and let |) = «|0) 4+ 3|1) be the unknown input qubit to be
encoded.

(1) Fault-tolerant preparation of the physical-logical Bell state. Define

0)102) + [D1L)

o) = : 33
|®7.1) 7 (33)

On go U B, this is the unique +1 common eigenstate of the commuting set
So = (S1,...,50-1, ZgoZB, X¢ XB ). (34)

To prepare it fault-tolerantly:

(1) Project B into the codespace by FT measurements of {S;} (e.g. Shor/Steane extraction with verified
ancillas), applying Pauli corrections as needed.
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(2) FT-measure Z,,Zp and X,, Xp using small verified cat ancillas that couple disjointly to go and to
a transversal implementation of Z, X. Flip by Z on ¢y or Z on B (and similarly for X') to enforce
the +1 outcomes.

Optionally repeat each parity measurement and majority vote to suppress readout error. The result is
|1 L)
1-L

(2) Fault-tolerant Bell measurement on (1, qp). A Bell measurement is obtained by jointly measuring the
commuting observables Zy, Z,, and XX, .

Record mz,mx € {0,1} such that Z,Z,, = (-1)"?, XyX4 = (—1)"X. (35)
Implement each parity measurement fault-tolerantly via verified cat ancillas with disjoint data couplings:

e ZZ parity: prepare and verify |catz) = (|00) + [11))/+/2; apply CNOT(¢»—a;) and CNOT(go —
ag); measure aj,as in Z and set my = 21 @ 2.

e X X parity: either Hadamard both data qubits and reuse the ZZ gadget, or prepare/verify |catx ) =
(|++)+]——))/V2, couple via CZ (1), a1) and CZ(qo, a2), measure a1, az in X and set mx = 1 ®ws.

Repetition with majority vote further suppresses measurement errors.
(3) Logical Pauli fix-ups (teleportation). Using the teleportation identity with a physical-logical Bell pair,

measure ZZ,X X on (1,q0)

"l/)>¢ ® ‘(I)IF—L>qqu X mxgmz |1/J>L on B. (36)
Thus apply the logical correction on B
(mz,mx)=(0,0)=1, (1,0)0=2, (0,1)=X, (1,1)=2ZX, (37)

yielding the encoded state |¢) ..

Probability of error. Under an independent local stochastic noise model with physical error rate p per
location, a distance-d >3 code, verified ancillas, transversal/disjoint data couplings, and (optional) readout
repetition, any single physical fault during preparation, Bell parity measurements, or correction produces
at most one correctable data error (or a tracked Pauli-frame flip). Hence logical failure requires at least
two faults:

P = Cp2 + O(p3)7 (38)

where C' counts malignant fault pairs (gadget- and code-dependent). For general distance d with gadgets
respecting distance, letting ¢t = | (d — 1)/2],

Prit = Cp'th 4+ O(Pt+2> o (39)

Fault-tolerant decoding (teleport out). To decode |1); onto a fresh physical qubit gous, prepare
|®7 ; )goue, B as above, then FT-measure ZpZp and XpXp,. Apply Z™2X™x (or frame update) to
Jout to obtain [¢)). The same fault-tolerance order and scaling apply. O
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Problem 10.5

(%*%) Suppose C(S) is an [n, 1] stabilizer code capable of correcting errors on a single qubit. Explain how
a fault-tolerant implementation of the controlled-NOT gate may be implemented between two logical qubits
encoded using this code, using only fault-tolerant stabilizer state preparation, fault-tolerant measurement
of elements of the stabilizer, and normalizer gates applied transversally.

Solution

Concepts Involved: Fault Tolerance, Stabilizer Codes, Logicals, Controlled Operations

If C(S) is a CSS code, then a bitwise application of controlled-NOTs between every qubit of the code
block suffices (as discussed in Section 10.6.2 of the text, for the Steane code), as this is transversal (and
thus fault-tolerant), transforms the logicals in the desired fashion, and preserves the stabilizers, i.e. simply
permutes elements of S x S where S is the stabilizer group of one of the code blocks. However, this does
not work for all [n, 1] codes - for example take the 5-qubit code presented in the text, which has stabilizer
generator g1 = XZZX1. A bit-wise CNOT across two logical qubits takes g1 @ I111] — g1 ® XII X1,
but XTI X1 is not a stabilizer, so this is not a valid operation that preserves the codespace.
We instead follow the construction of Gottesman (which can be found in 5.5 of arXiv:quant-ph/9705052).
Consider the four-qubit operation U that maps:

XIITS XXXI

IXITS IXXX

IIXT S XIXX

X &% XXIX

ZIITS 2271

1211% 12227

1z71% 72122

11z % zzrz

U is a normalizer operation on 4-qubits, as it maps Pauli strings to other Pauli strings.
Now, consider any four blocks of any stabilizer code, and apply U bitwise across the four blocks. Then,
the stabilizers g of the code map as:

®n
gRIRIRIS gogegxl

®n
I@gRIIS I®gRg®yg

®n
I9I®gRIs ¢g0I®g®y

Qn
IIRI®g ™ ¢gogRI®yg

here I = I®™ on the code block. U®" thus preserves the stabilizer (it permutes elements of S x .S xS % .S),
and consists of normalizer gates applied transversally (bitwise across code blocks). This operation works
for any stabilizer code encoding a single qubit, and furthermore, is fault-tolerant (under the assumption
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that the code can correct errors on a single qubit).

Now, suppose we fault-tolerantly prepare the single qubit logical states |¢),, @), of C(S), and further
fault-tolerantly prepare the +1 Z eigenstate |0),, |0), of C(S) on two logical ancilla. Then, we may
consider the logicals:

X1 =X®IQI®I
Xo=IRXQIRQI
Z1=72QIIx1
Z, =10 ZQIQI
Z3=1IQI®Z®I
Zy=IQI®I®Z

noting that Z3, Z, stabilize the state. Then, applying U®", these map to:

S
®
3
I
|
I

X1 X =XXX®I
HE X -IeXeXeX
25 2 =2020201
2 2 =10 Z0207%
7 2y =2018287
7, 7n=20ZI7Z

Logicals can be mapped to equivalent logicals via multiplication by a stabilizer, so in anticipation of the
next step, let us multiply Z1, Z} by the stabilizers Z}, Z} as follows:

21— 721 =212i7,=7ZQRIQIQI
Zy 7Y =247, =Z2QZQIRI

Now, let us fault-tolerantly measure Xs=II®X®Iand X, =IRI®I®X, ie measure the
ancilla qubits in the logical X-basis (which is permitted by assumption). We can see that this measurement
commutes with all of X/, X}, Z!'. Z! and hence these logicals are preserved under this measurement. This
justifies the previous step, as Z}, Z} before stabilizer multiplication had Z terms on the ancilla qubits,
which would not commute with the measurement. If we then discard the ancillas, the logical X/Z on
(logical) qubits 1/2 look like:

Xi=X®X
X,=I®X
Z1=Z2xI
Ty = Z @ 7

So the net action of this procedure has been the following map on the logical Pauli operators of the two
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qubits:

Xel—->XoX

IoX -I®X

Zol—7Z®1

IRZ 52ZQ®7Z
which comparing with the result of Ex. is precisely the action of a logical controlled-NOT gate
with the first qubit as the control. Thus, we have used fault-tolerant stabilizer state preparation (to
create the single-qubit encoded states [}, , [#)y, [0)5, 0),), fault-tolerant measurement of elements
of the stabilizer (measuring X3, X;) and tranversally applied normalizer gates (U®") to implement a

fault-tolerant logical controlled-NOT gate that works for any [n, 1] stabilizer code capable of correcting
single-qubit errors. O
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11 Entropy and information

Exercise 11.1: Simple calculations of entropy

What is the entropy associated with the toss of a fair coin? With the roll of a fair die? How would the
entropy behave if the coin or die were unfair?

Concepts Involved: Shannon Entropy

1 1 1 1
H(Xcoin) = 3 10g<2> ) log(2> =log(2) =1

and with a fair die Xqie (with p; = § for i € {1,2,3,4,5,6}) is:

H(Xae) =6 (~ 1og( ) = low ).
The entropy decreases if the coin/die are unfair; intuitively, this is because there is less uncertainty before
we learn the result than in the fair case. For example in the limiting case, we can see that for a maximally
unfair coin/die where one of the probabilities was one and the others were zero (wherein there is no
uncertainty of the result whatsoever) that the entropy would be zero. For the case of the binary entropy
(which we can view as a coin with weighted probability of heads p) we prove in Ex. [11.3] that indeed the
fair coin of p = 1/2 maximizes the entropy. O

Exercise 11.2: Intuitive justification for the definition of entropy

(%) Suppose we are trying to quantify how much information is provided by an event E which may occur
in a probabilistic experiment. We do this using an ‘information function’ I(E) whose value is determined
by the event E. Suppose we make the following assumptions about this function:

e [(E) is a function only of the probability of the event E, so we may write I = I(p), where p is a
probability in the range 0 to 1.

e [ is a smooth function of probability.

e I(pq) = I(p) + I(q) when p,q > 0. (Interpretation: The information gained when two independent
events occur with individual probabilities p and q is the sum of the information gained from each
event alone.)

Show that I(p) = klogp, for some constant, k. It follows that the average information gain when one of
a mutually exclusive set of events with probabilities py,...,p, occurs is k), p;logp;, which is just the
Shanon entropy, up to a constant factor.
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Concepts Involved: Shannon Entropy

Since I(p) is a smooth function of p, it is differentiable (an arbitrary number of times) w.r.t. p. Now, let
us consider I(pq) = I(p) + I(q) and differentiate w.r.t. p, using the chain rule:

I'(pq) - q=1I'(p)

Now we differentiate the above w.r.t. ¢, using the product rule:

I'(pq
I'(pg) + I"(pg)pg = 0 = I"(pg) = — 1(7q )
Defining « = pq, we obtain a differential equation for I'(x):
I'(z) dI'(z) I'(z) dI'(x) dx
I _ — _ - _
(z) s ds z I'(x) %

Integrating both sides, we obtain:

Integrating once more:
I(z) = e* In(x) + c2 = kIn(z) + o
where we have defined e“! = k. Now, using that I(pq) = I(p) + I(q) for p = q =1 gives us:
IN)=11)4+1(1) = kln(1)+c2=kIn(l) +ca + kln(l) + co = c2 = 2co
this sets ¢co = 0, so we conclude:
I(p) = kIn(p) = k' log(p).

where the change of base of the logarithm can be absorbed into the constant. O

Exercise 11.3

Prove that the binary entropy Hy;,(p) attains its maximum value of one at p = 1/2

Concepts Involved: Shannon Entropy, Binary Entropy
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Taking the derivative w.r.t. p using the product rule, we find:

f”i;p(p) ) —p@ (~1)log(1 —p) — (1 _p)ﬁ)lhl@)

We have an extremum when the derivative is zero, which occurs when the argument of the logarithm
is one, which occurs when p = 1/2. To verify that this is indeed a maximum, we look at the second
derivative:

0*Hypin(p) _ 1
a2 p(1-p)n(2)

which evaluated at p = 1/2 yields —ﬁ < 0, so indeed p = 1/2 is a maximum. For p = 1/2 we find
that Hpin(p = 1/2) =1 (see Ex. [11.1]), thus completing the proof. O

Exercise 11.4: Concavity of the binary entropy

(%) From Figure 11.1, it appears that the binary entropy is a concave function. Prove that this is so, that
is:
Hyin(pz1 + (1 = p)22) > pHpin(21) + (1 — p) Hpin (2),

where 0 < p,z1,22 < 1. Prove in addition that the binary entropy is strictly concave, that is, the above
inequality is an equality only for the trivial cases 1 = x5 or p=0or p = 1.

Concepts Involved: Shannon Entropy, Binary Entropy, Concavity/Convexity

We first prove that for a general twice-differentiable real function f, f”(x) < 0 implies f concave, in that
forany 0 <p<1:

f(px1 + (1 = p)z2) > pf(w1) + (1 - p)f(x2).

for any x1, x5 in the domain of f.
WLOG, consider 1 < xo. Define y = pz1 + (1 — p)z2, which satisfies 1 < y < z9. By the [Mean value
theorem, there exists y1 € (x1,y) and y2 € (y, x2) such that:

fly) = f(x1) = (y — 1) f (1)

f(@2) = f(y) = (z2 = 9)f'(12)

419


https://en.wikipedia.org/wiki/Mean_value_theorem
https://en.wikipedia.org/wiki/Mean_value_theorem

Then:

pf(@1)+ (A =p)f(x2) =p (fly) — (y—21)f (1)) + (1 —p) (f(y) + (z2 — v) ['(y2))
= f(y) +p(1 = p)(xa — z1)[f"(y2) — f'(y1)]

which rearranging:

fy) —pf(e) + (1 —p)f(z2) = p(1 — p)(x2 — 21)[f (11) — f'(y2)]

Let's study the RHS. p(1 —p) > 0as 0 <p <1 and 3 —x; > 0 since x5 > x1. For the last term, note
that yo > 1, and so (f'(y1) — f'(y2)) > 0 since f”(x) < 0 which implies f’ is decreasing. Thus:

f(y) —pf(z1) + (1 —p)f(z2) 20

and we conclude f is convex.

Further, note that if f”/(z) < 0 (as opposed to < 0), then f is strictly decreasing and so (f'(y1)—f'(y2)) >
0 (so long as y2 > y1). Then, the only way that the inequality becomes equality is if p(1 — p)(z2 — 1)
vanishes, which occurs if z;1 = x2 or p =0 or p = 1. Thus, if f has strictly negative second derivative
then f is strictly concave.

Now, observe that the binary entropy Hyin(p) has (strictly) negative second derivative for all p € [0, 1]
(See Ex. and so by the above theorem, it is strictly convex.

Exercise 11.5: Subadditivity of the Shannon entropy

Show that H (p(z,y)lp(z)p(y)) = H(p(z)) + H(p(y)) — H(p(z,y)). Deduce that H(X,Y) < H(X) +
H(Y), with equality if and only if X and Y are independent random variables.

Concepts Involved: Shannon Entropy, Relative Entropy

From the definition, we have:

H(p(z,y)||p(x Zp x,y)log ()]’3(;)

—prylog p(w,y)) prylog prylog v))
—Zp z,y) log(p Zp ) log (p Zp )log (p
= —H(p(w, y)) + H(p(z)) + H(p(y))

where in the second equality we apply log laws, and in the third equality we sum over g in the second term
and z in the third term, using that 3° p(z,y) = p(z) and 3_, p(z,y) = p(y) (probabilities sum to one).
Now, using Theorem 11.1 (non-negativity of the relative entropy), we find:

H(p(z,y)llp(x)p(y)) = —H(p(x,y)) + H(p(z)) + H(p(y)) > 0
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and so:
H(X)Y)<H(X)+ H().

Further, the relative entropy H(p(x,y)|p(x)p(y)) is zero iff p(x,y) = p(x)p(y) for all z,y, i.e. X,V are
independent random variables. O

\. J

Exercise 11.6: Proof of strong subadditivity

(x) Prove that H(X,Y,Z)+ H(Y) < H(X,Y) + H(Y, Z), with equality if and only if Z - Y — X
forms a Markov chain.

Concepts Involved: Shannon Entropy, Markov Chains, Subadditivity, Conditional Probability

n2 o p(y)
1 p(y)ply)
~ In2 (Zy: o)
1

= mn2 (Z py) —1
1

=5 1-1)

=0

where we use logz < (z —1)/In2 in the first line, and in the subsequent lines use the fact that sums
over probabilities over a given variable yield 1. Splitting up the logarithm in the initial expression using
log laws, the strong subadditivity inequality follows.

Note that log(x) = (x — 1)/In2 if and only if z = 1, which applied to this case yields:

p(z,y)p(y, 2)

p(%y,Z)p,(y) =1
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if we massage this expression by using the definition of the conditional probability:

1 = PEy)P@)p(y; 2)
p(z,y, 2)p(y)
_ p=[y)p(y, 2)
p(z,y, 2)
_ _p(zly)p(y, 2)
p(zly, 2)p(y, z)

_ plely)
p(zly, z)
and so:
p(zly, 2) = p(zly)
so we conclude equality in the subadditivity inequality iff Z — Y — X is a Markov chain. O

. J

Exercise 11.7

In Exercise 11.5 you implicitly showed that the mutual information H(X : Y') could be expressed as the
relative entropy of two probability distributions, H(X :Y) = H(p(z,y)|lp(z)p(y)). Find an expression
for the conditional entropy H(Y | X) as a relative entropy between two probability distributions. Use this
expression to deduce that H(Y | X) > 0 and to find the equality conditions.

This exercise is incorrect, see pseudo-solution for details.

Concepts Involved: Shannon Entropy, Relative Entropy, Conditional Entropy, Mutual Information

Using the definition of the conditional entropy:
HY|X)=H(X,Y)—- H(X)
== p(@,y)logp(x,y) + Y p(x)logp(x)
z,Yy x

= p(x,y)logp(z,y) + > p(z,y)logp(x)

x,y
p(z,y)

= ;pmy) log (o)

~ —H(p(z,y)||p(z))

Note the choice of = notation because this is not a valid expression for the relative entropy, since
p(z,y),p(y) are not probability distributions over the same index set. We do not believe there is a
well-defined expression of H(Y'|X) as a relative entropy.

Note this also means that the suggestion of the last line of the exercise to use that the relative entropy
is non-negative to prove that H(Y|X) is non-negative is not valid (indeed, this would actually lead to
the incorrect conclusion that H(Y'|X) is non-positive!) Instead, one can follow the argument of Theorem
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11.3(2) in the text and observe that p(z,y) < p(z) for all y, and so log 2% < 0 for each term of the sum,

p(x)

leading to H(Y'|X) to be positive (and zero only if Y is a function of X in which case p(z,y) = p(x)).
O

Exercise 11.8: Mutual information is not always subadditive

Let X and Y be independent identically distributed random variables taking the values 0 and 1 with
probability 1/2. Let Z = X @Y, where @ denotes addition modulo 2. Show that the mutual information
in this case is not subadditive,

HX,Y:Z) ¢ HX:Z)+ H(Y : 2).

Concepts Involved: Shannon Entropy, Mutual Information, Subadditivity

The single and joint probabilities are easily seen to be:

p(X:0/1):P(Y:O/l):P(Z:X@Y:O/l):%

p(X =0/1,Y =0/1) = p(X =0/1,Z = 0/1) = p(Y =0/1,Z = 0/1) = i

pPX=0Y=02=0=pX=0Y=12=1)

1
=p(X=1Y=0Z=1)=pX=1Y=12=0)=7

PX=0Y=0Z2=1)=pX=0,Y=12=0)
=p(X=1,Y=02=0=pX=1Y=1,Z=1)=0

from this we can compute the entropies:

HX)=H(Y)=H(Z)=1log2=1
H(X,Y)=H(X,Z)=H(Y,Z) =logd =2

H(X,Y,Z)=logd =2
and so computing the mutual information:

H(X,Y :Z)=H(X,Y)+H(Z) - H(X,Y,Z) =2+1-2=1
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HX:2)=HX)+H(Z) - H(X,Z)=14+1-2=0

HY:Z)=H(Y)+H(Z)—-HY,Z)=141-2=0
and thus:

H(X,)Y:Z) ¢ HX:Z)+ H(Y : 2).

Exercise 11.9: Mutual information is not always superadditive

Let X; be a random variable taking values 0 or 1 with respective probabilities of 1/2 and Xo = Y7 =
Y5 = X;. Show that the mutual information in this case is not superadditive,

H(Xl Y1)+H(X2}/é) ﬁH(Xl,XQZH,E>.

Concepts Involved: Shannon Entropy, Mutual Information

The single variable probabilities are:

1
p(X1=0/1) =
with the same for X5,Y7,Y5. The joint probabilities are:

1
P(X1:X2:0):P(X1:X2:1):§

p(X1 ZO,XQ = 1) :p(Xl = 1,X2 :0) =0

and the same for the joint probabilities of (Y1, Y5), (X1,Y1), (X2,Y2). Finally, for the joint probability of
four variables:

1

and zero otherwise.
Thus we can compute the entropies:

H(X1) = H(X;)=H(Y1) = H(Y2) =log2 =1
H(X1,X2) = H(Y:,Ys) = H(X1,Y1) = H(Xs,Ya) = log2 = 1

H(leXQaYh}/Q) = 10g2 =1L
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Finally, computing the mutual information:

H(X,:Y)=HX))+HY)) - HX,V)=14+1-1=1

H(X3:Y2) = H(X3)+ H(Y2) - H(X2,Y2) =1+1-1=1

H(X:,Xy:11,Y)=H(X1,Xo)+ HY1,Ys) — HX;,X0,Y1,Y5)=1+1-1=1
from which we conclude:

H(X1 ZY1) +H(X2 o Y2) f H(Xl,XQ 5 Yl,YQ)

Exercise 11.10

(%) Show that if X — Y — Z is a Markov chain then so is Z - Y — X.

Concepts Involved: Markov Chains, Conditional Probability

We use the shorthand that P(Z = z) = p(z) (and the same for z,y).
If X —Y — Z is a Markov chain, then:

p(zly, 2) = p(zly)
Then using the definition of the conditional probability twice:

p(2,y,2)
p(y, )

_ p(zy,7)
p(x|y)p(y)

p(zlz,y) =

And also:

_ p(zy)

So cancelling out p(y) from both sides, the Markov chain condition reduces to:

p(z,y,x)

ey Y

and so:

p(z, Y, .17) = p(x|y)p(z, y)
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Now, to show Z — Y — X is a Markov chain, let us evaluate:

p(z,y, 2)

plely,z) = p(y,z)

Substituting in the expression for p(z,y,z) = p(x,y, z) obtained from the X — Y — Z Markov chain

condition:
p(zly)p(2,y)
Py, z) = ————~
(=ls %) p(2,9)
= p(z|y)
and thus Z — Y — X is a Markov chain. O

Exercise 11.11: Example calculations of entropy
Calculate S(p) for
Cfrol 1froa] 12
P=lo o721 1|’?" 31 1|

Concepts Involved: Density Matrices, Von Neumann Entropy

For the first density matrix:
p=110Y0] + 0 [1)1]

and so:

S(p) = —(110g(1) + 0log(0)) = 0 (40)
For the second density matrix:

p=1[+X++0]-X-|

and so:

S(p) = —(1log(1) + 0log(0)) =0

Finally for the third density matrix:

3+5 3—+5
P="% v Xv4 | + 6

o Xv-|
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1++5
2

1

with |’U+> = \/ﬁ

1

—_— Then:
V10425 en

)
1++/5]|

and |v_) =

S(p) = -

3+\/51 3+5 3—\/51 3— 6
s 8\ 7 6 )T 6 8l

_ 3 +6\/5 log(3 + \/5) . _6\/5 log (3 = \/5) + log(6)

Exercise 11.12: Comparison of quantum and classical entropies

Suppose p = p|0X0| + (1 — p) |[+)X+|. Evaluate S(p). Compare the value of S(p) to H(p,1 — p).

Concepts Involved: Von Neumann Entropy, Binary Entropy

We can write p as:

Which has eigenvalues:

1411297 2
det(p— M) =0 = Ay = +opT—ep

2
Thus:
1+/1F2p7 =2 14172072\ 1-it2p°—-2 1—/T52p7 =2
sy = LEVIEZP o, (VIR 1o VTE oo, (1-VTE %R
2 2 2 2
141202 —2 1—/I+2p2—2
-1t -;p P log(1+ V1+22 —2p) - -;p P log(1- V/1+27 — 2)
+ log(2)

Next, calculating H(p,1 — p):
H(p,1—p) = —plog(p) — (1 — p)log(1 — p)

Comparing the two, we find that S(p) < H(p,1 — p) with equality only when p = 0,1. Intuitively
this makes sense because H(p,1 — p) is the entropy of a mixed state of two orthogonal states with
weights/probabilities p, 1 — p, while p is a mixture of two non-orthogonal states. O
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Exercise 11.13: Entropy of a tensor product

Use the joint entropy theorem to show that S(p ® o) = S(p) + S(o). Prove this result directly from the
definition of the entropy.

Concepts Involved: Von Neumann Entropy, Tensor Products

p is Hermitian, and thus by the spectral theorem can be diagonalized as p = >, \; |i)(i| with the i)
orthogonal. Further, Tr(p) = 1 enforces >, X\; = 1. Thus, we may write:

S(p® o) Z i |iXi] @ o)
A) + ) AiS(o)
i
= S(p) + S(0)
where in the second equality we apply the joint entropy theorem, in the third equality we use > . A\; =1
and the fact that the definitions of the Shannon entropy and Von Neumann entropy coincide when viewing

the eigenvalues of a density operator as a set of probabilities.
Next, we prove things directly from the definition of the entropy. Diagonalize p, o as:

=D N RINEl, o= 30X ke
% J

with A7, A7 the eigenvalues, with 37, A7 = 37, A7 = 1 from normalization.
Then, p® o can be diagonalized as:

pRC = Zm” ) ® i) (W] ® (v7])
with )\f)\;’ the eigenvalues. Then from the definition of the Von Neumann entropy:
Z XA log (AA7)
= Z AZA7 log (A7) Z A7AT log(AY)
_— Z A2 log(A?) Z X7 10g(X9)
= S(p) + S(0)

where in the third equality we sum over j in the first sum and ¢ in the second (both of which yield factors
of 1). O
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Exercise 11.14: Entanglement and negative conditional entropy

Suppose |AB) is a pure state of a composite system belonging to Alice and Bob. Show that |AB) is
entangled if and only if S(B | A) < 0.

Concepts Involved: Von Neumann Entropy, Conditional Entropy, Entanglement

We will prove the equivalent statement that |AB) is unentangled if and only if S(B|A) > 0.

[[=]: Suppose |AB) is unentangled. Then, pap = pa ® pp. So:
S(B|A)=S(A,B) - S(A)=S(A)+S(B)—S(A)=S8(B) >0

well in the first equality we use the definition of the conditional entropy, and in the second equality we
use the result of Ex. 77.

[ ]: Suppose S(B|A) > 0. Then:
0 < S(BJA) = S(4,B) — S(A) = -5(4) (41)

where we have used that S(A, B) = 0 since the composite system |AB) is a pure state. Since the entropy
is non-negative, this implies that:

0=S(4)

and so p4 is pure, and hence by Ex. |AB) is unentangled. O

Exercise 11.15: Generalised measurements can decrease entropy

Suppose a qubit is in the state p is measured using the measurement operators M; = [0)0| and My =
|OX1|. If the result of the measurement is unknown to us then the state of the system afterwards is
MlleT + MgpM;r. Show that this procedure can decrease the entropy of the qubit.

Concepts Involved: Von Neumann Entropy, Quantum Measurement

Suppose we start with p = /2, the maximally mixed state of a qubit. Then, S(p) = log2. After the
measurement, the state is:

p— ol = MypM{ + MapM]
= [0X0 (£/2) [0XO0[ + [0X1] (1/2) [1)0]
= 10) 0]0) (0] /2 + |0) (1[1) (0] /2
= |0X0|

so the post-measurement state is a pure state with S(p’) = 0, so we can see that the entropy has decreased.
O
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Exercise 11.16: Equality conditions for S(A, B) > S(B) — S(A)

(%x) Let pAB = 3", \;|i)Xi| is a spectral decomposition for pAZ. Show that S(A, B) = S(B) — S(A)
if and only if the operators p* = Trp(]i)(i|) have a common eigenbasis and the pZ = Tra(|i)(i|]) have
orthogonal support.

We believe there is an error with this exercise - the condition should be that the pf are identical, not that
they just have a common eigenbasis.

Concepts Involved: Von Neumann Entropy, Subadditivity

First, let us show that the original conditions are insufficient. Consider qutrits/three-level systems A, B
and consider the equal weight mixture of the three pure states:

|"/’1> = |O>A |0>B
|th2) = 10) 4 1)
lhs) = 1) 4 |2) g

Wherein we can observe p = Y, & |1);)(1);| has eigenstates |1);) with eigenvalue % each. Calculating the

reduced density operators for A, we find:

pft =10X014, pf =10X0l,4, p5 =|[1X1],

which share a common eigenbasis {|0) , , [1) 4, |2) , }. Meanwhile, looking at the reduced density operators
for B:

Py =10X0l, o7 =1X1p, p5 =2)02lp

which all have orthogonal support.
Computing the joint and individual entropies, we find:

1.1
S(A,B) == Xlogh; =3- —3log 3 =log3

S(4) = S( 1040, + 5 1K11,) = 3 1og(3) — 3 10g(3) >0

1 1 1 1 1
S(B) = S(3 100l + 3 1K1l + 3 2X25) = 3+ 3 log( 3 ) = log3
Hence S(A) + S(B) > log3 = S(A, B) so equality does not hold, which tells us that the conditions as
originally posed in the problem are too weak.
Let us slightly rewind the proof of the triangle inequality in the text. Let R be the system that purifies
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AB. Then S(A, B) = S(R) and S(4, R) = S(B) and so:
S(A,B)=85(B) - S(A) < S(A)+ S(R) =S(A,R)

But this is true iff pA = pA ® pf*, i.e. A is unentangled with the purifying system.
The purified state can be written as:

|ABR> = Z \/AT-IDAB |i>R
So:

= Trp( Z\/)\)\| (Jlap @ iXilr) = Zmplj®| (7lr

with pf = Trg(|i)j] 4p)-
Then calculating the reduced density operators:

= Trzr(p Z Ve Tr (| Z VAN PES =) Nipfh =D Nipf

pft = Tra(p? Z\/ﬁTrA (055) | j|R—Zm’I‘rAB iXdla) )il r
= Z NI S
)
= Z)\i |i)il
So:

P @p" =" XXipt @ |i)ilg

ij
Comparing this expression to that of p%, the two expressions are equal iff:
(1) p{‘j =0 for i # j, as no i # j terms appear in p4 @ pf.

(2) X2 Xipit = pj! for every j.

Condition (2) holds iff each of the p* are identical. Condition (1) requires a bit of massaging. It says
that:

Trp(|ifilag) = D (nlp |iXilap ) 5 =0

n

if i # j, where {|n)} is an orthonormal basis of subsystem B.
Schmidt decomposing the eigenvectors i) , 5 of pAZ, we have:

|i>AB = Zﬂik |ik>A ® |ik>B
k
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Substituting this into the vanishing trace condition:

> waktsfy (nli) g (Juln) g lix)gtl 4 = 0
kln

We can rearrange this to find:

> ity (nlin) g Gl g k)il a = D ik il (Z |n><n|) k) g [ Xt]
kl n

kin
= warsty (Al T liw) g lix )il o
kl

= partsy (Gilin) g 1)t 4
"l

=0

This is true iff (ji|ix) 5 = 0 Vk,l and Vi, j. But p? = Tra(|i)i]) = >, pti [ix)ix| g, so this is equivalent
to the condition that the p? have orthogonal support.

Thus we have shown that for a state pAZ = 3"\, |i)(i|, S(A4, B) = S(B) — S(A) iff p/ = Trp(|i)i]) are
identical and pP = Tr4(|i)Xi|) haev orthogonal support. O

Exercise 11.17

(%) Find an explicit non-trivial example of a mixed state p for AB such that S(A, B) = S(B) — S(4).

Concepts Involved: Von Neumann Entropy, Subadditivity

A trivial example is obtained by considering a product state of a pure state of subsystem A and a mixed
state of subystem B, for which:

S(A, B) = S(A) + S(B) = S(B) = S(B) — S(A)

where the first equality follows from Ex. and we have then used that S(A) = 0 for a pure
state. As a concrete example, we could take p? = [0)0| and pB = I/2, pAB = pA ® p®, for which
S(pAB) = S(pPB) = log2 and S(p?) = 0.

We can construct the first non-trivial example (i.e. an example where A, B are actually entangled) inspired
by the above, by considering a case where all of the mixedness is still localized to subsystem B. Namely,
consider A holding 1 qubit and B holding two qubits, with:

p*? = |BooXBuool s, ® IB,/2

i.e. A, B sharing a Bell pair |Byy) = % and B separately holding a maximally mixed qubit. It is then

clear to see that (introducing a purification system R) pA% = p4 @ p® (as A is maximally entangled with
B and all of the mixedness of p* arises from correlations with B), and hence that S(A, B) = S(B)—S(A).
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More concretely, we can calculate:

S(A, B) = S(p*P) = S(pPP2) = S(p*P* @ pP2) = S(|BooXBoolap,) + S(Ip,/2) = 0+ log2 = log 2
S(A) =S(Ia,/2) =log2

S(B) = 8(p™52) = S(p"* © pP*) = S(Ip, /2) + S(Ip,/2) = log 2 + log 2 = log 4

where we have again used Ex. [I1.13]for the entropies of tensor products, as well the result of Ex.
that the reduced density operators for Bell pairs are just the maximally mixed state on qubits.
From the above calculations, we easily see that:

S(A, B) = S(B) — S(A).

Exercise 11.18

Prove that equality holds in the concavity inequality (11.79) if and only if all the p;s are the same.

Solution

Concepts Involved: Von Neumann Entropy, Concavity, Subadditivity

From the proof of subadditivity, we know that equality in the subadditivity conditions holds only when the
state is unentangled across the bipartition. Since concavity is proven using subadditivity, equality holds if
and only if:

= Z pipi ® |i)Xi

is unentangled. Thus, we show that pAZ is unentangled if and only if all the p;s are the same.
[= |: Suppose pZ is unentalged. Then, pZ = p ® pP with p? = Trp(pB), pP = Tra(pB). We
then find:

p* =Trp(p*?) = (ilp Y i @ liXilg i) p = szpz ij = ZW%
9 [
and:
= Tea(Spir’ © liily) = LT () liXil s = i iXil 5
%
We then have:

pAB =pt@p? = ) pipi @ liXil = pipjpi @ |5 )il

ij
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From which it must be the case that (since the sums must agree on |j)(j| 5 terms):

pip; = sz‘pjpi == pj = Zpipi-
j i

7

Since this holds for all j, it must be the case that all p;s are the same.
[ <= |: Suppose all the p;s are the same, say p = p;. Then:

p*P = o @ fi)il = Y pip @ liKil = p® | Do piliXi

so pAB is unentangled. O

Exercise 11.19

(#x) Show that there exists a set of unitary matrices U; and a probability distribution p; such that for any
matrix A,

> piUAUS = Tr(A)g

where d is the dimension of the Hilbert space A lives in. Use this observation and the strict concavity of
the entropy to give an alternate proof that the completely mixed state I/d on a space of d dimensions is
the unique state of maximal entropy.

Concepts Involved: Unitary Operators, Concavity, Von Neumann Entropy

For inspiration, we first study the single-qubit case, and recall the discussion of the depolarizing channel
and its operator-sum representation. In particular, in Ex. [8:17] we studied the channel:

A+ XAX +YAY + ZAZ
£(4) = :

which satisfies £(I) = I,E(X) = E(Y) = £(Z) = 0 and so for a general operator (acting on C2) with
A=al +bX +cY +dZ (with a = Tr(A)/d) we find that

E(A) = Tr(A)g

So taking p; = 1 and U; = o; for the Pauli matrices (and oo = I) gives the claimed result for qubits.
For qudits, we can generalize the above observation by introducing the generalized Pauli operators (also
known as Weyl-Heisenberg operators), which for a d-dimensional system with computational basis states
|0),...|d — 1) are defined as:

d-1 d-1
X=) lii—1, Z=7 w'liXil
i=0 i=0
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where w = % is the dth root of unity and 5 — 1 is understood to be subtraction modulo d. These are

known as the shift and clock operators, respectively. We observe that these are both unitary. Further,
from the definition, we can compute:

d—1 d—1
Zx =3 Wil — 16, = S wii - 1
=0

,7=0

d—1 d—1
XZ =" W lifj|di1y = w Tt iXi— 1]
=0

i,j=0
So:

ZX =wXZ
and by repeated application:

Zxm =umamzt,

If we define:

Uim = Z2'X™
we find (via twicefold application of the above commutation relation):

Ul',m/Ul,mUlT/m/ = w(l/mflm/)Uz,mUym/Ut,m/ = w(llm*lm/)Ul,m.

We observe that there are d* U, ,,, operators (letting [,m = 0,...,d — 1), and that these are orthogonal
under the Hilbert-Schmidt Inner product (see Ex. [2.39)):

TT([G&nlhgny) :idéhpén%ny
Let us derive the above. First, note that:
UT U _ (l'*l)mzlllem'fm
Lm Ul m =W :

If m’ —m # 0 (mod d) then the X™ =™ term ensures that the matrix has no diagonal terms and it is
traceless. If m’ —m =0 (mod d) but ' —1 # 0 (mod d), the Z"'~! operator is a diagonal operator with
(non-unit) roots of unity along the diagonal, wherein taking the trace yields zero (sums of roots of unity
are zero). Thus, the trace of the above is only nonzero if I =1’,m = m’ (mod d), in which case we just
have the identity operator, with trace d.

Given the above, we can see that the U ,, form a complete basis of Lca. Thus for any operator A we
may expand:

A»:ZEE:CLWJYLM
l,m
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for complex coefficients ¢;,,, (note that the coefficients are generically complex as the U, are not
Hermitian). Note that ¢ o = Tr(A)/d, as Uy o = I is the only term in the expansion with non-vanishing
trace.

Now, let U; = Up s for !m’ =0,...,d—1and p; = py py = d% for all I’,m’. We then have for any
operator A that:

ZPzU AUT d2 Z Ul’ ,m/ Z C mUl ,m 11; m’

l’,m’=0 l,m=0

d2 chm Z Ul’ ’Ulm l’ m’

,m’

_ (l'm—lm')U
- ﬁ Clom w lm
l,m 'm’

Now, unless I = m = 0, the sum over I’,m’ corresponds to d-fold sums over dth roots of unity, which
evaluates to zero. Thus, only the Uy o = I term survives (with d? copies), so:

1

o 1 Tr(A)
pel cood” =

1
2 p—
prh ——=dI =T (A)d

ZpiUiAUZ‘T
which is what we wished to show.
Before proving the second claim, we note the obvious fact that unitaries do not change the entropy of a state
p. To see, this, consider the spectral decomposition p; = >_. A; |i)(i|. Then, Up,UT = 3", \U |i)i| UT =
>4 A [ )(#’| with the eigenvectors rotated to |i’) = U |i) and the eigenvalues unchanged. Thus, S(p) =
— Zi >\'L IOg )\z = S(UPUT)

With this, we apply the derived channel to a quantum state p of a qudit:

1
ZpiUipUiT = Tr(P)a == (42)
where we have used normalization. Taking the entropy of both sides:
logd = S szUpU >sz U:pUT) = " piS(p) = S(p)
i

where the inequality follows from concavity, the second-to-last equality from the invariance of the entropy
under unitaries, and the last from Zipl- =1.

Since the above inequality only holds with equality when all UipU;r are identical, which only holds if
p = I/d (and there are no other Pauli terms in the expansion), we conclude that the complete mixed state
1/d is the unique state of maximal entropy in d-dimensional Hilbert space. O
Remark: In the literature, it is common to define D, ,,, = wlm/2 7L 7™ to be the phase-space displace-
ment operator (with the extra phase factor to ensure DlT,m = D_; ), which is the finite-dimensional
analogue of the displacement operators we encountered in Chapter 7.

Further, note that much like the expansion of a qubit density matrix p in the Pauli basis had the geometrical
interpretation of the Bloch vector, the expansion of a qudit density matrix p into the generalized Pauli
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matrices similarly has a geometric interpretation, where we may write p = # for a d2 —1 dimensional
complex vector &.

| '
\

Exercise 11.20

(¥) Let P be a projector and @ = I — P the complementary projector. Prove that there are unitary
operators U; and U; and a probability p such that for all p, PpP + QpQ = pUl,oUlJr +(1 —p)ngUg. Use
this observation to give an alternate proof of Theorem 11.9 based on concavity.

Concepts Involved: Projectors, Projective Measurement, Unitary Operators, Von Neumann Entropy,
Concavity

First, observe that P+Q = I is unitary. Further, from the defining properties of projectors Pt = P? = P,
QT = Q% = Q, and the complementarity conditions PQ = QP = 0, we observe that P — Q is unitary:

P-Qf(P-Q) =P-Q°2 =P -QP-PQ+Q*=P>+Q*=P+Q=1I

The interpretation of this operator is that it acts as an identity on the subspace spanned by P, and —1
on the complementary subspace.
We then observe that, for any p:

S(P+Qp(P+Q)+ 3 (P~ Q)p(P - Q)

= S(POP + PpQ + QoP + QpQ) + 3 (PoP — PpQ — QP + QpQ)
= PpP +QoQ

so the claim holds with Uy = P+ Q =1, U, =P —Q, and p= 1.

To provide an alternative proof of Theorem 11.9, we generalize the above result to a non-binary projective
measurement. Consider a complete set of projectors {P;}!_,. Then, the post-mesurement state is given
by p' = >, P;pP;. We can instead realize this via a probabilistic sum of unitaries, as in the binary case.
Consider bitstrings b of length n — 1 (of which there are 2"~! unique strings). We can then write down
a corresponding unitary:

Up=Pi+)» (-1)"P.
1=2
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We can easily check that Uy, is unitary:
UiUs = (P + ) ()P P)f (P + Z bi-1p,)
i=2

P1+Z bi-1p)?
=P +ZP§
=2
S
1=1

=1

where we have used the hermiticity (second line), orthogonality (third line), idempotency (fourth line) and
completeness (final line) of the projectors. Further, we observe that:

in_l Z UppUj = ZPipPi =/
b i

where all cross terms P;pP; for i # j vanish from the relative minus signs between bitstring terms (which
are summed over), while the “diagonal” terms P;pP; all survive (of which there are 2”1 in the sum, in
total). Thus summing over the family of unitaries Uy, with uniform probability p = 271%1 yields the same
action as the projective measurement.

Finally, to our alternative proof! Let p’ be the post-measurement state after a projective meausrement
described by projectors {P;},. Then:

= S(ZPiPPi) = S(Z
: b

where the inequality follows from concavity and the second-to-last equality follows from the invariance of
the entropy under unitaries (as shown in the previous exercise). Thus projective measurements increase
entropy. O

SWoUY) = Y- 575(0) = 50

LUl > 5
b

Exercise 11.21: Concavity of the Shannon entropy

Use the concavity of the von Neumann entropy to deduce that the Shannon entropy is concave in probability
distributions.

Concepts Involved: Von Neumann Entropy, Shannon Entropy, Concavity

Consider ¢ = 1,...n sets of probabilities labelled by 7, so {qfﬂ}izl,...n with ¢i real and non-negative and
Y. dqi = 1 for each i. Take the index set k to be the same for each distribution (such that adding
probability distributions is well defined).

To each such probability distribution, we can associate a density operator p; = >, gi. |[k)Xk|. By construc-
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tion we can see that:
=-> q log(q?;) = S(pi)
k

Let p; be another probability distribution, from which we can construct a probability distribution from the
linear combination to be ¢, = >, piqi.. To this we can associate p’ = Y, p;p;. We then observe:

= H(Zpi(h‘) = S(Zpipi) > Z}%‘S(pi) = ZpiH

and thus the Shannon entropy is concave in probability distributions. O

\ J

Exercise 11.22: Alternate proof of concavity

(xx) Define f(p) = S(pp+(1—p)o). Argue that to show concavity it is sufficient to prove that f”(p) < 0.
Prove that f”(p) < 0, first for the case where p and o are invertible, and then for the case where they
are not.

Concepts Involved: Von Neumann Entropy, Concavity

We showed that f”(p) < 0 (for real, twice differentiable functions) suffices to show concavity in Ex.
Let us thus compute the second derivative of:

f(p)=S(pp+ (1 -p)o)=— Tr((pp + (1 —p)o)log(pp+ (1 — p)d))

First, note that since the trace is linear (a finite sum), it commutes with differentiation. Thus:

f'p) =~ %Tr((pp+ (1 —p)o)log(pp + (1 *p)a)) = Tr<(fp [(pp+ (1 —p)o)log(pp + (1 p)U)])

Now, we break up the calculation into cases, as suggested in the question.

: Since p, o are positive and invertible - thus positive definite, their convex sum pp+(1—p)o

is also positive definite and invertible. Thus, we can evaluate:

% [(pp + (1 —p)o)log(pp + (1 —p)a)] = (%p (pp+ (1 —p)o)log(pp+ (1 — p)o)
+(op+ (1= p)o) - og(op + (1~ p)o)

(pp

= (p—o)log(pp+ (1 — p)o)

+(pp+ (1 =p)o)(pp+ (1 —p)o) ' (p—o0)
= (p— o) +log(pp + (1 — p)o)]

where we have used the product rule, chain rule, and the known derivative of the logarithm, taking it on
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faith that these derivative rules carry over in the case of matrix functions. Thus:

7'®) = =T((p = o)l +log(pp+ (1~ p)o)])
Taking the second derivative:

d

f(p) = — W Tr((p —o)[I 4 log(pp+ (1 — p)a)])

= _Tﬁr(;p [(p— o) +log(pp + (1 —p)U)H)
- Tr((p — )0+ (pp+ (1 —p)a) L (p - 0)])
= —Tr((p — o) (pp+ (1 —P)U)_l)

2 1

Now, (p — 0)* is positive and (pp + (1 — p)o)~* are positive definite, and so their product has non-
negative eigenvalues (this is seen as follows - suppose A is positive and B is positive definite; then
there exists B'/2, B~1/2, from which we can write AB = B~Y/2(BY2AB'/?)B'/? so AB is related via
similarity transformation to B'/2AB"/2, which is Hermitian and positive and hence has non-negative real
eigenvalues. Thus AB also has non-negative real eigenvalues). Thus, the negative of the trace must be

non-positive, and we conclude:

f"(p) <0.

p, 0 not invertible‘ : Now, it is not the case that pp + (1 — p)o is invertible. However, by convention

we take 0log0 = 0, so when taking the trace of Tr((per (1—p)o)log(pp + (1 fp)cr)), such zero

eigenvalues are ignored. This means that Tr((pp+ (1 -p)o) 10g(pp+ (1 fp)cr)) can be evaluated on
the subspace for which (pp 4+ (1 — p)o) has nonzero eigenvalues, i.e. on the subspace supp(p) U supp(o)
(or more precisely the span of supp(p) U supp(c)). Restricting to this subspace, the previous argument
goes through, as we can write down an inverse for (pp 4+ (1 — p)o) on this subspace (as it is positive
definite on this subspace).

The above argument works for p € (0,1), with p = 0,1 being subtle cases as the support of pp+ (1 —p)o
jumps discontinuously at this point. But, it is also clear that at p = 0,1 that the concavity inequality
holds with equality, without having to do the derivative calculation. O

Exercise 11.23: Joint concavity implies concavity in each input

Let f(A, B) be a jointly concave function. Show that f(A, B) is concave in A, with B held fixed. Find
a function of two variables that is concave in each of its inputs, but is not jointly concave.

Concepts Involved: Concavity, Joint Concavity
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The claim follows easily from the definition; if f(A, B) is jointly concave, then for all A € [0, 1] we have:

FOAL+ (1= N Az, B) = f(AA1 + (1 — A2, AB + (1 — \)B)
> Af(A1, B) + (1 — \)f(As, B)

so f(A, B) is concave in A.

The argument of Ex. can be applied in the multi-variable case to see that f(z1,...,,) is concave
in input x; if 8§if < 0 with 6%1_ the partial derivative w.r.t. x; (second derivative. w.r.t. x; with other
arguments held fixed). With this, we can see that:

f(%',y) =Ty

is concave in the individual inputs z,y, as 92 f = 0. f = 0 < 0.

However, consider the direction = ¥, in which case: f(x,z) = 2% - the second derivative along this
direction is 2 > 0 and so f is not jointly concave - more concretely from the definition, if we take
A1 =By =0and Ay = By > 0, then:

FOAL + (1 =N A2, AB1 + (1 — N B) = f((1 — M) Ag, (1 — N)As) = (1 — \)2A2
while:
M(A1L,By) + (1 =X f(A2,By) = X-0+ (1 — M\)AZ = (1 — \) A2
Forany 0 < A< 1, (1—A)2<1—Aand so:
FOAL + (1 = A)A2,AB; + (1 = A)Ba) < Af(A1, By) + (1 — \) f(Az, Ba)

so f is not jointly concave. O

Remark: The general conclusion as the above example illustrates is that element-wise concavity only
implies concavity in specific directions, while joint concavity generically requires concavity in every direction.

Exercise 11.24

We obtained strong subadditivity as a consequence of the inequality S(A) + S(B) < S(A4,C)+ S(B,C).
Show that this inequality can be obtained as a consequence of strong subadditivity.

Concepts Involved: Von Neumann Entropy, Strong Subadditivity

Let R be a system that purifies ABC. Applying strong subadditivity to ACR, we obtain:
S(A,C,R)+ S(A) < S(A4,C)+ S(A,R)
but since ABCR is pure, S(A,C, R) = S(B) and S(A, R) = S(B,C) and so the above becomes:

S(B) + S(A) < S(A,C) + 8(B,C)
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which is the desired inequality. O

| r

Exercise 11.25

(%) We obtained strong subadditivity as a consequence of the concavity of the conditional iafermatien
entropy, S(A|B). Show that the concavity of the conditional entropy may be deduced from strong
subadditivity. (Hint: You may need to introduce an auxiliary system into the problem.)

Solution

Concepts Involved: Von Neumann Entropy, Strong Subadditivity, Conditional Entropy, Concavity.

Let po, p1 be density operators on a system AB, and consider p = Apg + (1 — A)p; for A € [0,1].
We follow the hint and introduce a qubit auxiliary system C' into the problem, and consider the following
state on ABC:

PP = Mg @ 10Y0| + (1~ N)pft ® 1)1
Now, from strong subadditivity, we have:
S(A,B,C)+ S(B) <S(A,B)+5(B,C)
which we can rearrange to obtain:
S(A,B,C)—S(B,C)<S(A,B)— S(B) = S(A|B,C) < S(A|B).

This is Theorem 11.15(1)/the statement that conditioning reduces entropy.

Now, notice pA8 = Trc(pABC) = p, and so the RHS is just S(A|B) = S(A|B),. For the LHS, notice
that subsystem C plays the role of a classical random variable with P(C'=0) =\, P(C =1) = (1 — ),
so:

S(A|BC) = P(C =0)S(A|B,C =0),+P(C=1)S(A|B,C =1),=AP(A|B),, + (1 = \)P(A|B),,
putting this into the equation of Theorem 11.15(1):
AS(A|B)p, + (1 = A)S(A|B),, < S(A|B),

so S(A|B) is concave. O

Exercise 11.26

Prove that S(A: B) +S(A: C) < 2S(A). Note that the corresponding inequality for Shannon entropies
holds since H(A : B) < H(A). Find an example where S(A : B) > S(A).

Solution

Concepts Involved: Von Neumann Entropy, Strong Subadditivity, Mutual Information
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From the definition of mutual information, we have:
S(A:B)+S(A:C)=5(A)+S5(B)—S(A,B)+S(A)+S(C)—-S(4,C)
so:
S(A:B)+ S(A:C)—25(A)=S(B)+S(C)—-S(A,C)—S(A,B)
The RHS is < 0 from the first SSA inequality (Eq. (11.107)) and so we obtain:
S(A:B)+S(A:C)<25(A)

as claimed.

Taking pAZ = | Boo)XBoo| a Bell state, we have that p?* = pB = 1/2. S(A, B) = 0 as p4% is pure, while
S(A) = S(B) =1log2. Thus S(A: B) = S(A)+ S(B) — S(A,B) =log4 > log2 = S(A). Generically,
this S(A : B) > S(A) will hold if pA% is an entangled pure state. O

Problem 11.1: Generalized Klein's inequality

(xxx) Suppose f(-) is a convex function from real numbers to real numbers. Then f induces a natural
function f(-) on Hermitian operators, as described in Section 2.1.8 on page 75. Prove that

Te(f(4) - £(B)) > Tx((A - B)f'(B)).

Use this result to show that the relative entropy is non-negative.

Concepts Involved: Convexity, Matrix functions, Trace.
Recall the definition of matrix functions acting on Hermitian operators as as f(A4) = f(>_,ala)a|) =
>, f(a)|a)al where {|a)} is the eigenbasis of A (which is guaranteed to exist via the spectral theorem).

Convexity of trace functions. We first prove a useful Lemma, namely that if ¢t — f(t) is convex as a
function from reals to reals, then so is the function A — Tr(f(A)) mapping Hermitian operators to real
numbers.

Consider Hermitian A, B and A + (1 — \)B (which is also Hermitian) for A € [0,1]. Let {|i)}"_, be the
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eigenbasis of AA + (1 — \) B, with associated eigenvalues ;. Then, consider:

ATr(f(A)) + (1 — A)Tr 7>\Z Zf Z Zf ) [bXb)) i
—AZZf [Gla)]* + (1= A ZZf
ZAZf > allal’) +( Zf ol
=>\if(<ia|z4li>)+(1— Zf (i| Bi))
=ZZ(/\f(<iAli>)+(1—k)fz<i|3|i>))
>Zf (i] Ale) + (1 =) (i Bl4))
_Zf (M + (1= \)B) |4))
Zme
= Tif(AA + (1= A\)B)

where in the first equality we take the trace in the {|i)} basis and write out f(A), f(B) in terms of
the eigenbasis of A, B. The inequalities on the third/sixth lines are due to the convexity of f. We thus
conclude that A — Tr(f(A)) is convex.

Generalized Klein’s inequality. Again consider Hermitian A, B and consider AA + (1 — A\)B = B+ AC
for C' = B— A and X € [0,1]. Now define F()\) = Tr(f(B + AC)), which is convex as trace functions
are convex, due to the above Lemma. Thus for any A € [0, 1], convexity tells us that:

AF(1) 4+ (1 =MNF(0) > F(\)
which rearranging:

F) = F(0)

F(1) - F(0) > ===

In particular this holds in the limit where we take A — 0 on the RHS, which we recognize as the derivative
of F' at zero, and so:

F(1) - F(0) > F'(0)
We can identify:
F(1)=Tr(f(B+C)) =Tx(f(B+A— B)) =Tr(f(A)), F(0)="Tr(f(B))
and:

F'(\) =Tr(Cf(B+ AC))
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from the chain rule, and in particular:
F'(0) = Tt (Cf'(B)) = Tx((A - B)f'(B))

and so substituting these into the inequality:

where we have used the linearity of the trace. O

Problem 11.2: Generalized relative entropy

(%) The definition of the relative entropy may be extended to apply to any two positive operators r and s,
S(r||s) = Tr(rlogr) — Tr(rlog s).

The earlier argument proving joint convexity of the relative entropy goes directly through for this generalized
definition:

(1) For , 8 > 0 show that

S(ar||Bs) = aS(r||s) + aTr(r) log(a/ﬁ).
(2) Prove that the joint convexity of the relative entropy implies the subadditivity of the relative entropy,

S(r1 +r2|ls1 + s2) < S(r1fls1) + S(r2|s2).

(3) Prove that subadditivity of the relative entropy implies joint convexity of the relative entropy.

(4) Let p; and g; be probability distributions over the same set of indices. Show that

S| pirslld aisi | < piS(rillsi) + pi Tr(ri) log (pi/as).-

In the case where the r; are density operators so Tr(r;) = 1, this reduces to the pretty formula
S pirilld awisi | <D piS(rillsi) + H(pillas),

where H(:||-) is the Shannon relative entropy.

Concepts Involved: Von Neumann Entropy, Shannon Entropy, Relative Entropy, Joint Convexity, Sub-
additivity

(1) First, note that the expression is sensible, since if r, s are positive then ar, 8s are positive so long
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as «, B > 0. Using the definition, log laws, and the linearity of the trace:

S(ar||fs) = Tr(arlog ar) — Tr(arlog Bs)

Tr (ar(log a + log r)) —Tr (ar(logﬁ + log s))

= alogaTr(r) + aTr(rlogr) — alog 8 Tr(r) — a Tr(rlog s)
= a(Tr(rlogr) — Tr(rlog s)) + a Tr(r) log(a/beta)

= aS(rl|s) + aTr(r)log(c/B).

(2) First note that for any o > 0:
S(ar|jas) = aS(r||s) + aTr(r) log(a/a) = aS(r|s) (*)

since log(1) = 0. We will use this identity for (2) and (3).
Suppose S(:||-) is jointly convex. Then, take any A € (0,1), and consider:

T2 S1
il 1—
LIA 1=

)

52
1—A

S(r1 + 7o||s1 + s2) = S(/\% + (1= N5 )

<AS(SIT) + (1= NS

T2 S

2
1=
= ALS(rfls0) + (1 — N S(ra]ls2)
= \ T1]|51 - T21|S2
= S(r1l|s1) + S(rz2(|s2)

where the inequality is from joint convexity, and the third line is using (x). Thus we have subaddi-
tivity.

(3) For any X € (0,1):

S(Ary 4+ (1= Nra||Ast + (1 — X)s2) < S(Arq]|As1) + S((1— N)ra]|(1 — A)s2)
= AS(r1([s1) + (1 — A)S(ral|s2)

where the inequality follows from subadditivity and the second line is using (). If A = 0,1 then
evidently the above inequality holds with equality. Thus we have joint convexity.

(4) We have:

S (ZPiTiHZ%‘Si) < ZS(I%HH%&)

= Zpis(ﬁllsi) + pi Tr(r;) log(pi/4:)

K2
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where the inequality is due to subadditivity and the second line is using (1). If Tr(r;) = 1, then:
S pirillY_asi | <D piS(rillss) + pilog(pi/a:)
= ZPiS(WHSi) + H(pillg:)

as claimed.

Problem 11.3: Analogue of the triangle inequality for conditional entropy

(%)
(1) Show that H(X,Y|Z) > H(X|Z).

(2) Show that it is not always true that S(4, B|C) > S(4|C).

(3) Prove the conditional version of the triangle inequality,

S(A, B|C) > S(A|C) — S(B|C).

The claim of (3) is false. We give a counterexample and then show instead that:

S(A, B) > |S(A|C) — S(B|C)]

Concepts Involved: Conditional Entropy, Shannon Entropy, Von Neumann Entropy

(1) From the definitions of the conditional entropy, we have
H(X,Y|Z)=H(X,Y,Z) - H(Z), H(X|Z)=H(X,Z)— H(Z).

From Theorem 11.3(3), we know that H(W, V) > H(W) (with equality iff W is a function of V),
so taking W to be the joint random variable (X, Z) and V to be Y, we find:

H(X,Y,Z) > H(X, Z)
and so combining this with the above definitions of the conditional entropy, we conclude:
H(X,Y|Z) > H(X|2)

0) 41005104V pIN e

7 Then we observe that

(2) Consider the three qubit GHZ state |¢) s =
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S(A,B,C) =0 (as [1)) ogc is pure) but:

pac = Tep([¥)lasc) = oac T e

and so:
1 1 1 1
S(4,C) = S(pac) = —QIog(Q) = 10g(2) —log(2) = 1
thus S(A,C) > S(A, B,C), and so:

S(A,C) - 8(C) > S(A,B,C) — S(C) = S(A|C) > S(A, B|C).

Consider again the three qubit GHZ state, where we note that po = w = 1/2 and so
S(C) =log(2) = 1.

We thus find S(4, B|C) = S(4,B,C)-S(C) =0-1= -1, S(4|C) = S(4,C)-S(C) =1-1=0
(having computed S(A,C) = 1 in the previous part). By symmetry, S(B|C) = 0 identically, and
since —1 2 0:

S(A, BIC) 2 |S(AIC) - S(B|C)]

and so the claim is false.

Instead, let us show:

S(4,B) > |S(A|C) - S(B|C)

From strong subadditivity, we have:
S(A,B)+ S(B,C) > S(A,B,C) + S(B)
and then applying the triangle inequality to the RHS, we get:
S(A,B)+ S(B,C) > S(A,C)—S(B)+ S(B)=5(4,C)
Thus:
S(A,B) > S(A,C) - S(B,C)

The argument is symmetric under interchange of A <+ B and so S(A,B) > S(B,C) — S(A,C) as
well, and hence:

S(A,B) > [S(4,C) - 8(B,0)| =[(S(4,C) - 8(C)) - (8(B,C) — 8(C))| = |S(AIC) — S(BIC)|.

as claimed.

448




Problem 11.4: Conditional forms of strong subadditivity

(*)
(1) Prove that S(A, B,C|D)+ S(B|D) < S(A,B|D) + S(B,C|D,).

(2) Show by explicit example that it is not always true that H(D|A, B,C)+ H(D|B) < H(D|A, B) +
H(D|B,C).

Concepts Involved: Von Neumann Entropy, Shannon Entropy, Strong Subadditivity, Conditional Entropy

(1) Consider the strong subadditivity inequality:
S(E,F,G)+ S(F) <S(E,F)+ S(F,G)
Now let F = A, F = BD,G = C, so:
S(A,B,C,D)+ S(B,D) < S(A,B,D)+ S(B,C,D)
subtracting 25(D) from both sides:
(S(A,B,C,D)— S(D))+ (S(B,D)—S(D)) <(S(A,B,D) — S(D))+ (S(B,C,D) — S(D))
and thus from the definition of conditional entropy:

S(A, B,C|D) + S(B|D) < S(A, B|D) + S(B, C|D).

(2) Let A, B be coinflips with P(A=0)=P(A=1)=P(B=0)=P(B=1)=3,and D =C = A.
A, C are identical and fully specify D, implying H(D|A, B,C) = H(D|A,B) = H(D|B,C) = 0.
Since D, B are uncorrelated coinflips, H(D|B) = H(B,D) — H(B) = 2log2 —log2 = log2 =1,
and hence:

H(D|A, B,C) + H(D|B) =1 £ 0 = H(D|A, B) + H(D|B, C)

so the inequality is violated.

Problem 11.5: Strong subadditivity — Research

(3*) Find a simple proof of the strong subadditivity inequality for quantum entropies.

Concepts Involved: Von Neumann Entropy, Subadditivity

One such proof is given by Nielsen in jarXiv:quant-ph/0408130, elaborating on the construction of Petz
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https://arxiv.org/pdf/quant-ph/0408130v2

(Quasi-entropies for finite quantum systems. Rep. Math. Phys., 23(1):57-65, 1986.). Two elementary
proofs are also provided by Ruskai, in arXiv:quant-ph/0404126| and larXiv:quant-ph /0604206 O
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12 Quantum information theory

Exercise 12.1

Suppose [¢)) and |p) are two orthogonal quantum states of a single qubit. Design a quantum circuit
with two input qubits (the ‘data’ and the ‘target’ qubits), with the data qubit in either the state |¢) or
|©), and the target qubit prepared in the standard state |0), which produces as output [1)|¢)) or |©)|p),
depending on whether [¢)) or |@) was input to the data qubit.

Solution

Concepts Involved: No-Cloning Theorem, Unitary Operators, Controlled Operations

Consider the single qubit unitary:
U = [$X0] + |eX1]

where evidently U |0/1> = |1/1/g0>. Then the cloning circuit takes the form:

/) [/
U ¢/v)

fan)

10)

Exercise 12.2

Define U, to be the unitary operator acting on system M whose action on a basis is U, |y/) = |y’ + v),
where the addition is done modulo n+ 1. Show that {, /By ® Uy} is a set of operation elements defining
a trace-preserving quantum operation £ whose action on states of the form o ® |0)(0| agreed with (12.8).

Solution

Concepts Involved: Operator-Sum Representation, Quantum Operations
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To check that & is trace-preserving, we let Iy = \/E, ® U, and confirm that 3__ FJFy = I. To this end:
ZFJFy = Z(\/ Ey® Uy>T(\/ Ey, ® Uy)
y y

=Y W/E e UV o U,)
=> VE,E,oUjU,
=Y E, QI

=I®I
=1

In the second equality we use that the F, are positive and so the dagger and square root can be inter-
changed, in the third equality we use that the E, (= MJMy) are Hermitian, and in the fifth equality we
use the completeness relation of the POVM.

Finally, we check:

(o ® [0)0]) ZF o ® [0)XO0])F}

=" VE,o\/E} @ U, 00| U]
=Y VEoVE,® |yly

which is the claimed result. ]

Exercise 12.3

(%) Use the Holevo bound to argue that n qubits can not be used to transmit more than n bits of classical
information.

Solution

Concepts Involved: Holevo Bound, Mutual Information, Von Neumann Entropy

Consider a scenario where Alice tries to transmit information to Bob by sending him n qubits. Bob's
accessible information is the maximum over the mutual information max H(X : Y') over all possible
measurement schemes Bob may preform. But the mutual information for any measurement scheme is
bounded by Holevo - If Alice sends a state p =) pypa:

H(X:Y) pr (pz)
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and so:

max H(X : Y) < S(p) = > paS(ps)

Now, observe that the RHS/x-quantity is maximized by taking p to be the maximally mixed state on n
qubits as a uniform mixture of pure states drawn from an orthonormal basis - i.e.:

2" —1
1 1
P=on = ; 0X0|

The maximally mixed state is the unique state of maximal entropy (shown in Ex. and in the text),
and moreover ). p;S(p;) > 0 (as a sum of non-negative quantities), but here p; = |i)(i| pure so S(p;) =0
vanishes for each term and the entire sum is zero. Taken together, this shows the x quantity is maximized
by considering the maximally mixed state, and in particular:

S(1/27) = 3 528 (iNiD = log@) = Y 50 =n

i
This upper bounds the y-quantity of any other state p that Alice may send, and so:

max H(X : Y) < S(p) — prS(px) <n
and so the accessible information is bounded:

max H(X :Y)<n

Showing that n qubits cannot transmit more than n classical bits of classical information. O

Exercise 12.4

(%*) Suppose Alice sends Bob an equal mixture of the four pure states

1X1) = o)

1%2) = /3 [10) + V2]
1Xs) = 4/ 3 [10) + vE2mirop)]
1%0) = /3 [10) + vEetmirop)]

Show that the maximum mutual information between Bob's measurement and Alice’s transmission is less
than one bit. A POVM which achieves ~ 0.415 bits is known. Can you construct this or better yet, one
which achieves the Holevo bound?
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Concepts Involved: Holevo Bound, Mutual Information, Von Neumann Entropy, POVM Measurement

The first claim already follows from the previous exercise - Alice sends only one qubit, and so cannot
transmit more than one bit of classical information. But let’s go through the calculation, for completeness.
Alice sends the state:

p= Z}L X
X0l + 75 (|0><0| +V2]0)1] + V2 [1)0] + 2]1X1])

(|o><o| + \fe*“m/?’ [0X1] 4 V273 |1)(0] + 2 [1)1])
(I0X0] + v2e™*7/3 J0)(1| + v2e*™/3 |1)0] + 2 |1)(1])

X0l + 5 [1X1]

=)
_|_

w|~w|H5|Hw|Hyp|»—~

where we have used that sums of roots of unity are zero. The maximal mutual information can be bounded
by Holevo:

=log2=1

| =
»MH

4
max H(X :Y) )= >
=il

4
S(|X)Xs|) = Z

where we have used that the entropy of a pure state is zero. Thus the maximal mutual information
between the measurement and transmission is less than one bit.

Moving to the second part of the question, a decent first guess would be to construct a POVM from the
| X;) themselves - however, since none of the | X;) are mutually orthogonal, we wouldn’t expect this to be
very effective at distinguishing Alice’s state (indeed, taking E; = % | X;)(X;| in the proceeding calculation
gives a less optimal result of H(X :Y) ~ 0.208). A better guess is then to construct a POVM from

states |Y;) orthogonal to the |X;) (i.e. (¥;|X;) =0), as if Bob were to measure |Y;) he would know that
Alice did not send |X;). The |Y;) states are:

Y1) = |1)

¥a) = /3 [VEI) - )

¥ = /3 [Vl — e )]
¥ = /3 [Vl — et )]

Analagous to the calculation for Alice’s state, we find that 3, 1 |Y;XY¥;| = £ so the appropriate POVM
elements to satisfy completeness (choosing the coefficients to be uniform) are E; = 1 |Y;XY;].

454



Recall from chapter 11 that the classical mutual information can be written as:

H(X :Y) = H(p(z,y)|lp(x)p(y))

_ o ) log P& Y)
= 2P oe ey

= 3" plyla)p(z) log ZUIDED)

p(z)p(y)
_ () Jog PUIE)
—;p(yl )p(z) log o0

Since Alice/Bob pick one of the four | X;) / ’Y]> to measure with equal probability p; = p; = i,Vi,j €
{1,2,3,4}, the only thing left to determine in the above expression are the conditional probabilities

plyl) = Tr(Eyp) = 3[(%3] %)

2
0. For the other 12 pairs, we find that ‘<}/»L‘|Xj>’ = 2 for i # j and so:

2
. By construction, the | X;),|Y;) are orthogonal for i = j so p(x|z) =

y=x

pylz) = .
otherwise

wi O

Thus computing the mutual information, we have 4 terms that contribute nothing and 12 terms that
contribute with equal weight with p(y|z) = 1/3 and p(y) = p(z) = 1/4:

z 4
log % = log(3> ~ 0.415
1

A POVM that saturates the Holevo bound does not exist in this case, as this requires the states in Alice’s

HX:Y)=12-

B~ =

1
3
which is the desired result.

ensemble to be mutually orthogonal, which they are not. O

Exercise 12.5: Variable-length zero error data compression

Consider the following heuristic for a variable length data compression scheme. Let x1,...,x, be the
output from n uses of an i.i.d. source with entropy rate H(X). If z1,...,, is typical, then send a H(X)
bit index indicating which typical sequence it is. If x1,...,z, is atypical, send an uncompressed log d"
bit index for the sequence (recall that d is the alphabet size). Turn this heuristic into a rigorous argument
that the source can be compressed to an average of R bits per source symbol, for any R > H(X), with
zero probability of error.

Concepts Involved: Shannon Entropy, Typical Sequences, Data Compression

The proof takes after the proof of Shannon’s noiseless channel coding theorem.
Let R > H(X), and choose € > 0 such that H(X) 4+ € < R. Consider the set T'(n,€) of e-typical
sequences. For any 6 > 0 and for n sufficiently large, there are at most 2(#(*)+€) < 971 sequences, and
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the probability of producing such a sequence is at least 1 — § by the theorem of typical sequences. For
any such typical sequence, we send an nR bit index which uniquely specifies the sequence. Otherwise, we
send the uncompressed log d™ bit index for the sequence. The probability of error is zero as in the typical
case (where we apply compression) the specifying bit index is unique, and otherwise we simply send the
entire message.

Since the probability of producing a typical sequence is at least 1 — §, the average length of the sequence
L is upper bounded by:

L <(1-6)nR+ dnlogd
and since we always send at least nR bits, we also obtain the lower bound:
nR<L<(1-0)nR+dnlogd.

Dividing out by n, we obtain bounds on the average rate of compression of the source:

R <

L
- <(1—-0)R+dlogd

Since § > 0 is arbitrary, it follows that % = R, as claimed. O

Exercise 12.6

(%) In the notation of Box 12.4, give an explicit expression for C'x in terms of X. Also, describe how
to construct a quantum circuit to perform U, for arbitrary n. How many elementary operations do you
require, as a function of n?

It appears to us that Eq. (12.60) in the text is incorrect as the block of n qubits is described as a pure
3 1

1 1]. We believe the

state, while the i.i.d. quantum source is characterized by the mixed state p = i [

intended expression was:

3 Ox |X)X].

x={00...0,0...01,...,I...1}

Exercise 12.7: Data compression circuit

(xx) Outline the construction of a circuit to reliably compress a qubit source with p = p|0)(0|+(1—p)|1)(1]
into nR qubits for any R > S(p) = H(p).
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Exercise 12.8: Compression of an ensemble of quantum states

Suppose that instead of adopting the definition of a quantum source based on a single density matrix
p and the entanglement fidelity, we instead adopted the following ensemble definition, that an (i.i.d.)
quantum source is specified by an ensemble {pj, |wj)} of quantum states, and that consecutive used of
the source are independent and produce a state |i;) with probability p;. A compression-decompression
scheme (C™,D") is said to be reliable in this definition if the ensemble average fidelity approaches 1 as
n — oo:

F=>"pj...pj,F(ps, (D" oC™)(p)))?
J

Where J = (j1, ..., jn) and p; = [¢0;,) (¥, |® ... ® [0, )(¥;, | Define p =73, p;[1;)(1;| and show that
provided R > S(p) there exists a reliable compression scheme of rate R with respect to this definition of
fidelity.

Concepts Involved: Von Neumann Entropy, Quantum Compression, Fidelity

Using the result from Chapter 9.3 (see Eq. (9.141) and its derivation), we can bound the average ensemble
fidelity using the entanglement fidelity:

F(E:pj1 e Djups, D" oC") < F
J

We can then identify:

n

> i v = QD pi.
J

=1 ji

’(/}ji ><wJ1

Then using (C™,D™) as constructed in Schumacher’s noiseless channel coding theorem as proven in the
text (see Egs. (12.51)-(12.53), we have:

1-25 < F(p®", D" oC") < F

where § can be made arbitrarily small for large n, and hence F — 1asn — oco. Thus, provided R > S(p),
there exists a reliable compression scheme of rate R with respect to this definition of fidelity - the exact
same compression scheme that is used in Schumacher’s noiseless channel coding theorem! O
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Exercise 12.9

(%) The erasure channel has two inputs, 0 and 1, and three outputs, 0,1 and e. With probability 1 — p
the input is left alone. With probability p the input is ‘erased’, and replaced by e.

(1) Show that the capacity of the erasure channel is 1 — p

(2) Prove that the capacity of the erasure channel is greater than the capacity of the binary symmetric
channel. Why is this result intuitively plausible?

The claim of (2) is only true if we restrict the range of p-see solution for details.

Concepts Involved: Channel Capacity, Shannon’s Noisy Channel Coding Theorem, Binary Symmetric
Channel

Recall that the binary symmetric channel is parameterized by 0 < p < 1, and has the action of flipping
the transmitted bit with probability p while leaving it invariant with probability 1 — p. It has capacity
1— H(p).

(1) We calculate the capacity of the erasure channel using Shannon’s noisy channel coding theorem.
Consider an input distribution p(0) = ¢, p(1) = 1 — ¢ for some 0 < ¢ < 1 (which we will optimize).
We study the mutual information:

H(X:Y)=HY)-HYI|X)= Zp H(Y|X =2z)
For fixed a given x, we have that with probability 1 — p the output of the channel is = and with

probability p the output of the channel is e (erased) and thus for all z, H(Y|X = z) = H(p), and
thus Y p(x)H(Y|X =) = H(p) ), p(x) = H(p), and so:

H(X:Y)=HY)-H(p)

analogous to the binary symmetric channel analysis. Now, let’s consider the output random variable
Y, which for p, ¢ has distribution:

p(Y=0)=q(1-p), p¥ =1)=(1-¢q¢)(1-p), p(Y =¢)=p

and thus:

H(Y) == p(y)log(p(y))

= —q(1 - p)log(q(1 —p)) — (1 - ¢)(1 — p)log((1 — ¢)(1 — p)) — plog(p)
= —q(1 —p)log(q) — q(1 —p)log(l —p)
— (1 —¢)(1 —p)log(l —¢q) — (1 —¢)(1 — p)log(1l — p) — plog(p)
= (1 —p)(—qlog(q) — (1 — g)log(1 — q)) — (1 — p)log(1 — p) — plogp
=(1-p)H(q) + H(p)
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Thus:
H(X:Y)=(1-pH(q)+H(p)—H(p) =(1-pH(q)

To find C(N) we take the maximum over ¢, and since H(q) is maximized at ¢ = 1/2 for which
H(q=1/2) =1, we obtain:

as claimed.

(2) Since H(p) is concave (as shown in Ex. ??), it lies above any chord that connects two points. In
particular, noting that H(0) = 0 and H(1/2) = 1, we can consider the chord y(p) = 2p connecting
these two points, and thus for any p € [0,1/2]:

H(p)>2p>p

and so recalling that the binary symmetric channel has capacity 1 — H(p), we have for p € [0,1/2]
that:

C(Nbin) = 1= H(p) <1~ p = C(Nerasure)

This is intuitively plausible that the erasure channel capacity is larger than the binary symmetric
channel, because with the binary symmetric channel there is uncertainty about whether an error has
occurred, while the erasure channel signals/outputs e when an error has occurred.

However, the claim does not hold for all p € [0,1]. Mathematically, this follows from the fact
that H(p) is symmetric about p = 1/2 and so the capacity C(Nin) increases over p € [1/2,1]
back to 1, while the capacity of the erasure channel continues to decrease over p € [1/2,1] to 0
at p = 1. Numerically, we can find a crossover point at p. = 0.7729 where the binary symmetric
channel capacity becomes greater than the erasure channel. The intuition for this result is that for
p > 1/2, for the binary symmetric channel we can interchange the roles of 0 and 1 (apply a bitflip
on the output of the channel), wherein the channel acts just like a binary symmetric channel with
p’ = p — 1/2, while the erasure channel only gets worse as the erasure probability is increased.

O

\. J

Exercise 12.10

(%) Suppose N7 and N5 are two discrete memoryless channels such that the input alphabet of N5 is equal
to the output alphabet of A;. Show that

C(NQ ONl) S min(C(Nl), C(NQ))

Find an example where the inequality is strict.
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Concepts Involved: Channel Capacity, Shannon’s Noisy Channel Coding Theorem, Binary Symmetric
Channel

Consider the channel N5 o Nq; let X be the random channel Let Y be the random variable at the output
of channel A and Z be the random variable at the output of N5 o N;. Since Nj, N5 are memoryless, it
follows that X — Y — Z is a Markov chain, and from the Data processing inequality (Theorem 11.5) we
have:

HX:Y)>H(X:Z2).

Additionally, from Ex. [I1.10]we know that Z — Y — X is also a Markov chain, and so we also find from
the data processing inequality:

HZ:Y)=HY:Z)>H(Z:X)=H(X:Z2)

We can then identify C(N3 o V1) = max,,) H(X : Z) and C(N1) = max,,) H(X : Y), C(N2) =
max,,) H(Y : Z), and from the two inequalities above it follows that:

C(Nz o Np) < min(C(M), C(N2))

As an example, consider the composition of two identical binary symmetric channels Ni(p) = Na(p)
with 0 < p < 1/2, which were shown to have C(N(p)) = 1 — H(p) and so min(C(N;(p)), C(Na(p))) =
1— H(p). The composite channel N3 (p)oNi(p) maps an input z = 0 to an output z = 0 with probability:

p(z = 0]z =0) = p(z = 0]y = 0)p(y = O]z = 0) + p(z = Oly = L)p(y = 1|z = 0)
=p°+(1-p)?
=1-2p+2p?

and maps input x = 0 to output z = 1 with probability

p(z =1z =0) =p(z = 1|y = 0)p(y = 0|z = 0) + p(z = 1|y = 1)p(y = 1|z = 0)
=1 —-pp+p(1-p)
=2p — 2p?

and analogously for p(z = 1|z = 1),p(z = 0|z = 1). In other words Na(p) o N7 (p) is just another binary

symmetric channel with probability ¢ = 2p — 2p?, and thus with capacity C(No o N;) =1 — H(q).
We then note that:

q—p=2p—2p>—p=p(l-—2p)

which is strictly positive for all 0 < p < 1/2, so g is greater than p for this range. Since the binary entropy
is a strictly increasing function on (0,1/2), we have:

H(q) > H(p) = 1-H(q) <1-H(p)

and so the inequality is strict in this case. O
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Exercise 12.11

(%) Show that the maximum in the expression (12.71) may be achieved using an ensemble of pure states.
Show further that it suffices to consider only ensembles of at most d? pure states, where d is the dimension
of the input to the channel.

Concepts Involved: Von Neumann Entropy, Pure States, Quantum Operations. (12.71) reads:

X(€) = max_|S|& _PiPj *ijS(E(Pj))

{pj.0;}

Consider any p = ). p;pi; by the linearity of £ and the concavity of the Von Neumann Entropy (see
section 11.3.5), we obtain:

S(&(p) = S(g(z:pmi)) = S(sz‘g(ﬂz‘)) > sz'g(ﬂi)

Now, consider the ensemble & = {(pl,pl), ooy (Pn—1,Pn-1), (pn,pn)} and suppose p, is a mixed

state. Then, let us write p, = Zy;lpn,ipn,i for p,: pure, and consider the ensemble E' =

{(pla p1)s -+ (Pn—1,Pn—1), (pnpn,la Pr1);--- (pnpn,ma pn,m)}-

We can then see that the state Zj p;p; computed for E, E’ are identical, so the first term in the expression

of (12.71) is the same across the two ensembles. However, by the above concavity argument, the second

term is smaller for E’ (thus less negative) and hence the overall expression is larger. For any ensemble

containing mixed states, we can thus replace it with a pure state ensemble in this fashion, wherein the

expression increases. Since for any ensemble containing mixed states we can construct a pure state

ensemble which upper bounds the mixed state ensemble expression, we conclude that the maximum may

be achieved with a pure state ensemble.

For the second part of the question - if d is the dimension of the input to the channel, consider some set of

linearly independent and pure p1, ..., pgz which form a basis of the space of d x d dimensional Hermitian
.. . . d2

positive operators (wherein any p can be written as p = > .| pip;).

Now, consider any ensemble F/ = {(p’l,p’l),...(p;l,p’m)}, with m > d?. Decomposing every density

matrix appearing in this ensemble as:

d2
P} = Z Pj,ipi
i=1

We can then consider the ensemble F' = {(p11,p1),...,(P1,a2,Pa2); - (Pm,1,P1)s s (Pima2s paz) }
wherein by the same concavity argument as the first part we have that the expression is larger for F' than
F’. We can then observe that F is equivalent to the d?-element ensemble:

m m
O i pi)s - O iz, pa2)
Jj=1 j=1
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Since for any m > d?-element ensemble we are able to construct a d?-element ensemble which upper
bounds the m-element ensemble expression, we conclude that it suffices to consider only ensembles of at
most d? pure states to achieve the maximum. O

r
\

Exercise 12.12

(%) Adapt the proof of the HSW theorem to find a proof of Shannon’s noisy channel coding theorem,
simplifying the proof wherever possible.

Exercise 12.13

Show that the entropy exchange is concave in the quantum operation £.

Solution

Concepts Involved: Von Neumann Entropy, Quantum Operations, Entropy Exchange, Purifications,
Concavity

By definition, the entropy exchange for a quantum operation & for input p is given by:
S(p,&) =S(R,Q")

where ) contains p, R is the reference system that initially purifies @, and primes denote that £ has been
applied. In particular, given the above definition, we can write:

S(p,£) = S(p9F) = S(E2 @ TR(|p R Yy ?E|))

with ”(/JQR> the purification of p and Zg denoting the identity map on the refernece system. Now, consider
A € [0,1] and any two quantum operations £!,E2. Then:

S(p, AT+ (1= NE?) = S(AE' + (1 = N)E%Q @ Tr) ([P )y ?H))
= S(AEL ® Zr( @YY ) + (1 — N)EY ® Tr(|¥ 2 X ?F))
> AS(ES ® Tr(|¥FH)YOR))) + (1 — N)S(E] @ Tr( |9 Xy @)
= AS(p, ) + (1 = N)S(p, &)

where the second inequality follows from linearity, and the inequality follows from the concavity of the
Von Neumann entropy as shown in section 11.3.5. O

,
\

Exercise 12.14

Show that the condition pfi?1 = pft @ p@1 is also sufficient to be able to correct errors on the subsystem

|

Solution

Concepts Involved: Reversibility, Quantum Error Correction, Quantum Data Processing Inequality
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We have Q an n qubit system, ()1 a subsystem of @), R a reference system that purifies @), and E the
environment.

Suppose pfi?t = pB @ p@t. Then, an interaction of Q1 with the environment E (i.e. errors on the subset
Q1 of the qubits) maps:

PR @ pP = pR  p@ @ pP s pF @ pNE = pR g pn ¥

with the reference system R left untouched, and @1 and the environment now generically correlated. In
particular, it is the case that p® £ = p& ® pE’, which is the information theoretic reversibility condition
(from the quantum data processing inequality) that the noise can be reversed, i.e. the errors on subsystem
Q)1 is correctable. O

Exercise 12.15

(%) Apply all possible combinations of the subadditivity and strong subadditivity inequalities to deduce
other inequalities for the two stage quantum process p — p' = &1(p) — p” = (E20&1)(p), expressing the
results whenver possible in terms of entropy excahnges and the entropies S(p), S(p’), S(p”). When it is
not possible to express a quantity appearing in such an inequality in these terms, give a prescription for
calculating the quantity only using a knowledge of p and operation elements {EJ} for & and {F}} for

| m
b

Exercise 12.16

Show that in the case where R perfectly corrects £ for the input p, the inequality
S(p) = S(p')+S(p',R) >0

must actually be satisfied with equality.

Solution

Concepts Involved: Von Neumann Entropy, Subadditivity, Reversibility, Entropy Exchange, Quantum
Error Correction

Studying how the inequality was derived, for a general quantum operation £ we have (Eq. (12.143)):
S(p) = S(R) =S(R) = S(Q,E') < S(Q') + S(E') = S(E(p)) + S(p, E)

with the quantum system @, the reference system R (initially purifying Q) and the environment FE, with
primes denoting the state of system/reference/environment after the unitary interaction of @, E mocking
up the operation £. The inequality is due to subadditivity.

Applying the above to initial state p’ = £(p) and the recovery operation R, we find:

S(p") = S(R) = S(R') = S(Q', E') < S(Q) + S(E') = S(R(p")) + S(p",R) = S(p) + S(p', R)

where we have used in the last equality that R(p’) = R(E(p)) = p from the correction condition.
Since it is the case that R perfectly corrects £ for the input p, it must be the case that pQ/’E, =
pQI ® pE, after the correction operation - this is because the correction operation perfectly recovers
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p, which was initially uncorrelated with the environment system. As we saw in Chapter 11.3.4, the
subadditivity inequality holds with equality iff the systems are uncorrelated, and thus:

S(p') = S(p) +S(p',R) = S(p) = S(p') +S(p;,R) = 0.

Exercise 12.17

(%) Show that < y if and only if for all real ¢, Z _ymax(z; —t,0) < Zj , max(y; — t,0), and
d d
Zj:l &by = Zj:l Y-

Solution

Concepts Involved: Majorization

Note that Z?lej = Z?Zl y; is part of the definition of x < y, so the nontrivial equivalence we are
showing is that:

k k d d
Vk e {1,...d},2xj < Zyj = Vt,ZmaX(xj —t,0) < Zmax(yj —t,0).
j=1 j=1 j=1 j=1

Throughout, WLOG we assume x,y are sorted in descending order.
[= ]: Lett € R. Then, let j = k be the largest index such that z; >t and j = k' be the largest index
such that y; > t'. Then:

k d
Zmax i —t,0) Z(m] —t), Zmax(yj —t,0) = Z(yj —t)

g1 P j=1

as all terms after k, k’ are set to zero by the max.
There are then three cases:

e |k =FK'|:In this case:

immediately from = < y.

° In this case:
B

k k
0220236
1

Jj=
where the first inequality follows from the omission of (non-negative) terms of the sum and the
second from z < y.
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. In this case
k)/

k k
D yi—1)> Z(yj —t) = Z(% -

j=1

where the first inequality comes from the fact that (y; —t) for j = k' + 1,k' +2,...k are non-
positive terms by assumption, and hence adding them to the sum can only make the sum smaller.
The second inequality is yet again just from x < y.

Thus in all cases Z (z; —t) < ZJ 1(y; — 1), and so:

d d
Z max(xz; —t,0) < Z max(y; —t,0).
j=1 j=1

[=]: Consider any k € {1,...d}, and let t = ;. Then, by assumption we have:

d

Zmax — Yk, 0) + kyi < Zmax — Yk, 0) + kys (*)
j=1

where we have added ky; to both sides of the inequality. Then, first note that:

k k

Zmax i — Yk, 0) + kyx, = Zmax = s 0) ke = D (w5 = u) + ey = > ws

j=1 j=1

where we have used the fact that y; —y; < 0 for j > k (and so the max picks out the zero) and y; —y, > 0
(and so the max picks out y; — yi) for j < k. Next note that:

k k

Zmax yk,0)+kyk>Zmax — Uk, 0) + kyg, > Z T — Yk) —|—kyk—ZxJ

Jj=1 j=1 Jj=1

o

where the first inequality follows from the fact that we omit non-negative (j > k) terms from the sum,
and the second inequality follows from the fact that choosing any element from a maximum will always
be less than the maximum. Substituting in these two observations into either side of (x), we obtain:

k k
PIEIED DY’
j=1 =1

as desired. O

\. J

Exercise 12.18

Use the previous exercise to show that the set of x such that z < y is convex.

465



Concepts Involved: Convexity, Majorization

It will be easier to show the result directly from the definition of majorization. Suppose 2’ < y and 2" < v,
and WLOG suppose z’, 2",y are all sorted in descending order.

Then, consider z = A/ + (1 — X\)z” for 0 < A < 1 -if 2/, 2" are sorted in descending order, then so shall
be x.

Since 2’ < y and 2" < y, we have for all 1 < k < d that:

k K k k
YIED DD DT Y
j=1 j=1 j=1 j=1

with equality if £ = d. Multiplying the left inequality on both sides by A\ and the right inequality on both
sides with (1 — \), we get:

k k
SUEI SIS W ERERIIEE) o
j=1 j=1
And adding the two inequalities together:
k k
D O+ (1A Z%SAZ% A=y =2 v
j=1 j=1 j=1

again with equality when k = d. Thus we conclude & < y and so the set of z majorized by ¥ is convex.

H D

Exercise 12.19

(%) Verify that 2’ < y/'.

Concepts Involved: Majorization
We show that Zle 1 = Zle y: and that Zle o < Zle yifork=1,...d.
For the first statement (equality for the full sum), we note that:

d+1 d+1

E m;:E xizg i — T1
i i=2 i=1

d+1 d+1
> = ZDy—Z Y)i — 21
[ =il
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then, recalling that D = tI + (1 — )T (for T the permutation swapping the 1st and jth elements):

d+1 d+1 d+1 d+1 d+1 d+1
DDy =t> Ty)i+ A=) (Ty)i =ty i+ (1 —)> yi=> w
=il =1 =1 =1 1=1 =1

where we have used that the sum over all elements of a permuted vector is equal to the sum over all
elements of the original vector. Hence:

d+1

ZZ/; = Zyi - Z1.
i i=1

Since # <y, Y. & = Y% 4, and hence:

d+1 d+1 d+1

l‘i: Ty = T, — X1 = Yi — 1 = yi'
i =2 i=1 i=1 i

For the second statement (inequality of partial sums), we consider two cases:
‘case 1. k<j—1 ‘ For this case, we note that 1 < y;_1, andso 2} <z <y} foralli=1,...,5 -2,
and hence (noting that 2’ is already sorted in descending order):

k k k k
D@t =" <> <> (W)
i=1 i=1 i=1 i=1
case2: k>j—1 ‘ In this case, we have:
k k k+1 k+1 k+1
Z(Z’;V = ZZ‘; = in = Zﬂﬁz —21 < Zyz — T
i=1 i=1 i=2 i=1 i=1
k+1
= Zyz + (y1 — 1)
i=2
k+1
= yi+ (1 — by + (1= t)y;))
i=2
k+1

=Y v+ (-t +ty; —y;
1=2

k
. /
= E Yi
i=1
k

<> W)

=1

where the inequality in the first line follows from x < y, we substitute in 1 = ty; + (1 —t)y; in the third
line, and in the second-to-last line we observe that the (1 — t)y; + ty; replaces y; in v’ (and otherwise
Yit1, Yy, are identical) and since Zf;l y; contains y; by assumption, we can replace the sum over y; with
the sum over y;.
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Having covered both cases, we conclude 2/ < ¢/'. O

Exercise 12.20

(%) Show that the assumption that p,; is invertible may be removed from the proof of the converse part
of Theorem 12.15.

Solution

Concepts Involved: Majorization, Density Operators, Measurement Operators

Since py, is Hermitian, we can write it in its diagonal form as (taking it to be a d-dimensional state):
d
py =D NiliXil
i=1

. Y . . . .
with {|i)} _, the eigenvectors. In the case that py is invertible all the \; are nonzero, but in the
general case it is possible that some of the \; are zero. In this case, suppose A1, ..., A, are the nonzero
eigenvalues, and we can write:

m d
py =Y Nilial [+ D 0-iXil
=1 i=m-+1

We can then define the pseudo-inverse of p, to be:

which we can see satisfies:
Py py = > liXi| = I
i=1

i.e. they multiply to the identity on the support of py;.

Now, let's run through the modified version of the (converse) proof. As is in the text Ay < A, so
Py = Py, and so there exist probabilities p; and unitary operators U; such that p, = Zj ijjp¢UjT (for
j=1,...,J). Then, define:

_1/2
M; = VBipaU} 5

for each j and also add the additional operator:

d

My =11, = Z |

1=m-+1
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i.e. the projector onto the subspace for which p, has no support. Then, we can see that:

J+1 J

_1/2 ~1/2
> MMy = 5" DopiUseoU] | )% + LI
=1 =1

_1/2 _1/2
= pw/ Pwpw/ +1II

d

=Z\i><i|+ > lixdl

i=m+1

=17

so the M satisfy the completeness relation and thus define a measurement.

Suppose Alice performs a measurement described by these operators, obtaining the outcome j and corre-
sponding |1/)j> o Mj |¢) (note that outcome j = J + 1 cannot be measured, due to py, and II; having
orthogonal support). Then, if p; is Alice’s reduced density matrix corresponding to ’z/g), we have:

~1/2 ~1/2
pi o< Mypyu M} = p;\/poUl 5,/ pwpw/ Ujv/py
= 5 PV U

Since the support of UjT is that of py and the range of Uj is that of py (as py = >, ijjpd,UjT), it
follows that UjTImUj = U;Uj =1 and so:

Pj X PjPyp

s0 p; = p,, and by Exercise [2.81] Bob may convert |1);) into |¢) via a suitable unitary V;. O

Exercise 12.21: Entanglement catalysis

Suppose Alice and Bob share a pair of four level systems in the state [1)) = 1/0.4]00) + /0.4 [11) +
v/0.1]22) 4+ /0.1|33). Show that it is not possible for them to convert this state by LOCC to the state
lo) = v0.5(00) + /0.25[11) + +/0.25|22). Imagine, however, that a friendly bank is willing to offer
them the loan of a catalyst, an entangled pair of qubits in the state |¢) = v/0.6|00) 4+ /0.4 |11). Show
that it is possible for Alice and Bob to convert the state |1)|c) to |p)|c) by local operations and classical
communication, returning the catalyst |c) to the bank after the transformation is complete.

Concepts Involved: Majorization, LOCC

Calculating the reduced density operators for Alice’s qubit for |¢) , |¢):

py = Trp(|¥X¢]) = 0.4|0X0] + 0.4 [1)1] + 0.12)(2] + 0.1 [3)(3|

pe = Tra(le)el) = 0.5]0)X0[ 4 0.25 [1)(1] + 0.25 |2)2|
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Since py, p,, are diagonal, we can read off the eigenvalues (in descending order) P (0.4,0.4,0.1,0.1)
and A}, = (0.5,0.25,0.25,0). Since Y7 | Ay =0.4+04 =08 % 0.75 = Y7 | A, Ay A A, and so by
Theorem 12.15, |¢) cannot be transformed into |p) via LOCC.

Now, consider |¢) |c) and |¢) |c):

[¥) |¢) = +/0.24]00) |00) 4 +/0.24 [11) |00) + +/0.06 |22) [00) 4 /0.06 |33) |00)
++/0.16|00) |11) + v/0.16 |11) [11) + +/0.04|22) [11) + /0.04 |33) |11)

o) |e) = v/0.3]00) [00) + +/0.15 |11) [00) + /0.15 |22) |00)
++/0.2[00) |11) 4+ /0.1 [11) |11) 4+ +/0.1 |22) |11)

Suppose Alice/Bob take the first/second qubit of |c) respectively, and consider py. and p,. obtained by
tracing out Bob's initial qubit and the second qubit of |c):

pye = Trpe, (|¥) |o) (cl (¥])
= 0.24]00)00| 4 0.24 |10 10| 4 0.06 |20)(20| + 0.06 |30)(30|

+0.16|01)(01] + 0.16 [11)(11] 4 0.04 |21)X21]| + 0.04 |31)(31]

Poc = Trpc, (@) le) (¢l {c])
= 0.3]00)00| + 0.15 [L0)(10| + 0.15 |20)(20|
4 0.2|01)(01] + 0.1 [11)(11] + 0.1]21)21]

Both of these are diagonal, and so we can read off the eigenvalues (in descending order):

A%, = (0.24,0.24,0.16,0.16,0.06,0.06,0.04,0.04)

Abe = (0.3,0.2,0.15,0.15,0.1,0.1,0,0)
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and so we can see that Ay, < Ay as:

11 _ )\
XL =024 <03 =4

2 2
DAL =048<05=) A
=1 =1

3 3
> AL =064<065=> A
i=1 1=1

3 3
DAL =08<08=> AL
i=1 i=1

> 3
STAL=086<09=> A
i=1 -

3 3
DAL =092<1=> AL
=1 i=1

3 3
DAL =096<1=) A
=il =1

8 8
doa=1=1=) M.
=1 i=1

So, by Theorem 12.15 |4} |c) can be transformed to |p) |c) by LOCC. Since |c) is left invariant (and in
particular, still unentangled with the rest of the state) after this conversion, Alice/Bob can return it to
the bank after. O

Exercise 12.22: Entanglement conversion without communication

(%) Suppose Alice and Bob are trying to convert a pure state |¢)) into a pure state |¢) using local
operations only - no classical communciation. Show that this is possible if and only if Ay, = A, ® x where
x is some real vector with non-negative entries summing to 1, and ‘=" means that the vectors on the left
and right have identical non-zero entries.

We believe that the correct condition should be A, = Ay ® .

Concepts Involved: Schmidt Decomposition

First we show a Lemma that A\, = A, (where )y is the vector of eigenvalues of pl‘z = Trp(|v)Xv]))
implies [¢) , ) are related by local unitaries. As a note, the converse is also true by the fact that (local)
unitaries preserve the spectrum of the reduced density matrices. Writing the Schmidt decomposition of
the two states, we have:

[0y =D Vlaa) ), o) =3 VA fai) [Bf)
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wherein we can define local unitaries Ua =Y, |a;)Xa;|,Up =Y, |V} )b
Armed with this Lemma, let us start with the converse proof:

: First, Alice can begin by appending a pure ancilla state 02 = oo )oL|? with spectrum 2 to
her subsystem p# = Trp(|¥))1)]). Her resulting state p* ® o2 has eigenvalues Ay, ® = (and the overall
state |¢) ® \UI>A remains pure). Then, applying the above Lemma, there exist local unitaries Ua,Up
that Alice/Bob may apply to convert the overall state into |¢). Both steps only required local operations,
without classical communication.

[[=]: Suppose |¢) is converted to |p) using only local operations. The most general purity-preserving
local operation that can be carried out by Alice and Bob is appending a pure state ancilla ¢4 /0 and

, for which Us @ Ug |[¢) = |p).

applying general local unitary Uy /Ug, so:

Xl *? = (Ua @ Up)([9)u|*? ® 0* ® o®) (U] @ U).
Note that the appended ancillas 0,5 cannot be mixed, as the unitaries U4 /Up preserve the purity of
the state and hence the output of the state is mixed. Similarly, we are not permitted to entangle the
ancillas with the system and then trace out the ancillas, as this would again result in a mixed state output
(as the reduced density operator of an entangled pure state is mixed). The case where unentangled ancillas
are traced out is equivalent to the case of not appending them in the first place, in which case we simply
obtain pf = UA/);EUI1 S0 A, = Ay, corresponding to the trivial case with = = (1). Finally, although the
case of local measurements is already handled by the above points about entangling + tracing out ancilla
(by the arguments of Section 8.2.2 in the text), it is worth explicitly pointing out that measurements by
Alice/Bob are not permitted, as without classical communication the post-measurement state becomes a
probabilistic mixture over the possible local measurement outcomes, which again results in a mixed state
as output.
Returning back to the most general case, let us look at Alice’s local subsystem:

Py = Tra(le)el™?)

= Trp(Ua ® Us(|$)¢|"" ® 0 ® o®)U} ® UL,)

= Us Trp(I @ Up([9}9[*? @ o ® oB)I @ UL)UL
= Ua Tra(|oXe[*? @ 0 @ eP)UY

=Ualp ® oM UR

where we use that U4 commutes with the partial trace operation in the third line, we use cyclicity in
the fourth line to cancel the Ugs, and the trace over B (both Bob's appended ancilla and his part of
|¢)(¢|AB). Unitaries preserve eigenvalues, so the eigenvalues of p£ are simply that of p$ ® 0. Hence,
the non-zero eigenvalues of p;;‘ are given by Ay ® x where x are the eigenvalues of o, which are real,
non-negative, and sum to one by the properties of the eigenvalues of a density operator. Thus A, = Ay ®x
and the claim is proven. O

. J

Exercise 12.23

Prove that the procedure for entanglement distillation we have described is optimal.
It seems as the authors already present an argument for this in the text, as they mix up distillation and

dilution in the preceding paragraph - we just present arguments for why both presented protocols are
optimal, here; the arguments are completely symmetric.
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Solution

Concepts Involved: Entanglement Distillation, Entanglement Dilution

The text discusses a protocol that uses LOCC to distill a copy of |¢) into S(p,) Bell states, and to dilute
S(py) Bell states into a copy of [¢). Central to our argument will be the fact proven in the next exercise
(Ex. that the number of Bell states cannot be increased by LOCC.

Suppose a more efficient distillation protocol existed that could distill |¢) into S > S(py) Bell states.
Then, starting with S(p,) Bell states, we could dilute them (using the known protocol) to create |1)),
which we then distill to obtain .S > S(p,) Bell states. We have thus increased the number of Bell states
only using LOCC - contradiction.

Suppose on the other hand a more efficient dilution protocol existed that could dilute [¢) from S < S(py)
Bell states. But then starting from S Bell states, we could create |¢), and then use the known dilution
protocol to form S(p,) > S Bell states. We have thus increased the number of Bell states only using
LOCC, again a contradiction.

We conclude that the provided protocols for distillation/dilution are both optimal. O

Exercise 12.24

(%) Recall that the Schmidt number of a bi-partite pure state is the number of non-zero Schmidt compo-
nents. Prove that the Schmidt number of a pure quantum state cannot be increased by local operations
and classical communication. Use this result to argue that the number of Bell states shared between Alice
and Bob cannot be increased by local operations and classical communication.

Solution

Concepts Involved: Schmidt Decomposition, Schmidt Numbers, Majorization, LOCC

Recall from Problem that the Schmidt number of a bipartite pure state [¢) , 5 is equal to the rank of
py = Tre(|Y)Xe]), i.e. the number of nonzero eigenvalues.

Consider bipartite pure states |¢) , |¢) such that Sch(y)) = m < Sch(yp) = n; then, Ay has m nonzero
entries and A, has n nonzero entries. Then, consider the normalization conditions (summing over only
the nonzero eigenvalues):

zm:/\;” =1
=1

i)\f < i)\f =1
i=1 i=1

so in particular:

and so Ay A A,. Thus by Theorem 12.15, |¢) cannot be transformed to |¢) by LOCC, and we conclude
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that Schmidt number cannot be increased by LOCC.
A bell state |Bgg) = % [0) 4 10) 5 + % |1) 4 |1) 5 has Schmidt number 2 (and the same for its variants)
and in particular generating a Bell state from a product state |¢) , ® )5 (with Schmidt number

increases the Schmidt number, so LOCC cannot increase the number of shared Bell states.

oe

Exercise 12.25

Consider a system with n users, any pair of which would like to be able to communicate privately. Using
public key cryptography how many keys are required? Using private key cryptography how many keys are
required?

Solution

Concepts Involved: Cryptography
In the public case, each of the n users has a public key which they publish (and that others use to encrypt
their messages to send to them) and a secret key which only they know that they use to easily perform
the decryption. Thus, 2n = O(n) keys are required.

In the private case, it is required that every pair of users shares a key pair (encoding/decoding) only known

to them; for n total users there are w pairs, and hence required number of keys. is 2 - @ =
n(n — 1) = O(n?); thus private key cryptography is “more expensive” in the number of keys. O

Exercise 12.26

Let a), be Bob's measurement result of qubit |t/4,s, ), assuming a noiseless channel with no eavesdropping.
Show that when b} # by, aj, is random and completely uncorrelated with aj. But when b} = by, aj, = ay.

Solution

Concepts Involved: Quantum Measurement

Alice sends bob states |)4,s,) of the form:

o B F ) T D e ) 0+ o) =11)
[%00) = [0) = s 10) = 1) = s [vo1) = |+) = 5 [P11) = |-) = Y

Bob measures in basis b}, (with b}, = 0 being the Z basis {|0),[1)}, and b}, = 1 the X basis {|+),|—)}).
From the above, we can immediately see that, for b;C =0,b, = 1:

[Okon) | = | Oker) [ = | (1l = (1) = 5

and for bj, = 1,b; = 0:

oo * = [+hno) = | (=Ioo)|” = [t henod| = 5
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so if b), # by, Bob's outcome @} is random and uncorrelated with a;. Conversely, for bj = 0,b;, = 0:

[(Oboo)|” = [(hino)|” = 1
[(Ahoo)|” = [{0la0)[* = 0
and for b, = 1,b; = 1:
[(+or)] = [{=ln) !=
[{=lbor}| = [(+1r1)] =
so we can see that when b}, = by, a}, = ay. O

\. J

Exercise 12.27: Randomized sampling tests

(%%%) The random test of n of 2n check bits allows Alice and Bob to place an upper bound on the
number of errors in their untested bits, with high probability. Specifically, for any § > 0, the probability
of obtainining less than dn errors on the check bits, and more than (§ + €)n errors on the remanining n

bits is asymptotically less than exp[—0(62n)], for large n. We prove this claim here.

(1) Without loss of generality, you may assume that there are un errors in the 2n bits, where 0 < p < 2.
Now, if there are dn errors on the check bits, and (6 + €)n errors on the rest, then § = (1 — €)/2.
The two conditional statements in the claim thus imply the following:

< dn errors on check bits == < dn errors on check bits

> (0 + €)n errors on rest = > (y — d)n errors on rest,

and in fact, the top claim on the right implies the bottom one on the right. Using this, show that
the probability p which we would like to bound satisfies

on\ " un) [(2 = p)n
on.
r<(2) () (aZan)n
(2) Show that for large n, you can bound

1 ZanH(b/a) < an < 2anH(b/a)
an +1 —\bn/ —

where H(-) is the binary entropy function, Equation (11.8). Apply this to the above bound for p.

(3) Apply the bound H(z) < 1 —2(z — 1/2)? to obtain the final result, p < exp[—O(e?n)]. You may
replace i by a constant which expresses the worst possible case.

(4) Compare this result with the Chernoff bound, Box 3.4. Can you come up with a different way to
derive an upper bound on p? For this step, we seemed to require a more powerful /general version
Chernoff bound than was provided in the text.
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Concepts Involved: Shannon Entropy, Binary Entropy, Probability, Chernoff Bound

(1) Since the top claim on the right implies the bottom one on the right, we find that our probability is
bounded by:

p = P(< dn errors on check bits U > (§ + €)n errors on rest) < P(< dn errors on check bits)

Thus, let us calculate the probability of obtaining < én errors on the check bits. There are (2;”)
ways to choose n of the total 2n bits to be the check bits. Supposing there are un errors on all
of the bits, and k of these errors occur on the check bits, there are ("k") choices of error bits to
land in the check set, and ((27;f,2") choices of correct bits to land in the remainder of the check set.

Summing over k =0,1,...,0n — 1 (i.e. all k < dn), we obtain:

b virlCylenrs)

- ()

We now wish to bound this sum; looking at ratios of successive terms, we find:

(&) (2l _ (un —k)(n — k)
(“my (Gmy  (k+D)((1 - mn+k+1)

wherein the terms are increasing when the above ratio is > 1, and we have the crossover/maximum
point when:

(un —k)n—k)=k+D((1—-pn+k+1)=k((1—p)n+k)

where we neglect the +1s in the large n limit. Studying the above, equality is achieved at k = &7,

and so the terms of the sum increase up to this k. In particular, note that for all k = 0,1,...,6n—1,

we have k < on = E5°n < & for € > 0, and hence we can bound the sum by replacing every term

with one where k = dn:

n—on

()

=il
2n un (2 —p)n
< on.
g <n> <6n> ((1—6>n "
(2) | Upper bound | We adapt the helpful presentation of Qiaochu Yan from MathOverflow. From the
binomial theorem, we have for any =,y > 0:

(z+y)" = Z <Z')xkyn—k > (Z) ghyn—k
k=0

where we use that the sum is of positive terms and hence upper bounds any given term. Taking

Sn (P (2—mn
) ()

and so:
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x =p,y =1 — p we obtain:

(o es = ()= s

and taking logarithms we find:
n
log (k) < —klogp — (n — k)log(1 —p)

in particular taking p = % (which minimizes the RHS) the above becomes:
k k
log (n) < —klog——(n—k) log(l — )
k n n

(st - 1= By 1))

5

n
< 2nH(k/n)
(+)<

Taking n — an, k — bn, we obtain the upper bound:

an < QanH(b/a) I
bn) —

=nH(

and so:

: We adapt the elegant proof of Marcus M from Math StackExchange. Consider the

integral:

v
(n+1)(})

the formula for I(n, k) follows by induction on k; for k = 0 we have:

I(nvk)Z/O pF(1—p)"Fdp =

1

1 1
1 1 1
I(n,0) = °(1-p)" %, :/ l1-p)"=———QQ-p)"t| = —
(n,0) /Op( p)"dp 0( ) n+1( D) R S Y6
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Now supposing the formula holds for some k — 1 > 0, we have:

1
I(n,k’)=/0 pH(1—p)" Fdp

pk(l _p)n—k+1
n—k+1

k
0+n—/€+1 (n,k—1)
ok 1
_n+1—k(n+1)(k’j1)
1

(n+1)(})
where in the second line we use integration by parts, in the fourth line we apply the inductive

hypothesis, and in the last line we use the binomial reccurence relation of (}) = 2=F+L(,™ ). This
completes the induction.

1 1 k—1 —k+1

k 1 —p)" +

_/ _ kD ( p) dp
0

n—k+1

Now, noting that f(p) = p*(1 — p)"~* is maximized at p = £, we can bound the integral:

I(n,k) < (1—0)f(ﬁ) _ (k>k (1_ k)ﬂk

n n n

the RHS we can already recognize from the upper bound calculation to be 2="# (/") and so:

L genmm L gutym) < (")
(n+1)(}) n+1 k

Then taking n — an, k — bn, we obtain:

1 QanH(b/a) < an I
an +1 — \bn

Applying this to the bound from (1), we find (using the lower bound to the (2:)_1 factor: and the

upper bound for the (¥7), (((?:’g))g) factors:

1
- (122nH<1/2>> QunH(8/1) 92— WnH((1-8)/(2- ) g,
2n +1

_ L”(Q’;+ 1) o unt(5/m)g@—mnH((1-8)/(2—4))
2 n

(3) Let us study the exponential terms; using the provided entropy bound, we have:

S e S R
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(qu)nH(%) <(@2-pn ll -2 <;_Z - ;)21 =@2=pn [1 2 (M)Z]
o2 () |

where in the last equality we have used that 0 = #5°. Thus, combining all the exponential terms

(including the 272"), we have:
. 2
+2-pn|l-2( 7 —2n
e=) [ (2(2—u)> ]

<m[i-2(-5)
— oum (_;ﬂ)z —2(2— p)n (2(26—#)>2

2 2

_ €En €En
20 2(2—p)
B e2n
(2 = p)
The worst case is when m is minimized, i.e. u = 1, wherein the exponential is bounded by
2 .
—e?n, so:

p < on(2n + 1)2762” = O(exp(—eQn))

where we can neglect the polynomial terms as the bound is dominated by the decaying exponential.

Comparing, we see that the Chernoff bound is also an upper bound of the form p < O(—€?n),
though applied to the sum of n independent random variables, which is different from the approach
we took here. This suggests an alternative route for deriving an upper bound on p, as follows.

Let us imagine that each bit of the 2n total is independently included in the n check bits, with
probability 1/2. The total number of errors in the check bits is then:

pun
> Xi
i=1
with X; independent and identically distributed random Bernoulli variables taking 1 (error) with

probability 1/2 and 0 (no error) with probability 1/2.

We consider a more powerful /general version of the Chernoff bound, as e.g. discussed in these
lecture notes|- the bound as provided in Box 3.4 is not useful for unbiased Bernoulli variables, or for
bounding the sum away from a value that is not exactly the mean, both of which we require here.
In particular, let us use the lower tail bound from the lecture notes:

2

PO Xi<(1-a)ym) <e ™ /?
=il

with m = E(}_, X;) and a > 0 quantifying the deviation away from the mean.

For our case, we wish to bound the probability of fﬁl X; < dn = B5n. The mean is given by
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m=E}!" X)) =Y E(X;) =Y 4 = &2 so taking a = + we have:

—_— n € 62’!1.
POOXi< (1= D)) = PO_Xi < Botn) <7 (072 = % = O(exp(~¢'n))

so we again find the desired upper bound on p - this approach is much quicker!

Exercise 12.28

H

Show that when b = 1, then a and @’ are perfectly correlated with each other.
The problem statement should be reworded to “perfectly anti-correlated”.

Solution

Concepts Involved: Quantum Measurement

If b =1, then Bob has post-measurement state |1) if ' =0 or |—) if ' = 1.

Since )(a’ =0,b=1la= O>)2 = ](1\0)‘2 =0, if @ = 0,b =1 it cannot have been the case that a = 0
and so we must have a = 1 (and Alice sent Bob the |+) state).

Further, since )(a’ =1b=1|a= 1>)2 = ‘<—|+>}2 =0, if a’ = 1,b = 1 then it cannot have been the

case that a = 1 and so we must have a = 0 (and Alice sent Bob the |0) state).
Hence, if b = 1, then either ' =0,a =1 ora’ =1,a =0 and so a, d’ are perfectly anti-correlated. [

Exercise 12.29

Give a protocol using six states, the eigenstates of X, Y and Z, and argue why it is also secure. Discuss
the sensitivity of this protocol to noise and eavesdropping, in comparison with that of BB84 and B92.

Solution

Concepts Involved: BB84, B92

The protocol essentially is identical to that of the BB84 protocol, just using six states instead of four.

(1) Alice chooses (6 4+ §)n random data bits. Note the change from (4 + §)n to account for the fact
that we now use 6 states, so a larger number of data bits are required to ensure that 2n bits are left
in step (6).

(2) Alice chooses a random (6 + d)n-trit (a trit being 0, 1, or 2) string ¢. She encodes each data bit as
{]0),]1)} if the corresponding bit of ¢ is 0, {|+),|—)} if tis 1, and {|-+i),|—d)} if ¢ is 2.

(3) Alice sends the resulting state to Bob.

(4) Bob receives the (6 + d)n qubits, announces this fact, and measures each basis in the X, Z,Y basis
at random.

(5) Alice announces t.
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(6) Alice and Bob discard any bits where Bob measured a different basis than Alice prepared. With high
probability, there are at least 2n bits left (if not, abort the protocol). They keep 2n bits.

(7) Alice selects a subset of n bits that will serve as a check on Eve's interference, and tells Bob which
bits she selected.

(8) Alice and Bob compare the values of the n check bits. If more than an acceptable number disagree,
they abort the protocol. Alice and Bob perform information reconciliation and privacy amplification
on the remaining n bits to obtain m shared key bits.

In a straightforward generalization of Ex. [12.26] which includes the Y-eigenstates, it is easy to see that
when Bob's measurement basis ¢} disagrees with Alice’s encoding basis t;, that his measurement out-
come a}, is uncorrelated with Alice's bit aj, but when ¢} = t;, then a) = a. The protocol has the
exact same sensitivity to noise/eavesdropping as BB84/B92, as the procedure of running the check for
intereference/errors is identical. O

Exercise 12.30

Simplify (12.199) to obtain the expression for S(p) given in the statement of the Lemma.

Concepts Involved: Von Neumann Entropy

The expression of (12.199) is:

S(pmax) = —(1 — 278) 10g(1 - 278) —-27° log W

which, splitting up the last term and then going through a sequence of rewrites:
S(pmax) = —(1 —27%)log(1 —277) —27"(log(27*) — log(22" - 1))
~(1-27)log(1 —2*) — 27" (=s — log (2" ~ 1))

(27" — 1) log(1—27°) + 27%(s + 1og(22" - 1))

<@ - 1)% 127 (s + 10g(22”))
=(27°—1) Ii; +27%(s + 2n)
=(02n+s+ 5)2’S - 21:;
=(2n+s+ ﬁ)rs +0(27%)
Where in the inequality we use that logz < %= and that log(z — 1) < log(x). O
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Exercise 12.31

It may be unclear why S(p) bounds Eve's mutual information with Alice and Bob's measurement results.
Show that this follows from assuming the worst about Eve, giving her all the control over the channel.

Solution

Concepts Involved: Mutual Information, Holevo Bound
If Eve has all the control over the channel, she can intercept the |ﬁ00>®" state and subsequently choose
to send whatever state p = ), prpi she likes to Alice/Bob. In this case, Holevo tells us that the mutual
information between what Eve sends and what Alice/Bob measures is bounded by:

Heve:alicetbob < X = S(p) - Zka(pk) < S(p)
k

Exercise 12.32

Note that the local measurements that Alice and Bob perform, such as I ® X and X ® I, do not
commute with the Bell basis. Show that despite this, the statistics which Alice and Bob compile from
their measurements are the same as those which they would have obtained had they actually measured
Hbf and pr.

Solution

Concepts Involved: Bell Basis, Quantum Measurement

The observation made in the question is easily seen from the fact |5..) = Zi X7 |Boo) = X575 |Boo),
from which we can deduce that local Paulis do not commute with the Bell state projectors; for example:

X1 [BooXBool = |Bo1XBool # |Boo)Bo1l = |B00)Bool X1-

However, Alice and Bob can obtain the same measurement statistics from local Pauli measurements a
measuring Iy, ITo¢. The single-qubit projectors are:

g I®ILP®I 5 IRI£IQP
+ — 2 ) + - 9

for P, = X;, Z;. We can then see that:

I®I+X1®I+I®X2+X1®X2+I®I—X1®I—I®X2+X1®X2

e + e = 1 1
_IRI+Xi19X,

2

= ILbf
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I®I+X1®I—I®X2—X1®X2+I®I—X1®I+I®X2—X1®X2
4 4

e + 1 =
_IRI-X1®X,
N 2
=1 — Iy

So if Alice/Bob measure X1 ®1I, I® X5, they get the same measurement statistics as measuring ITps, 1—ITy,

where they measure X; ® Xo = +1 if their measurements have the same parity and X; ® Xo = —1 if
their measurements have the opposite parity.
Analogous statements hold for IL, replacing every X appearing above with a Z. O

Exercise 12.33

Let {My, M, ..., M,} be a set of measurement observables which produce respective results X; when
an input state p is measured. Argue that the random variables X; obey classical probability arguments if
[M;, M;] = 0, that is, they commute with each other.

Concepts Involved: Probability, Quantum Measurement

We recall that if [M;, M;] = 0 for all 4, then {My,...,M,} are simultaneously diagonalizable. Thus
writing M; = Y3, m} |k)k| and p = 3=, pk [k)(k| 4 (off-diagonals) for the joint eigenbasis {|k)},, we can
see that the X; obey classical probability arguments, with distributions given by P(X; = mf) =pi. O

Exercise 12.34: Entanglement distillation by error-correction

(%%) In Section 10.5.8, we saw that codewords of an [n,m] qubit stabilizer code can be constructed
by measuring its generators gi,...,gn_m ON an arbitrary n qubit quantum state, then applying Pauli
operations to change the result to be a simultaneous +1 eigenstate of the generators. Using that idea, show
that if we start out with n EPR pairs in the state |300)®", and perform identical generator measurements
on the two n qubit halves of the pairs, followed by Pauli operations to correct for differences in the
measurement results between the pairs, then we obtain an encoded |,6’00>®m state. Also show that if the
stabilizer code corrects up to dn errors, then even if dn errors are suffered by an n qubit half, we still
obtain [Boo) ™.

We don't believe it suffices to correct for differences in the measurement results - instead, we should
correct for all —1 outcomes of the generator measurements. Correcting for differences in the measurement
outcomes would result in a state for which ¢; ® g; = +1 (for ¢ = 1,...,n — m). To us this seems
insufficient - in order to have 2m logically encoded qubits, it must be the case that we are in the +1
eigenspace of all 2(n — m) stabilizers of g; ® [, I ® g; fori =1,...,n—m.

Concepts Involved: Bell Pairs, Quantum Measurements, Stabilizer codes, Standard Form

Suppose that we start out with n EPR pairs in the state |8p0)®", and perform measurements of

483



G1s---y9n—m ON the two m qubit halves of the pairs. If we then apply Pauli corrections to correct
for these outcomes such that g; ® I = +1 and I® g; = +1 foralli =1,...,n—m (as would be required
for any 2m-qubit state encoded by this stabilizer code), the output state is:

H (P ® P 1Boo)®™"
where:

pt_1£g
v 2

is the projector onto the +1 eigenspace of the stabilizer g;.

WLOG, suppose that we have brought the stabilizer code into standard form, such that the check matrix
for the Z operators is of the form G, = [000|AZ0I] and the check matrix for the encoded X operators is
of the form G, = [0ETI|CT00]. The upshot of this is that all logical operators X, Z; (for j = 1,...,m)
of the code contain no Y-operators. In particular, this means that X7 = X, ZI' = Z; (this is because
I"=1,XT=X,7Z" = Z - in contrast, YT = -Y).

Since the output state is an encoded state 2m-qubit state (it is stabilized by all 2(n — m) generators),
to show that it is the logical |ﬁ00> state, it suffices to show that it is the +1 eigenstate of all logical
operator pairs X ® XJ,Z ® Z We can see that this is indeed the case, as:

(X; ® X;) TLﬁln(PEL ® P)|Boo)®" = Tﬁ(Pi+ ® P)(X; ® X;)1B00)®"
_ nﬁln(Pi+ ® P (X XT @ I) |Boo)®"
- nﬁn(a+ ® PH) (X7 ®I) |Boo) ™"
=1
- nff(Pj ® B (I ®I) |Boo)®"

g=il

n—m

+1) I & @ P 1600)®"

i=1

where the first equality follows from the fact that the logical operators commute with all stabilizer gen-
erators, the second equality uses the bounce identity (A ® I)[Boo) = (I ® AT) |Boo) for Bell states (we
provide the general proof for maximally entangled states in Ex. , and in the third equality we use
that X7 = X, from the above standard form discussion. The argument is analogous for the Z; ® Z;
operators, and thus we conclude that the state is indeed the encoded |5OO>®m state.

The bounce identity is central to showing the second claim - WLOG suppose that a weight-dn error
operator E affects second qubit halves of the initial state |800)®", i.e. we start with (I ® E)|Boo)>" (if
the errors occur on the first half of the qubits, we may use the bounce identity so that they instead act on
the second half). If we then measure ¢1,...,gn_m on the first halves of the qubits, obtaining outcomes
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g; = £1, the post-measurement state is:

n—m

[ (PF @ DI @ E)|Bo)*" = (IR E) [[ (P 1) |B00)*"
=il

i=1

where we use that Pii commutes with the error operator as they act on different halves.

Now, observe that (PX)T = PZ if g; contains an even number of pauli-Y's, and (P)” = P if g; contains
an odd number of Pauli-Y's. On the first qubit halves, let us apply Pauli correction operators (based on the
measurement outcome, and the Y-parity of the stabilizer generators) such that the transposed projector
has sign +1. Then, we obtain the state:

n—m n—m

IeE) [[ ®EeD60)®" = e E) [] (PE)?©1)]50)™"
i=1 i=1
— (1eB) [ (PE o (PH) |600)®"
=1

=(I®E) H (PF ® PF)|Boo)®"

where we have used the idempotency of projectors and the bounce identity. Now, let us apply appropriate
Pauli corrections on the first qubit halves again, now to correct everything to g; ® I = +1, yielding:

n—m

(I®E) [] (PF @ P;)1800)®"

=1

But this is just the encoded |500>®m state with a weight dn error on one of the (physical) qubit halves!

Thus, if we measure g1,...,9,_m on the second qubit halves, and correct into the subspace where
I®g;=+1foralli=1,...,n —m (which we can do by assumption on the code distance), we recover
the state without the error, which is precisely |300)®"". O

Exercise 12.35

Show that the states |, ..») defined in (12.202) form an orthonormal basis for a 2"-dimensional Hilbert
space, that is,

3 Lumio)Eopeal = 1

Vi ,2,&

Hint: for Cy an [n, k;] code, Cs an [n, ko] code, and m = k; — ko, note that there are 2™ distinct values
of v, 27 %1 distinct z, and 22 distinct z.

Concepts Involved: CSS Codes, Orthonormal Basis

From our analysis of Ex. [10.27, we know that CSS. ,(C4,C2) has the same properties as CSS(C4, C2),
and in particular the codeword states have the same orthogonality property. Further, from the hint there
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are 2™ . Qn—k1 . gk2 — gntm—(ki—ks) — gntm-m _ 9n (istinct choices of (v, z, z), and hence 2" distinct
codeword states |ka,z,x>-- Since we have 2™ distinct mutually orthogonal states, we conclude that they
form an orthonormal basis of a 2"*-dimensional Hilbert space. O

Exercise 12.36
(%) Verify Equation (12.203).

Concepts Involved: Unitary Operators, EPR Pair States

First, note the following “bounce” identity of any maximally entangled state |®) = \/LE Zgzl i) |2) for any
operator A:

(AR1)|®) = (I® AT)|®)
To see this, write A = 3", Aji[j)k| and then we find:
(AR I)|®) = [ZA| ® |i)

= ﬁzi:(%:fljk k) (315)) ® |é)
1 .

= WE;QI;AM k) @ |3

- %Z ) ® (5 Au )
WZ k) ® (AT |k))

= e AT)|®)

Now, consider that {|§vkzz>} is an ONB (as shown in the previous exercise), and so there is a
Vg ,2,T

unitary U that maps from the computational basis to the |ka,z,z> basis, i.e. we can write |ka727m> =Ulj).
In particular, we can then write:

D7 o) [vza) = D U T 1))
Vg ,2,T 7=0

= (U®U) |Boo)®"
= (I ®U"U)|Boo)™"
Since the {]ka,z,x>} are real linear combinations of the computational basis states, this implies the

Vk,2,%
unitary transformation U appearing above is real - in particular, this means that it is orthogonal, and so
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UTU = I, and so we conclude

2’77/
Z |£Uk,z,z> |£vk,z,m> = |600>®n = Z ‘.7> ‘.7>
Vg, 2,T j=0
as claimed. 0

Exercise 12.37

This is an alternative way to understand why Alice's measurements in steps 9 and 10 collapse EPR pairs
into random qubits encoded in a random quantum code. Suppose Alice has an EPR pair (|00) 4 [11))/v/2.
Show that if she measures the first qubit in the X basis, then the second qubit collapses into an eigenstate
of X determined by the measurement result. Similarly, show that if she measures in the Z basis, then the
second qubit is left in a Z eigenstate labeled by the measurement result. Using this observation and the
results of section 10.5.8, conclude that Alice’'s measurements of Hy, Hy-, and Z on her EPR pair halves
result in a random codeword of C'SS, ,(C1,Cs) determined by her measurement results.

Solution

Concepts Involved: Bell Pairs, Quantum Measurements, Stabilizer codes, CSS codes

o) = 00) +[11) _ [+ + D)
00 ﬂ \/5

Alice measuring the first qubit measuring X and hence applying IIL = |£)(£]| on the first qubit collapses
the second qubit into the same X-eigenstate. Identically, measuring Z and applying IIy/; = |[0/1)0/1]
on the first qubit collapses the second qubit into the same Z-eigenstate.

From our analysis in Section 10.5.8, Alice measuring Hy, Hy-, Z on her EPR halves collapses her qubit
halves into the state stabilized by g7, ..., £g;  ,%g7,..., g%, +7,,...,%+Z,, with H; corresponding
to the Z-stabilizers, H3- corresponding to the X-stabilizers, and Z; corresponding to the Z-logicals, all
of which are made purely up of strings of purely physical Z or X Paulis. Thus, by our above analysis, the
state of the unmeasured EPR halves is also stabilized by g7 ..., g2 _, ,£g7,..., 9§ ,+Z1,..., % Zp.
The H; measurement outcomes determining =, the H3- outcomes determining z, and the Z outcomes
determining vy in the codeword state:

1 Zw
N > (-1 |vg + w + x)
2l weCs

i.e. her measurement results in a random codeword of CSS., ,(C,C2) on the unmeasured qubits based
on her measurement outcomes. O

’é-vk,z,z> =S

Exercise 12.38

(%) Show that if you had the ability to distinguish non-orthogonal states, then it would be possible to
compromise the security of BB84, and indeed, all of the QKD protocols we have described.
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Concepts Involved: Quantum Distinguishability, BB84

From Ex. [I.2] we know that the ability to distinguish non-orthogonal states is equivalent to the ability to
clone. Let us thus play the role of an (all-powerful) Eavesdropper Eve who has the power to clone states,
in the Secure BB84 protocol.

In step 3, Eve can intercept the qubits that Alice sends to Bob. She can then clone them twice, and then
send the (unmodified) qubit to Bob. While Bob measures his qubits randomly in Z, X, Eve can measure
her first copy of each qubit in Z, and the second copy of each qubit in X. Thus, when Alice publicly
announces b in step 6, Eve can keep the outcomes which correspond to the measurement basis in the
announced b, and keep the appropriate bits when Alice announces the check/data bits in step 7. In step
8, since Eve has not interfered with the state of the qubits (only cloning them), Alice and Bob's check
bits agree and so they do not abort the protocol.

In the information reconcilation/privacy amplification step, we assume that Eve has also deduced the
classical codes C7, C5 that are to be used by Alice/Bob (this information is not encoded /securely stored,
and so we assume that Eve has access to it). Thus, when Alice announces © — vy, (for randomly chosen
v, € C1, Eve (like Bob), holding x(+€) van subtract this from her result to obtain vy, and then compute
the coset of v + C5 in C; to obtain the key k, as Alice and Bob have.

The key aspect of the power Eve has enters in step 3, when she is able to intercept and clone the sent
qubits arbitrarily, allowing her to extract all information while making it appear on Alice/Bob'’s side as if
nothing has happened. Indeed, this compromising strategy works for all discussed QKD protocols - Eve
can intercept the sent qubits from Alice, clone as many times as needed before passing on an untouched
state to Bob (thus leaving her interference undetected), and measure in as many bases as is necessary to
extract the key in parallel with Alice/Bob. O

Problem 12.1

(%) In this problem, we will work through an alternate proof of the Holevo bound. Define the Holevo chi

quantity,

x =S(p) — prs(px)

(1) Suppose the quantum system consists of two parts, A and B. Show that

XA < XAB-
(Hint: Introduce an extra system which is correlated with AB, and apply strong subadditivity.)

(2) Let £ be a quantum operation. Use the previous result to show that
X/ = S(g(p)> - prs(g(pw)) < X = S(p) - szs(pw)

That is, the Holevo chi quantity decreases under quantum operations. This is an important and
useful fact in its own right.

(3) Let E, be a set of POVM elements. Augment the quantum system under consideration with an
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‘apparatus’ system, M, with an orthonormal basis |y). Define a quantum operation by

E(p ®10)(0]) Z\/—P\/_®|y

where |0) is some standard pure state of M. Prove that after the action of &, xpr = H(X : Y).
Use this and the previous two results to show that

H(X:Y) me )

which is the Holevo bound.

Concepts Involved: Von Neumann Entropy, Strong Subadditivity, Quantum Operations, Kraus Repre-
sentation, Mutual Information

(1) As is introduced in the proof of the Holevo bound given in Section 12.1.1, introduce a system C
such that:

Zp ® pq |z)a|

Wherein (Adapting Eq. (12.11) of the text):

S(A,B:C)=S(A,B)+S(C)—S(A,B,C) Z P2S = XaB

By strong subadditivity, we have:
S(A,B,C)+ S(A) < S(A,B)+ S(A,C) = S(A,B,C) < S(A,B)+ S(A,C) - S(A)
and so combining this with the previous equation:
xaB > S(A,B) + S(C) - S(A,B) — S(A,C)+ S(A) =S(A) —S(A,C)+ S(C) > S(A) — S(A,C)

where the last inequality follows from the fact that S(C) > 0 (entropies are non-negative).

Now, observe that:

pAC = pABC) ZTTB B) ® py |z)x prpm ® |z)z
wherein:

S(A,C) = S(p*°) = " paS(p)
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and hence:

XaB > S(A) - S(A,C) = sz (p2) =

as claimed.

(2) Suppose @ is our quantum system and let E be the environment system such that £ on Q is
mocked up as a unitary operation on QFE with the environment E in some fixed pure initial state
(unentangled with Q). Then, we have that xor = x¢ for the initial state. Further, we recall that
unitary operations leave the Von Neumann entropy invariant, and hence leave the Holevo x-quantity
Invariant:

Xvput = S(UpUY) Zp SWp,Ut) = sz (px) =

Thus, xg'5' = xgr (with primes denoting that the unitary operation between )/ E mocking up &
has been performed). Thus:

XQ < XQ'E' = XQE = XQ
where the inequality follows from part (1).

(3) Computing pys after the application of &, we find:

™M =Tro(Y " VEVE, @ ly)yl)
= Tr(pE,) lyXyl
= ) ly)y

where the last equality (in more detail) can be seen from:

Tr(pE,) = Tr (me%) sz Tr(pa E prp ylz) =Y p(z,y) = p(y)
Thus:
For the other term in x,;/, we calculate:

P =Trg(d " VEpa/Ey @ y)ul) =D Tr(paBy) ly)yl = Zp yle) ly)y
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Thus:

sz sz Z (yla) log (p(ylz))) me (Y|X =z) = HY|X)

Therefore:

ar = S(M) = SpaS(e) = HY) — HYIX) = HIY : X) = H(X )

which proves the claim.

Combining the previous results, we note:
XM/ S XQ/M/ S XQM = XQ

where the first inequality follows from part (1), the second inequality from part (2), and the last
equality from the fact that M is in a pure fixed/reference state before the operation. Thus:

H(X:Y) Z PxS(pa)

as claimed.

O

. J

Problem 12.2

(%) This result is an extension of the previous problem. Provide a proof of the no-cloning theorem by
showing that a cloning process for non-orthogonal pure states would necessarily increase .

Solution

Concepts Involved: No-Cloning, Density Operators, Von Neumann Entropy

Let py = |¥X¥|, pp = |@)p| be non-orthogonal pure states, and suppose for the sake of contradiction
that there existed a cloning quantum operation £ such that:

E(py ® ) = py ® py

g(p¢®o') = Py ® py

for some reference pure state o. Then, consider the mixture:

w@m

1
_p¢®0:

1
P=5Pp @0+ 5

In problem we will derive a contradiction by applying the cloning map separately to %pw ®0—|—%p@®0
and % ® o. For the present problem, we only assume py;, p, can be cloned individually by £, and so
evaluate £(p) using linearity to be:
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L L 1 1 Py ® py + pp @ p
E(p) = E(5pp ® T+ 5pp ®0) = SE(py ®0) + 5E(pp ®0) = W w2 e ® Py

Computing the Holevo y-quantity for the initial state p, we have:

1 1
x= 5122 5a) - (35(0s ©) + 3S(p, 90) )

= 5(22222) 1 5(0) — 5 (S(pu) + S(0) + S(py) + 5(0)

where we use the entropy of a tensor product result from Ex. [I1.13] and that the entropy of pure states
is zero.
Computing the x quantity for the post-cloning process we find:

X' = SEP) - | 55E (s ©0)) + 35(E (b, @ 0)

Py ® Py + po @ p 1
(PRI E=RE) — - [S(pu @ pu) + 5(pp ® 1)

= 5(2e 8P 2 0eB Py 2 [5(p,) + S(py) + S(op) + (o)

Py B py + pp O p
:S(w wzw 2

We now compare x and x’ by computing the entanglement entropies that appear. To this end let us
compute the 2 (nonzero) eigenvalues of p, £(p). Denoting the overlap of |¢),|¢) by ¢ = (¢|¢), we can

write:
o) =) + 4/ (1 = [t*) )

Note that 0 < |¢| < 1, with the lower bound coming from the fact that [¢),|¢) are non-orthogonal and
the upper bound from the fact that they are not identical. We can then write:

IR
P=35Pp T 5P
_1f1 o] 1 It /(1= [t
T 2100 0] "2 |« 2 2
i /(1= ¢%) 1 -t

1 1+t t\/(1 = [t%)
3 2 2
2 leJa—1e?  1-1

where we have represented the density operators in the [¢)), wl> subspace (where they have nonzero
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support). To compute the eigenvalues, note that Tr(p) = A + A_ = 1, and that:
det(p) = Ay - A

g 1—pp -l e 1P
T2 2 2 2
1t
4

From which we obtain:

e

At 5

and the other eigenvalues are 0.
Let us next calculate the eigenvalues of £(p) =

we find:
0y @ lo) = £ [9) ® 1) + /1 - |2 )
=2 [p) @) + /1 |4’ )

where the coefficient of [¢) ® |[¢) is the square of the overlap of |¢)), |p). We can then write:

LuBPutreBPle  Performing Gram-Schmidt on |¢) @ [¢),

¥y e
¥ty e

1 1

E(p) = 5Py ® py + 5P ® py
4 4
1 |¢] 24/ (L= [t[")

_lll o] 1
210 0f 2 @m/a—pty -

14t 241 —|t*

CORYA /R S

Noting that Tr(£(p)) = A+ + A— =1 and:

1|y

det(p) = Ay - A= = —

we find:

o Lk It
=T 2
With the eigenvalues in hand, we can compute:

14t
X =S(p) ==Y _ Xilog A; = Hyin( 2' ‘)

493




1+ |t
2

X' =58(p) = _Z/\iIOgAi = Huin(

4

)

where Hpin(p) is the binary Shannon entropy, which is maximized at p = 1/2 and decreasing over [1/2, 1].
2
Since 0 < || < 1, it follows that 1 < 21 o 14

< —5— and so X’ > x. This contradicts the result of problem
2), and thus we conclude that the cloning map £ cannot exist.

H

Problem 12.3

(%%x) For a fixed quantum source and rate R > S(p), design a quantum circuit implementing a rate R
compression scheme.

Problem 12.4: Linearity forbids cloning

| '
\

Supose we have a quantum machine with two slots, A and B. Slot A, the data slot, starts out in an
unknown quantum state p. This is the state to be copied. Slot B, the target slot, starts out in some
standard quantum state, . We will assume that any candidate copying procedure is linear in the initial
state,

pRo—E(pRo)=pRp
where £ is some linear function. Show that if p; # po are density operations such that

E(pp®0)=p1®p1
E(p2®0) = p2® p2

then any mixture of p; and ps is not copied correctly by this procedure.

Solution

Concepts Involved: No-Cloning, Density Operators

Denote p = p1p1 + p2p2 an arbitrary mixture of p1, po. By the linearity of £, we have:

E(p®a) = E((p1p1 + pap2) ® 0)
=p&(p1 ®0) +p2b(p2 ® 0)
=p1p1 ® p1 + p2p2 @ p2

Let us compare the above to the cloning of p directly, i.e. to E(pR0c) =p R p:

p®p=(p1p1 + p2p2) ® (p1p1 + P2p2)
= P?Pl ® p1+ p1p2(p1 @ p2 + p2 @ p1) +p§p2 ® p2

The two expressions are only equivalent if the cross-terms vanish - p; ® pa + p2 ® p1 is nonvanishing as
the finite sum of positive operators cannot be zero, and so this only occurs if pyps = 0, i.e. one of p1,po
vanishes (and the other is one). Thus arbitrary mixtures cannot be cloned. O
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Problem 12.5: Classical capacity of a quantum channel (Research)

(%%x) Is the product state capacity (12.71) the true capacity of a noisy quantum channel for classical
information, that is, the capacity when entangled inputs to the channel are allowed?

Solution

Concepts Involved: Quantum Channels, Capacity

The answer turns out to be no, as shown by a random construction due to Hastings in arXiv:0809.3972 -
entanglement can boost the classical capacity of a quantum channel. O

Problem 12.6: Methods for achieving capacity (Research)

(%%x) Find an efficient construction for codes achieving rates near the product state capacity (12.71) of a
noisy quantum channel for classical information.

Solution

Concepts Involved: Quantum Channels, Capacity
Using polar codes (first introduced by Arikan - arXiv:0807.3917), Wilde and Guha (arXiv:1109.2591)
presented an explicit construction saturating the product state capacity (this is in constrast to the HSW
theorem, which uses a random construction). Their polar code construction has complexity O(N log N)
(efficient) in the encoding - showing that the decoding is also efficient/O(Nlog N) (as in the purely
classical case) for general quantum channels appears to remain an open question, though there is progress
towards the results by Renes/Dupuis/Renner arXiv:1109.3195 and by Wilde/Landon-Cardinal/Hayden
arXiv:1302.0398. O

Problem 12.7: Quantum channel capacity (Research)

(#*x) Find a method to evaluate the capacity of a given quantum channel £ for the transmission of
quantum information.

Solution

Concepts Involved: Quantum Channels, Capacity
Formally, the LSD (Lloyd - [arXiv:quant-ph/9604015, Shor - larXiv:quant-ph/0304102, Devetak -
arXiv:quant-ph/0304127)) theorem yields such a formula:

QW) = nh_)ngo max,(p, E4™)

with I(p, E®™) the coherent information for n copies of the channel £. However, this is an optimization
carried out over n — oo uses of £, and is generally not computable.

Though there exist special cases, e.g. degradable channels (as discussed by Shor and Devetak, [arXiv:quant-
ph/0311131) for which the capacity reduces to the single-shot case max, I(p, &), generically coherent
information is not additive but can be superadditive (see DiVincenzo/Shor/Smolin’s quant-ph/9706061
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for a first example), and so this (intractable) optimization over n must be done - thus a general method
as this problem poses seems to not exist. O
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Al Notes on basic probability theory

Exercise Al.1

Prove Bayes' rule.

Solution

Concepts Involved: Probability, Conditional Probability.
Recall that conditional probabilities were defined as:

P(Y:y|X:x):P(X:x’Y:y)

P(X =)
and also recall that Bayes' rule is given by:
p(z)
p\ryy) =pyr)—-
(zly) = p(yl )p(y)

By the definition of conditional probability:

i)y = HE=R T =NEE PERE =) )

O
Exercise Al.2

Prove the law of total probability.

Solution

Concepts Involved: Probability, Conditional Probability.
Recall that the law of total probability is given by:

p(y) =>_ p(ylz)p(x)

p(y) =Y p(z.y) =Y plylz)p(x)

,
\

Exercise A1.3

Prove that there exists a value of > E(X) such that p(x) > 0.
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Solution

Concepts Involved: Probability, Expectation.
Recall that the expectation of a random variable X is defined by:

Let Z = max {z : x is a possible value of X}. This maximum exists as we assume X can only take on a
finite set of values. We therefore have that:

E(XX)=> p)z <> pa)i=3) pla)=2

Where in the last equality we use that the sum over all probabilities must be 1. O]

,
\

Exercise Al.4
Prove that E(X) is linear in X

Solution

Concepts Involved: Probability, Expectation

Let a,b € R and X,Y be random variables. We then have that:

E@X +bY) =Y > p(z,y)(az + by)
=3 plxy)az+ > play)by

ay | >_pz.y) w+bz<2p(%y)>y
=ay p@)z+bY_ py)y

— aE(X) + bE(y)

which shows that expectation is linear. O

Exercise Al.5

Prove that for independent random variables X and Y, E(XY) = E(X)E(Y).

Solution

Concepts Involved: Probability, Expectation, Independent Random Variables.

498



Recall two random variables X, Y are independent if

O
Exercise Al.6

(%*) Prove Chebyshev's inequality.

Concepts Involved: Probability, Expectation, Variance.
Recall the definition of the variance and standard deviaiton of a random variable X:

Var(X) = E[(X - E(X))?], A(X)=+/Var(X)

Also, recall that Chebyshev's inequality reads:

p(|X —E(X)| > MA(X)) <

where A > 0.

We first establish Markov's inequality for the expectation value E(X). Let a > 0, and then we have that:

E(X)=) ap(z)=Y ap(z)+ Y ap(x) > ap(z) +0=ap(X > a)

r>a z<a r>a
Therefore, we obtain that:

E(X)

X>a) <
p( a) < o

for any random variable X and a > 0. Next, substitute X with (X — E(X))? and let a = A\? Var(X) for
A > 0. Markov's inequality then states that:

E(X - E(X))?

p((X —B(X))* > ¥*Var(X)) < =S5 rn

Since E(X — E(X))? = Var(X), we have that:

p((X —E(X))* > A* Var(X)) < %
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If A > 0, then p((X — E(X))? > A\? Var(X)) = p(|X — E(X)| > MA(X)) by taking square roots, so we
obtain:

p(|X —B(X)| 2 AAX)) < 3

as desired. 0
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A2 Group theory

Exercise A2.1

Prove that for any element of g of a finite group, there always exists a positive integer  such that g" = e.
That is, every element of such a group has an order.

Solution

Concepts Involved: Group Axioms, Order

Suppose G is a finite group, and g € G. Then, there exists some r1,72 € N such that r; # ry and
g™ = g"2. If this was not the case, then g" would be unique for each n € N, contradicting the finiteness
of G. WLOG take r; < ro, and let 7 = ro — r; € N. Using associativity, we then have that:

grl — gr2 — gr1+'r

r1 T

=99

from which we conclude that ¢" = e. O

Exercise A2.2

(xx) Prove Lagrange's Theorem.

Solution

Concepts Involved: Group Axioms, Subgroups, Order, Equivalence Relations

Let H be a subgroup of a group G and define the relation ~ by a ~ b iff a = bh for some h € H. ~
is reflexive as a = ae (so a ~ a) where e € H is the identity element. ~ is symmetric as if a ~ b, then
a = bh for some h € H so b =ah~! (so b~ a) where h=! € H as H is closed under inverses. Finally ~
is transitive as if a ~ b and b ~ ¢, there exist hy, ho € H such that a = bhy and b = chy so a = chyh;.
As hahy € H (H is closed under multiplication) it follows that a ~ ¢. Having shown ~ to have these
three properties, we conclude it is an equivalence relation. Then, the equivalence classes of ~ partition
G, where the equivalence class of g € G is [g] = {gh|lh € H}.

Now, let g € G and define the map ¢, : H — [g] as @4(h) = gh. @ is injective as if p,(h1) = pg(hs)
then ghy = ghs and multiplying by g=! on both sides hq = ha. ¢, is surjective as if k € [g], then there
exists some h € H such that k = gh by the definition of ~. Hence ¢, is bijective.

As per our prior observation, the equivalence classes of ~ partition G, so G = |J![¢;] and |G| =
\UiZ1lgs]| = 2oy |[9:]]- Further, there is a bijection (g, from each equivalence class to H, so |[g;]| = |H|
for all . Thus |G| =Y_7_, |H| = nH and hence |H| divides |G|, as desired. O

Exercise A2.3

Show that the order of an element g € G divides |G]|.
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Solution

Concepts Involved: Group Axioms, Subgroups, Order, Lagrange's Theorem

Let g € G with order r. Then, define H = {g”|n € N}. We claim that H is a subgroup of G. First, g" € G
for any n as G is closed under multiplicaton, so H C G. Next, if g"1, g™ € H then g"t-g"2 = g™ "2 € H.
Associativity is inherited from the associativity of multiplication in G. Since ¢" = e € H, H contains the
identity. Finally, for g* € H we have ¢" % € H such that g¥¢g"* = ¢"F¢¥ = ¢" = e so H is closed
under inverses. Hence the claim is proven.

Next, we observe that |H| = 7 as H contains the r elements e,g,¢%,...9 Hence by Lagrange's

Theorem r divides |G|. O

r—1

r
\

Exercise A2.4
Show that if y € G then Gy = G,

Solution

Concepts Involved: Group Axioms, Conjugacy Classes

Suppose y € G,. Then there exists some g € G such that g~'xg = y. Multiplying both sides on the left

by g and on the right by g=! we find that 2 = gyg~'. We now show the two inclusions.

Suppose that &k € G,. Then there exists some g’ € G such that k = ¢’"lxzg’. Then using x =
gyg~! we find k = ¢""tgyg—'g’. Now, g7 '¢g’ € G (by closure) and it has inverse g'~'g, and hence
k=g 'gyg~g € Gy. So, G, C G,.

Suppose that [ € G,,. Then there exists some ¢g” € G such that [ = ¢”~'yg”. Then with g7'zg =y

we find [ = ¢” g~ lzgg”. Much like before, gg” € G (by closure) with inverse " ~g~! sol € G,. So,
G, C G..
We conclude that Gy = G,. O

Exercise A2.5

Show that if z is an element of an Abelian group G, then G, = {z}.

Solution

Concepts Involved: Abelian Groups, Conjugacy Classes
Evidently z = e~ 1ze € G, so {2} C G,. Next, if k € G, then k = g~'xg for some g € G, but since G
is abelian, g7z = 297! so k = 2g7'g = ze = z so k € {z} and hence G, C {z}. We conclude that
G, = {z}. O

Exercise A2.6

Show that any group of prime order is cyclic.
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Solution

Concepts Involved: Order, Cyclic Groups

Suppose |G| = p where p is prime. Since G is finite, every element of G has an order by Exercisem
Since the order of any element g € G divides |G| = p by Exercise [A2.3] and since p is prime, the order of
g is either 1 or p. Since |G| > 1, there exists at least one g € G with order p, and this g is a generator
of G (with g = g,¢%,¢%,...,gP = e distinct and comprising all the elements of G. In fact this is true of
any non-identity g). Hence G is cyclic. O

,
\

Exercise A2.7

(%) Show that every subgroup of a cyclic group is cyclic.

Solution

Concepts Involved: Group Axioms, Subgroups, Cyclic Groups, Euclid’s Division Algorithm

First we prove a necessary Lemma, namely that any nonempty subset of the natural numbers contains a
least element. We show this by proving the contrapositive. Suppose that A C N has no least element.
Then 1 ¢ A as then 1 would be the least element. Suppose then that 1,...k —1 ¢ A; then k ¢ A as
then k would be the least element. By strong induction, there exists no k € N such that k € A, i.e. Ais
empty. This concludes the proof of the lemma.

Let G = (a) be a cyclic group and H a subgroup of G. If H = {e}, it is trivially cyclic and we are
done. If H # {e}, then there exists some a” € H with n # 0. Since H is closed under inverses,
(a®)~! = a™™ € H as well which ensures that H contains some positive power of a. Then consider
the set A = {k € N|a* ¢ H} Any nonempty subset of the naturals has a minimum element; therefore
let d = min A. It is immediate that <ad> is a subgroup of H as a® € H and H is a group. To show
the reverse containment, suppose that ¢ € H. Since H is a subgroup of the cyclic G, it follows that
g = aP for some p € Z. We can then write p = gd + r for 0 < r < d by Euclid’s Division algorithm
(see Appendix 4). We then have that a” = a?~9¢ = aP(a?)~7 € H by closure. Now, since d is the least
positive integer for which a® € H and 0 < r < d, it must follow that » = 0. Therefore, p = qd and hence
a? = (a®)? € (a). So, H is a subgroup of (a?). We conclude that H = (a?) and hence H is cyclic.

Exercise A2.8

H

Show that if g € G has finite order r, then g™ = ¢” if and only if m = n (mod 7).

Solution

Concepts Involved: Order, Modular Arithmetic, Euclid’s Division Algorithm

Suppose g € G has finite order r.

First suppose that m = n (mod r). Then m — n = kr for some k € N. Therefore g™ " = gk.
But g*" = (¢")* = e = ¢, so g™ = g™g™™ = e, and multiplying both sides by g” we find g™ = g".
Suppose g™ = g". Then multiplying both sides by g~™ we find ¢"*~" = e. By Euclid’s Division
algorithm there exist integers ¢,p such that m —n = ¢qr + p with 0 < p < r. We then have that
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gmT" = gi"tP = ¢1"gP = e. Furthermore, g9 = (g")? = e? = e so g = e. But since g has order r and
0 <p <r, it follows that p = 0. Hence m —n = ¢r and so m =n (mod 7). O

Exercise A2.9

Cosets define an equivalence relation between elements. Show that g;,g> € G are in the same coset of
H in G if and only if there exists some h € H such that g5 = g1 h.

Solution

Concepts Involved: Equivalence Relations, Cosets
In Exercise [A2.2] we showed that the relation ~ on a group G defined by g; ~ g2 iff g1 = gah for some
h € H was an equivalence relation. The equivalence classes of this equivalence relation were {gh|h € H}
i.e. precisely the left cosets of H in G. So, g1, g2 are in the same coset of H in G if and only if g1 = g2h
for some h € H, which is exactly what we wished to show. O

r
\

Exercise A2.10

How many cosets of H are there in G?

Solution

Concepts Involved: Equivalence Relations, Cosets
We observe that the map ¢, : H — [g] defined in the solution of Exercise is a map from H to a right
coset of H in G defined by g. Since we showed that this map was bijective, this shows that |H| = |Hyg|
for any g € G. Furthermore, since the cosets define an equivalence relation between elements of GG, the
cosets of H in G partition G. So, we conclude that there are |G|/|H| cosets of H in G, each of cardinality
|H|. O

r
\

Exercise A2.11: Characters

(%) Prove the properties of characters given above.

Solution

Concepts Involved: Matrix Groups, Character (Trace)

Recall that the character of a matrix group G C M,, is a function on the group defined by x(g) = tr(g)
where tr is the trace function. It has the properties that (1) x(I) = n, (2) |x(9)| < n, (3) |x(g9)| =n
implies g = €?I, (4) x is constant on any given conjugacy class of G, (5) x(g7') = x*(g) and (6) x(9)
is an algebraic number for all g.

The six properties are proven below.
(1) x(I) =tr(l) =34 1=mn.

(2) Let g € G. Since G is finite, by Exercise it follows that g has order r such that g" = I. So,
g may be diagonalized with roots of unity e2™%/" j {0,1,...,7 — 1} on the diagonal. We then
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find using the triangle inequality that:

n m

Ix(9)] = [tr(g)| = D 2™/7| < ‘eQ”ijk/’” =Y 1=n

k=1 k=1 A

S

which proves the claim.

(3) The (complex) triangle inequality |21 + 22| < |z1]| + |22| is saturated when z; = kzo for some k > 0.
This can only occur in the above equation when every )\; in the sum is identical (as distinct roots
of unity are not related by a non-negative constant). If the A;s are identical, then g is diagonal with
diagonal entries of unit modulus, so g = €I as claimed.

(4) Let G, = {g'zglg € G} be the conjugacy class of z in G. We then have for any h € G, that
x(h) = x(g7tzg) = tr(97 wg) = tr(zgg™") = tr(zl) = tr(x), using the cyclicity of the trace. We
conclude that x is constant on the conjugacy class.

(5) By the same argument as (2), g € G can be diagonalized with roots of unity ¢2™/" on the diagonal:

627rij1/7"
e??rijg/r
g =
o2mijn /T
It then follows that g~ ! is:
e—27rij1/7‘
e—27r'ij2/r
g ' =
o—2min/r
So we have that:
n n n *
x(g™h) = tr(g7h) = Do eI = Y = | e ) = (tx(g))” = X7 (o).
j=1 j=1 j=1

which proves the claim.

(6) x(g) is the sum of r-th roots of unity, which are algebraic; hence x(g) is algebraic as the sum of
algebraic numbers.

O

Exercise A2.12: Unitary matrix groups

(%%) A unitary matrix group is comprised solely of unitary matrices (those who which satisfy UTU = TI).
Show that every matrix group is equivalent to a unitary matrix group. If a representation of a group
consists entirely of unitary matrices, we may refer to it as being a unitary representation.
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Concepts Involved: Matrix Groups, Character (Trace), Equivalence, Unitary Operators.
Recall that two groups are equivalent if they are isomorphic (i.e. there is a bijection between the groups
that respects the group multiplication) and the isomorphic element have the same character.

Let G = {A1,... A,} be a finite matrix group. Then define

A= i AlA;.
i=1

By Ex. [2.25] each term of the above sum is positive, and by Ex. [2.24] each term is Hermitian. The sum
of Hermitian operators is Hermitian, so A is Hermitian. By Ex. [2.21] A is diagonalizable. Let U be the
unitary matrix that diagonalizes A. We then have that D is a diagonal matrix, with:

D =UAU".

Let D'/? be the matrix obtained by taking the square root of the diagonal entries of D. Then define
T = D'/2U. We then claim that Gy = {V4,...V,} is a unitary matrix group equivalent to G, where:

V; = TAT™ L.

We have three points to verify; (i) That the Vs are unitary, (ii) That ¢ : G — G,, defined by ©(A;) =
TA;T~! =V; is an isomorphism, and (iii) that the characters of A; and V; are equivalent.

(i) For any V;, we have:

ViV, = (AT YN TAT™)

(DY2UAUT DY) (DY2U A,Uut D1/?)
(D~Y2UAlUTDY?)(DY2U A, UTD™Y/?)
(D~Y2UATUND(UAUTD™Y/?)
(D~YV2UATUNY (U AU (UAUTD™Y/?)
(D~Y2UANA(AIUTD=1/?)

= (D2UA]) | Y AlA; | (A4UTDTY?)
j=1

=D7'2U | Y (4;4)1(4;4;) | UTD™'/2
j=1

=D72U | Y AfA, |UTDT/?
k=1

= D~ Y2y AUt D—1/?
— D—I/ZDD—I/Q
=1
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Where in the sixth equality we use the unitarity of U, and in the ninth equality we use that A;4; = A
iterates over all the group elements as A; iterates over all the group elements. To see that this
is the case, it suffices to show that the map v¢; : M, — M, defined by ¥;(A;) = Aj;A,; is
a bijection. To see that it is injective, suppose that v;(A4;,) = v;(A4;,). Then it follows that
Aj, A; = Aj, A, and multiplying on the left by A7 " (which exists) we find that A;, = A;,. To
see that it is surjective, suppose that A;; € M,. Then, there exists A A;' € M, such that
wi(Aj/Ai_l) = Aj/Ai_lAi = Aj. We conclude that 1; is bijective.

ii) Firstly, ¢ is a homomorphism as for any A;, A; we have:
® y 7]

Next, ¢ is surjective by construction. Finally, it is injective; suppose that V; = V. Then we have
that:

TAT ' =TA;T!

And multiplying both sides on the left by 7! on the left and T on the right we find that A; = A;.
Hence we conclude that ¢ is a bijective homomorphism and hence an isomorphism.

(iii) This is immediate from the cyclicity of the trace:
X(Vi) = tr (TAZ»T‘1> =tr (T‘lTAi) = tr(A;) = x(A).

The claim is therefore proven. O

Exercise A2.13

(%) Show that every irreducible Abelian matrix group is one dimensional.

Concepts Involved: Matrix Groups, Schur's Lemma

First we prove Schur’s second Lemma; if G is an irreducible matrix group G C M,, and there exists an
n X n matrix S such that Sg¢; = ¢;S Vi, then S = A\I for some A € C.

To see this, consider such an S as above - it has at least one eigenvalue A € C, wherein S — A is not
invertible as det(S — AI) = 0. However, S — AT still commutes with every g; € G (since S, I do). Thus,
it must be the case that S — A\l is the zero matrix, and therefore S = AI.

Now, suppose G is abelian. Then, every h € G commutes with every other element g € GG, so we may
apply Schur’s second Lemma as proven above to see that h = A, I for every element of G. But since G
is irreducible, it must be one-dimensional (else, for dim(G) = n > 2 it would be equivalent to another
matrix group H of block diagonal form with ' = diag(m1,m2) € H with my = ApI_, ma = ApIy for
some k > 1, and not reducible). O
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Exercise A2.14

(xx) Show that if p is an irreducible representation of G, then |G|/d,, is an integer.

Concepts Involved: Matrix Groups, Schur's Lemma, Fundamental Theorem of Representations

This is a standard theorem (sometimes called the “Frobenius Divisibility Theorem”), though is difficult
to prove with the tools given in the chapter. Proofs can be found in many books discussing group
theory/representation theory (e.g. Chapter 19.2 of Dummit and Foote's “Abstract Algebra”). We provide
a standard proof here, for reference.

First construct the object:

S=>plg)

gel

where the sum is over a conjugacy class C of G.

for all g € G, as:

Sp(g) =Y _ ph)plg) = > plghg " )p(g) = > plghg'g) = plg)p(h) = p(g)S

heC heC heC heC

where we use that conjugacy classes are invariant under conjugation in the second equality, so the sum is

left invariant.
By Schur’s second lemma (as proven in Ex. [A2.13)), S = AI for some A € C (with I the identity matrix
of size d, x d,,). Taking its trace, we find:

Tr(S) = > Tr(p(g) = M, =>_ x°(9)

geC(@) geC

by Ex. characters are invariant over a conjugacy class, so each of the |C| terms in the sum
contributes x?(C), yielding:

_el,
A= 7, (©)
and thus:
S = gX’J(C)I
dp

and note we can associate a S for each conjugacy class C;, which we denote S;.
Now, let us evaluate:

Q=3 S
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If we evaluate this using our obtained expression for S;, we find:

o= eoneor -z Siciere -2
K3 7

where in the last equality we have used the orthogonality of characters proven in Ex.

Any finite matrix group is equivalent to a unitary matrix group, so WLOG take the representation p to be
finite. Then the eigenvalues X of p(g) are complex phases (Ex. - since we consider finite G for all
g € G we have g" = e for some n and therefore that p(g)"™ = p(¢9™) = p(e) = I, implying that A" =
and so the eigenvalues of p(g) are roots of unity. Thus, the characters x”(g) (the sum of all eigenvalues
of p(g)) we consider are sums of roots of unity and therefore algebraic integers. It then follows that each
of the S; and that @ is an algebraic integer (as sums/products of algebraic integers are again algebraic
integers). Since Q is also rational is also rational (it is a ratio of two integers %) this means that Q is
an integer. O

Exercise A2.15

(%) Using the Fundamental Theorem, prove that characters are orthogonal, that is:

r

: - . G
3 08 X =[G and 30 = s,

p=i1l p=1

where p, g, and J,, have the same meaning as in the theorem and x? is the value the character of the
pth irreducible representation takes on the ith conjugacy class of G and r; is the size of the ith conjugacy
class of G and r; is the size of the ith conjugacy class.

Solution

Concepts Involved: Fundamental Theorem of Representations, Characters

To prove the first equality, take i = j and k = [ in the fundamental theorem to obtain:

D 1P @) 0% (9l = i Gik0ik0pq

geG

where repeated indices are summed over. On the LHS we just have the traces of the irrep matrices (i.e.
the characters), and on the RHS we note that §;;0;, = d;; = d,, so the above equation becomes:

> (P (9))* X (9) = |Gldpq-

geG

Note that the first term in the sum is obtained by the observation of Tr(p~*(g)) = Tr(p(g™")) = x*(9)
(Using Ex. 5)). Then, using that characters are constant on conjugacy classes (Ex. |A2.11(4)), the
terms in the LHS of the above sum can be grouped via conjugacy class to obtain:

T

Z ri(X}) " x{ = |G|opq

3=l
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which is the first character orthogonality relation.
To prove the second character relation, consider the matrix defined by:

o [Tip
Y = Ter

We then observe that the first orthogonality relation (rewritten):

(7 ()

is the statement that the columns of U are orthonormal w.r.t. the complex inner product, or that UTU = I.
But this means that U is unitary, satisfying UUT = I, which means that the rows of U are orthogonal,

ile.:
~( [T v
Z( |G|Xi> (\/ |G|Xf> %
p=1

which we can rearrange to get the second orthogonality relation:

T

. G
> ey = s,

p=1
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Exercise A2.16

(%) Ss is the group of permutations of three elements. Suppose we order these as mapping 123 to:
123;231;312;213;132, and 321, respectively. Show that there exist two one-dimensional irreducible repre-
sentations of S3, one of which is trivial, and the other of which is 1,1,1,-1,-1,-1, corresponding in order to
the six permutations given earlier. Also show that there exists a two dimensional irreducible representation,

with the matrices
1o 1(-1 —v3| 1|-1 3
0 11" 2|v3 -1]|" 2|-v3 -1|’
-1 0 1|1 V3 1|1 -3
0 1" 2(v3 -1|" 2(-v3 -1
Verify that the representations are orthogonal.

There is a slight error in the exercise, where the order of the last two matrices in the 2D irrep should be
switched, with the correct order as:

Concepts Involved: Fundamental Theorem of Representations
To verify that these are indeed valid representations, we check that they respect the group multiplication;
the multiplication table of S3 looks like:

. 123 231 312 213 132 321
123 | 123 231 312 213 132 321
231 | 231 312 123 321 213 132
312 | 312 123 231 132 321 213
213 | 213 132 321 123 231 312
132 | 132 321 213 312 123 231
321 | 321 213 132 231 312 123

where we have ¢’ = grow * geol (the column permutation is applied first). We can then verify that
the representations respect this group multiplication structure. The trivial representation (mapping each
element to 1) satisfies it trivially. That the sign representation respects the group multiplication structure is
easily seen from the fact that 123, 231, 312 are even permutations while 213, 132, 321 are odd permutations,
which are mapped to 41 respectively, which preserves the (even)? = (odd)? = even and even - odd =
odd - even = odd multiplication structure of permutations.

For the proposed two-dimensional representation, let us label the matrices as I, R, R?, S, SR, SR? in order.
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We can then compute via matrix multiplication:

[-A=A-I=4A

o [1]-1 -3 1[-1 =3} 1] -1 o
R-I (2[\/3 —1])'(2{% —1]) 2[—\/3 | TR
o o (1] -1 V3]} [1]|-1 —v3]| _|1 0| _
RR_(z—ﬁ —1 2 (V3 -1 0 1|1
1 0| (1[-1 —v3] 11 -3
S-E=1, 1]'(2l\/§ -1 )‘2[—\/5 ~1 SR
(1)1 =8 (-1 =3[} 1|1 V3| .
SR R_<2[—\/§ —1])'(2l\/§ —1]) 2[\/3 _q| =R
C[1-1 =3 -1 0] 1|1 V3| .
R'S_(Q[\/ﬁ —11)'[0 1]_2[\@ _q| =R
and using matrix multiplication associativity for the remainder of the relations, we find the table
. I R R* S SR SR?
I I R R* S SR SR?
R R R? I SR S SR
R? R? 1 R SR SR*> S
S S SR SR* I R  R?
SR | SR SR*> S R* I R
SR?| SR?* S SR R R* I

where again M = Moy - Mco. We see that the group multiplication law is obeyed, so this is indeed also

a representation.
To check that the representations are irreducible, we can use Theorem A2.3 and verify via the characters;

for the trivial irrep:

=3 ) =56 1) =1

Gl =2
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for the sign irrep:
1 2 1 2 2 2
@Z|X(g)| =G NP+ +3- -1 =1
geG

where the characters are equivalent to the representations in the 1D case. For the 2d irrep:

2
1 2 1 10 1|-1 -3 1| -1 V3
— — - | |1 | = | =
|G|g§’x<g)| 6 [o 11 + 2[\/3 1 + 2[—\@ —1]
2 2 2
-1 0 11 1 =3 111 3
T | = | =
A Rl S e Y u 2[\/3 —11
1 2 2 2 2 2 2
= = (12 + 11 + |=11 + 10 + 0 + of*)
-1

hence all three representations are indeed irreducible. That the representations are inequivalent can be
seen from the fact that Tr(xp(213)) is unequal across the three reprensentations. S3 has three conjugacy
classes Cy = {123},Cy = {231,312} ,C3 = {213,132,321} and hence these three exhaust the possible
irreps, by the fundamental theorem. We now verify in accordance with the theorem that the representations
are orthogonal, i.e. they satisfy:

S P @I Dk = L5 16,0

d
geG P

First checking the orthogonality between the inequivalent irreps:

Z[ptriV(g)]—l[psign(g)] —3. [1]_1[1} +3- [1]_1[_” =0

geG

S 1@ PP (@) = D [p*°(9)]

geG geG
(Lo Lt —\/§+1 -1 V3
SNjo 1] 2(v3 -1 2 |-v3 -1
1 0] 1] 1 —v3 1[1 V3
Tlo 1lT2|-v3 -1 +2\/31])
_ 1}§—¢§—1+%+§f O—Vf+“f+0—23+23]
3 3 3 3 1 1 1 1
0+5 -5 +0-%F+% l-5-5+1l-5-3
oo
00
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That the orthogonality relation also holds within each representation can be readily checked. For the 1D
irreps:

Sl (@) = (g) =3 )7 + 3 (-1 N1 = 6= <
geG

For the 2D irrep, note that R~! = R? and S~ = S, so:

Z[PQD(Q)];1 (022 (k1 = LijIn + (R?)ijRiy + Rij(R?) g + Sij Sk + (SR)ij (SR)i + (SR?)i;(SR*) 1
geG

note that this expression is symmetric under 5 <> kl. We then check:

SNl = D)+ (-3)3) + () + DD+ + )
6

=3=7
SR @l = MO + (-2 + (D) + (10 + DD + D=L
geG

=0
SR @l = MO + (DD + (DL + (<10 + DD + D=L
geG

=0
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prere 2 2 2
~0
S @l = 00 + (-2 2) + (L) + 0)0) + (L)L) + (- L)L)
g€eG
6
=3=7
Sl P @ = 00 + (<22 + (L) + 00 + (DL + (L2
geG
=0
S PP @l = 01 + (- 20 + (L)1) + 00 + (D)1 + (- )1
geG
—0
S PR @h = 00 + (<222 + (L) + 00 + (DL + (- L)
geG
—0
SR @l = 00 + (- 20 + (L)1) + 00 + (D)1 + (D)1
geG
=0
U@l 6l = () (~5)(3) + (= 3)(~3)+ WD) + (~5)(~3)+ (~3)(=3)
6
=3=3

So after this exhaustive computation, we have checked that the orthogonality relation holds (for all possible
choices of irreps and matrix indices). O
Remark: The labelling of the matrices of the 2D irrep of S5 make it clear that S5 is isomorphic to Ds,
the symmetries of the triangle (wherein we can interpret R is the 2D rotation matrix with angle 7/3 and
S the 2D reflection matrix about the x axis).
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Exercise A2.17

Prove that the regular representation is faithful.

Solution

Concepts Involved: Regular Representations, Faithful Representations

The permutation matrices in the regular representation are specified by the group multiplication table,
. . N
with (labelling the group elements as {g;},_,):

it grg; = gi
[pR(gk)]ij o other\jvise
then if grg1 = gm, we have:
1"t ! Jmdi =9
0 otherwise
and:
[0%(g)p™ (90))i5 = [T (9r))ialo" (91)]as

—_

if gxga = g; and 9195 = ga
0 otherwise

1 if grgig; = g
0 otherwise

1 if gmg; = gi
0 otherwise

thus the permutation matrices respect the group multiplication law of G, and pf is indeed a homo-
morphism. Further, as the rows of the group multiplication table are unique to each element, there is a
one-to-one mapping of group elements to their associated permutation matrices, and p’* is an isomorphism.
Thus the regular representation is faithful. O

Exercise A2.18

Show that the character of the regular representation is zero except on the representation of the identity
element, for which x(I) = |G|.

Solution

Concepts Involved: Regular Representations, Characters
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As discussed in the previous exercise, we have:

1 ifgrg; = gi
(0" (gx))ij = T

0 otherwise
Noting that grg; = g; if and only if g, = I, we thus have:

G| gr=1
x™(gr) = [p" (gr))is = .
0 otherwise

as claimed. 0

Exercise A2.19

Use Theorem A2.5 to show that the regular representation contains d,» instances of each irreducible
representation pP. Thus, if R denotes the regular representation, and GG denotes the set of all inequivalent
irreducible representations, then:

X;R = Z dpx{

peG

Solution

Concepts Involved: Regular Representation, Characters

Take p to be the regular representation R in Theorem A2.5, so then:

1 « .
Cp = @ Zri(Xf) X5
g=il

XF vanishes on every conjugacy class i of G except that containing the identity (with r, = 1), for which

it evaluates to x*(e) = |G| (Ex. |A2.18)), so the above sum reduces to:
1 - P * P\ *
%= 1q] YO8 IGIsie = (XB)* = dpw
=1

where we use that the character of the identity for a representation pP is just d,». This proves the first
claim, and thus we have:

pR = @dpppp
p

Evaluating the representations in the above equation on a particular conjugacy class i of G and taking the
trace of both sides, we obtain:

XzR = Z def

peG
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as claimed. 0

,
\

Exercise A2.20

The character of the regular representation is zero except for the conjugacy class ¢ containing e, the
identity element in GG. Show, therefore, that

> dpx"(g) = Nége.

peG

Solution

Concepts Involved: Regular Representations, Characters

Clearly:

> dpx(9) = xf(9) = Nbge
pEG‘

where in the first equality we use the result of Ex. [A2.19]and in the second equality we again use the fact
that the character of the regular representation is zero except for the conjugacy class containing e (Ex.
A2.18)), which is a singleton, and for which y?(e) = N the order of the group. O

,
\

Exercise A2.21

Show that >~ & a2 =|q|.

Solution

Concepts Involved: Regular Representations, Characters

> d2=>dyx"(e) = Né.. = N = |G|

pel peCG

where in the second equality we have invoked the result of Ex. O]

r
\

Exercise A2.22

(%) Substitute (A2.10) into (A2.9) and prove that f(p) is obtained.

Solution

Concepts Involved: Group Fourier Transform, Fundamental Theorem of Representations
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Taking (A2.10):

£(9) \ﬁZ\fTr( ))

peG
and substituting it into the RHS of (A2.9):
0 =\% 00
geG
we obtain:
\V Gor g%;;f =1/ dor Z (\ﬁ > Vi Te(F(p) (g™ ))) P (9)
ple@
=N Z V dprdpa ZTT( 1))Pp(g)
pieC e

Writing the trace out in terms of the matrix indices, we have:
Te (F(6Mp(g™)) = 1F(6M0% 6™ = LFeMNilo™ (9™ is = [FoMNialo ()]

with repeated indices summed over. If we write our earlier equation out in terms of the matrix indices:

[\/ 2 flr ] % > dpd > [F ()il (915 0P (9]

geG pqeé geG
o VAl e @1
p‘leé gelG

now we can apply the Fundamental Theorem of Representations to obtain:

V% 5 1o

N Z V ppdpq z zl5jk5pq

geG p‘?EG
. N
= % v/ dprdr [f(ﬂq)]kl@

= [f(p")]k

and thus the claim is proven.
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Exercise A2.23

Let us represent an Abelian group G by g € [0, N — 1], with addition as the group operation, and define
pn(g) = exp[—2migh/N]| at the h representation of g. This representation is one-dimensional, so d,, = 1.
Show that the Fourier transform relations for G are

1 N-1 N—
_ Z f(g —2migh/N and f Z Zﬂigh/N
\/N g=0 g:O

Concepts Involved: Group Fourier Transform
Note in this case that we have N h-irreps, labelled by h € [0, N — 1], all of which can be seen to obey
the homomorphism property, and all satisfying:

‘N| Z |Xh |N| Z ’exp 2mhg/N ‘ |N\ Z 1=1

geG geG

so indeed all are irreducible.
Substituting in d, = 1, pr(g) = exp(—Zm’gh/N), and g € [0,... N — 1] into the group Fourier transform
of Eq. (A2.9), we immediately obtain:

1 N-1
f(g)e—27righ/N

—27mqh/N
f(n f > i Vi

geG g=0

Next, note that p;(g7") = (pn(9)) ™" = exp(2migh/N), so substituting this and d, = 1 into the inverse
Fourier transform of Eq. (A2.10) we find:

N—
Z Tr( 27rihg/N) _ 1 Z Je2miha/N
heG VN S

where f(h) is just a scalar function in this case and so the trace can be ommitted (trace of a scalar
is a scalar). The group element labels/irrep labels can be freely exchanged in this case (noting that
pr(g) = pg(h)) so we are free to rewrite the above as:

=
Z zm'hg/N_
~ VN —

=

O
Exercise A2.24

Using the results of Exercise A2.16, construct the Fourier transform over S3 and express it as a 6x6 unitary
matrix.
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Concepts Involved: Group Fourier Transform

flp) = \/z]\’; > F(9)nlg)

geG

For S3, we can write f(g), f(p) as length |S5| = 6 vectors:

[ £(123)] [ £(0™)]
£(231) £

~ f(312) 7 _ f(Poo)
TO= | 1= )
£(132) (3D)
7(321)| | 7(630) |

and use the irrep matrices as determined/checked in Ex. [A2.16| to construct the unitary matrix Ug, -
note that the matrices appearing there are all unitary and so shall be the matrix associated to the fourier
transform. Thus reading off the matrix elements from the irrep matrices, we find:

& pt(123) \/ % pt(231) \ £05(312) & pt(213) & pt(132) \ %pt(321)
% p*(123) \ Ep°(231) V Er°(312) vV r°(213) % p*(132) \V 5 p°(321)
o VBB BB RaRe2) R /R aRa3) /ARG
Sy —
Lo p20(123) (/20 p3D(231) (/92p30(312) |/ 42p3D(213) o 52D (132) 4/ L2 p2P(321)
T pi5(123) 1/ 2ep0(281) £/ Rp0(312) )/ BRpT0(213) |/ %piR(132) /% pi0(321)
9 20(123) |/ %piP(231) 1/ 2pR(312) 4/ pP(213) |/ %piD(132) 4/ %2pPD(321)
(1 1 1 1 1 1]
L S R
[ R
= |v3 "2v3 283 V3 23 2/3
o b 1o
o 4 -+ o b |
U SRR U U SR O
| V3 2v3 2V3 V3 23 2v/3 |
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A3 The Solovay-Kitaev theorem

Exercise A3.1

() In Chapter 4 we made use of the distance measure E(U,V) = max ) |[(U — V) [))||, where the
maximum is over all pure states |1). Show that when U and V are single qubit rotations, U = Ry, (6),V =
Ria(v), D(U,V) = 2E(U,V), and thus it does not matter whether we use the trace distance or the measure
E(-,) for the Solovay-Kitaev theorem.

Concepts Involved: Trace Distance, Rotations

First, note that both the measure E(U, V) and the trace distance D(U, V') are invariant under unitaries
on both arguments, i.e.:

B(U,V) = max |0 = V) [)| = max [0 = V) 9)| = max (7 = 0V ) | = B0tV

and:

D, V) =Te(|U - V]) = <\/(U ViU ) T ( /(U - V)IUUt(U - V))

(
S
o

UTVD

Utv)
Further, note that for single-qubit rotations that:
W = U'V = Rau(—0)Ra(p) = Ry(8) = e Th/2

where the axis k and the angle /3 are obtained from the rotation composition formulas derived in Ex. m
Note also then that:

Wi+ W = etk-OB/2 + ek oB/2 QCOS(§>I
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With this, we can calculate:
EWU,V)=EI,W)

= HI?)X \/(w| (I =W)I(I = W) 1)

(W] (21 =W + W) |4)

= max
|

Il

:

"
5 o

|

[\

Q

o

wn
7 N
o |
N————

<

~

=

Il
)
25
5]
o
@
~

where we note that the maximization over |¢) drops out as the result is independent of the state. Calcu-

lating the trace distance:

D(U,V) = D(I, W)

=Tr /(I - W) - W)

=Trv2I - Wt - W

s

()

Do
|
)
Q
]
w0

|
2o
2
=]

\_/v
o
—~
~
=

Il
=~
2,
=

RN CNINEN

Il

]

2

=
ST N T N N
N——

so indeed D(U,V) =2E(U,V) as claimed. O
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Exercise A3.2

Suppose A and B are Hermitian matrices such that tr |A|, tr |B| < e. Prove that for sufficiently small €,
D([e_iA,e_iB]gp,e_[A’B]) < d63

for some constant d, establishing Equation (A3.6). (Comment: for practical purposes it may be interesting
to obtain good bounds on d.)

Concepts Involved: Trace Distance

Let us expand out the exponentials appearing in the above to quadratic order in A, B.

, 1 1
et A =T+iA+ 5(@'A)2 =T+iA- 5A2 + 0(A%)

e"WBl =T _[A, Bl 4+ O((A, B)?)
The group commutator term thus looks like:

[ef’LA 71A671B61AezB

7€7iB]gp:€
: Lo : Lo ; Lo ; Lo 3
=I—-AB+ A2+ AB+BA+B? - AB— A% - B? + O((4, B)®)
=1-[4,B]+0((4, B)®)
Thus:

D4, e~ ] 7481) = T [(1 - 14,5 + O(A BY) ~ 1 - 14,8 + O((4. B

- Tr(O((A, B)3))

de?

for some constant d. A bound on d can be estimated by retaining the third order terms in the above
calculation. 0

Exercise A3.3

Let x and y be any two real vectors. Show that:

D(u(x),u(y)) = 2\/5\/1 — cos(z/2) cos(y/2) — sin(z/2) sin(y/2)x - ¥,

where z = ||x||, ¥ = ||y]|, and % and § are the unit vectors in the x and y directions, respectively.
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Concepts Involved: Trace Distance

From the definition of the trace distance we have:

D). uty) = Tr /(a0 ) (w0~ ) )

= 1v(y27 ~ b Tuly) — u()iu(e)
Now noting that u(x) = exp(—ix - 0/2) = exp(—iX - 0z/2), we find:

u(x) u(y) + u(y) u(x) = exp(ix - 02/2) exp(—iy - 0y/2) + exp(iy - 0y/2) exp(—i%x - oz/2)
= (cos(z/2)I +isin(z/2)% - o)(cos(y/2)I —isin(y/2)y - o)
+ (cos(y/2)I +isin(y/2)y - o)(cos(x/2)I —isin(x/2)% - o)
= 2cos(x/2) cos(y/2)1 + sin(z/2) sin(y/2){x - o,y - o}
= 2cos(x/2) cos(y/2)I + 2sin(z/2) sin(y/2)% - y1
= (2cos(z/2) cos(y/2) + 2sin(z/2) sin(y/2)% - y)I
where in the second-to-last equality we note the anticommutation property of the Pauli matrices from Ex.

2.40]
Thus:

D(u(x),u(y)) = \/2 — cos(z/2) cos(y/2) — sin(z/2) sin(y/2)%x -y
= 2\/5\/1 — cos(z/2) cos(y/2) — sin(z/2) sin(y/2)

Tr(ﬁ)
%o
as claimed. O

Exercise A3.4

Show that in the case of y = 0 the formula for D(u(x), u(y)) reduces to

az
4

Concepts Involved: Trace Distance

D(u(x),I) = 4sin

If y =0, then u(y) = I and the last term in the D(u(x),u(y)) formula drops out, yielding:

Sin(%) i =4sin

where in the second equality we use the double angle identity (26) = 1 — 2sin?(6). O

D(u(x),I) = 2v/24/1 — cos(z/2) = 2\/5\/1 — (1 —2sin?(z/4)) = 4
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Exercise A3.5

Show that when z,y <,
D(u(x),u(y)) = [[x = yll + O(€*)

This exercise appears to be incorrect, and we instead find:

D(u(x),u(y)) = [lx =yl + O( )

Ix =yl

which reduces to the claim of the exercise if ||x — y|| = €(¢), but this is not guaranteed. Note that if we
instead work with squared quantities, we find:

D(u(x),u(y))® = [x - ylI* + O(c).

This appears to present an error in the proof of Lemma A3.2 as it is given in the text. We spend the rest
of the exercise with a proposed patch for the proof.

Concepts Involved: Trace Distance

When z,y < €, we have that cos(z/2) ~ 1—(2/2)%/2+O(e*) and sin(z/2) ~ z/2+ O(e?) (and similarly
for the y terms), so the expression of (A3.10) becomes:

D(u(x),u(y))

= 2V2y/1~ (1 (2/2)2/2+ O(e}))(1 - (/2)2/2 + O(e*)) — (¢/2 + O(&%))(y/2 + O(&®))% - §

= 2v2/(2/2)2/2 + (y/2)?/2 — (2/2)(y/2)% - § + O(e?)

=x2+y2-2x-y+O(eb)

= Ik —yI + O(et)

4
= lx— yliy 1+ 2
llx =yl
4
€
=|x—-y|[+0
=¥l +O(=0)

where in the last equality we taylor expand the square root, with /1 + 2z =1+ %:r +O(2?). If we square
both the first and fourth lines, we instead obtain:

D(u(x), u(y))* = |x = y[|* + O(*).

This result calls the proof of Lemma A3.2 into question. We attempt to correct it as follows - the first
ingridient is Lipschitz continuity. Note that u(x) = exp(—x - 0//2) is smooth on all of R* and has bounded
derivative. Hence on any compact subset of R3, it will be Lipschitz continuous. In particular, for an e-ball

526



of R3, so taking x,y such that ||x||, |y < e
D(u(x)u(y)) < K|x -yl

for some constant K.
The second ingredient is as follows; suppose D(u(y), u(yo)) < €2 + O(€®) and ||y||, [|yol| < €. Then:

D(u(y), u(y0))* < €' + O(e")
then using the result we found for the squared distance:
ly = yoll* + O(e") < € + O(e") = ||y — yoll < e’

for some constant c.
Using these two results, let us use them in place of where Ex. was used in the text, namely in
(A3.16)-(A3.21):

D(U, [Uy, Uslgp) < D(u(x),u(yo x 2o)) + d'é®
< K||x —yo X zg|| + d'é3
= K|y xz —yo x zo|| + d'é®
=K|(y —yo) X z+yo x (z—2o)|| + d'¢®
< K(lly = yollllzll + llyollllz — zoll) + d'¢?
< K(ce®(e+ O(9)) + (e 4+ O(e3))d?) + d'é
< e

where in the second line we use the Lipschitz result, in the fifth line we use the traingle inequality, and in
the sixth line we use the bounds on ||y — yo|l, ||z — zo|| from the bounds on the squared distances. Thus
we recover the claimed O(€?) bound of the Lemma. O

Remark: Thank you to Alex Nachmann for helpful discussions about Lipschitz continuity.

Exercise A3.6

(x%) Fixing the set of G of elementary gates, describe an algorithm which, given a description of a single
qubit unitary gate U and a desired accuracy € > 0, efficiently computes a sequence of gates from G such
that e-approximates U.

Concepts Involved: Unitary Approximations

The point of the question is to adapt the proof of the Solovay-Kitaev theorem/Lemma A3.2 (which are
nearly constructive) into a (classical) algorithm that produces the approximating unitary. We follow/adapt
the presentation of Nielsen and Dawson in |arXiv:quant-ph/0505030.

The iterative aspect of the proof will translate to an algorithm that is recursive. In pseudocode, the
algorithm takes the form:

527


https://arxiv.org/pdf/quant-ph/0505030

Solovay-Kitaev(U, n):

if n =0 then
| return Uy = basic-approximation(U)
else
U,—1 = Solovay-Kitaev(U,n — 1)
A=UU!_,

V1, Vi = Group-Commutator(A)
W1 = Solovay-Kitaev(Vy,n — 1)
W5 = Solovay-Kitaev(Va, n — 1)
return U, = [W1, WalgeUn_1 = WiWoW] WU, _,

end

The algorithm takes in as input U the gate to be approximated and n the order of approximation, with
the output U, approximating U to error €, i.e. D(U,,U) = €,. We will soon discuss the condition on n
for €, < € the dsired accuracy. The gate set G enters implicitly in the n = 0 step, as we will also discuss
shortly.

Note a slight departure in notation from the appendix - there, U,, € Gsn;, referred to the unitary that was
appended at the nth step of the iterative proof, while here U, is the nth order approximation to U.

Let us walk through the algorithm. The n = 0 step corresponds to the Oth order approximation to U,
i.e. the best approximation to U consisting of length Iy sequences of elementary gates from G (with
lo sufficiently large such that G;, forms an ep-net, where ¢ is a G-independent constant, whose value
we will soon discuss). This is done via a precomputation step. Before running the above algorithm,
we first enumerate all |G|l0 possible sequences of gates from G, and store them in memory. The basic-
approximation(U) function then iterates over all Uy € G, until finding the one for which D(Uy, U) < €.
Note that this step requires exponential time in g, but is a constant in e.

Let us walk through the more interesting part of the algorithm. U, _1 - the ¢,_j-approximation to U -
is first obtained via a recursive call to Solovay-Kitaev. We then compute A = UU:L_1 which we note
satisfies D(A, ) < €,-1.

In the next line, we apply the line of reasoning in the first part of the proof of Lemma A3.2 (where we
replace each €? appearing in that proof with an €, 1). Let A = u(x) with ||x|| < e,_1. Then, we
choose any pair of vectors y, z of length O(,/€,,_1) such that x = y x z, which have associated unitaries
Vi = uly), Va = u(z).

Then in the next two lines, we again recursively call Solovay-Kitaev to obtain €,_; approximations to
V1, Vi of the form Wy, W5, The algebra of the proof of Lemma A3.2 (Egs. (A3.15-A3.21)) shows that
D(A, [Wr, Walgp) = O(ef/fl), and so as AU,,_; = U we find that D(U,,, U) = D([W1, WalgpoUp—1,U) =
Cef/fl for some constant C'.

We can analyze this algorithm to obtain the recurrences of the approximation error ¢,, gate sequence
length [,,, and time t,, which are:

€n = Cei/fl
ln = 5ln—1

t,, = 3t,—1 + const..

The error we have discussed above. [,, follows from the fact that U,, = W1W2W1TW2TU,L,1 consists of
the product of 5 operators of length [,,_1. t, follows from the fact that at each n, we recursively call
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Solovay-Kitaev with n — 1 thrice (plus a constant term for the time complexity of computing the group
commutator, taking products of operators etc. which does not affect the asymptotic analysis). These
recurrence relations can be solved to obtain:

1

€n = @(6002)%"
l, =0(5")
t, = O(3")

In order for the error to decrease in n, we require that ¢¢C? < 1. In [arXiv:quant-ph/0505030 a rough
estimate of the constants appearing in the algorithm is made such that C' ~ 41/2 and so ¢y < 1/32. This
also sets the error threshold /sequence length necessary for the initial basic approximation step (based on
G, lp must be chosen sufficiently large such that d(Uy, U) < €9 < 1/32 for Uy € Gy,).

For a fixed target accuracy €, < €, we require:

n=| log(3/2) W

from which we obtain:

log(5)
le = O(log™=(*/?) (1/€))
log(3)

te = O(log'*=(*/?) (1/e))

i.e. the output sequence length and the runtime are both polylogarithmic in 1/¢ (and we note that we
recover the power of the logarithm appearing in the Solovay-Kitaev theorem proof of the text). Thus
we have an efficient classical algorithm which produces an approximation to a single-qubit unitary U to
desired accuracy € using a sequence of gates from an elementary set G. O

Problem A3.1

(%x) The following problem outlines a more elaborate construction that achieves
O(log®(1/€)log®(log(1/€))) bound on the number of gates required to approximate to within € of
a desired target, for any ¢ > 2.

(1) Suppose N is a d-net in S, for 0 < & < € < €, € sufficiently small. Show that [N, N]g, is a
dde-net in Sz, for some constant d. We appear to require the additional assumption that § = (e2).

(2) Suppose G is a d-net in S, for 0 < § < € < €g. Show that Gy, is a d*5¢2" ~1_net in S_on. We

again require an additional assumption, namely that d*'s = Q(e2" +1) for k' = 0,1,2.. ..

_ log(1/€)
k= log<log(l/eo)> ,

(3) Suppose we define k by
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and suppose we can find [ such that G; is a dp-net for S,, where
dktso = Qo
Show that Gyx; is an e-net for .S .
0

(4) Use the already-proved version of the Solovay-Kitaev theorem to show that choosing | = O(k°)
suffices in the previous part of the problem, where ¢ = log(5)/log(3/2) is the constant appearing
in the exponent in the already-proved version of the Solovay—Kitaev theorem.

(5) Combine the previous results to prove that O(log®(1/€) log®(log(1/€))) gates can be used to e
approximate an arbitrary gate in SU(2)

(6) Show that any ¢ > 2 can appear in the conclusion of the previous result.

The construction in this exercise is erroneous, based on private correspondence with Greg Kuperberg (and
also as noted in |arXiv:2306.13158). We sketch the construction/what we felt to be the “intended spirit
of the solution”, pointing out where we believe the construction to fail, in step (3).

Concepts Involved: Nets, Unitary Approximations

(1) We follow the (modified, see Ex. |A3.5)) proof of Lemma A3.2.

Let U € S, and pick x such that U = u(x). By Ex. it follows that [x|| < €? 4 O(e°). Choose
any pair of vectors y,z of length most € + O(e’) such that x =y x z. N is a é-net for S, so
choose Uy, Uy in A/ N S, such that:

DUy, u(y)) < 6 + O(5%)
D(Us, u(z)) < & + O(8%)

and let yg, zo be chosen such that U; = u(yo), Uz = u(zo). By Ex. it follows that ||yo|l, [|zo|| <
€ + O(€*). We then wish to bound D(U, [Uy, Us]gp), and so use the triangle inequality:

D(U, [U1,Uslgp) < D(U,u(yo % 20)) + D(u(yo X 2z0), [U1, Uzgp)

The second term is at most d’e¢® by Ex. [A3.2] (with d’ larger than the constant appearing in that
exercise, due to the fact that ||yo|,||zo]| < € + O(€?)). This is where the additional assumption
is required, as unless § = Q(¢?) then there is no way to guarantee that O(e®) = O(de¢) - with the
additional assumption, the second term can be bounded by d’de.

Now looking at the first term, we substitute U = u(x) and use the results from Lipschitz continuity
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(4)

and distance bounds from our solution to Ex. [A3.5}

D(U, Uy, Us)gp) < D(u(x),u(yo x zo)) + d'de
< Klly x z —yo X zol|| + d'Je
= K||(y — yo) X 2+ yo X (z — z0)|| + d'e
< K(lly = yollllzll + llyollllz — zoll) + d'de
< K(ce®(e+ O(€%)) + (e + O(e3)) ' €?) + d'de
=K(c+)eE +d'de+ O()
< dde

where in the last inequality we again use the additional assumption that § = Q(¢?).

We proceed by induction on k. The k = 0 case immediately follows by assumption.

Now, suppose the claim holds for some k£ > 0. Then, we have that G,x; is a d*5e2" —1-net in S ok .
Then, by part (1), noting that 0 < db6e2 1 < " < ¢ and d¥oe? 1 = Q(ezkﬂ) (using
the additional assumption), we find that [Gyx;, G4r;]gp, and hence Gyi+1; is a d(dkdezkfl)eyc =
dFH15e2" ™ et in S _sr+1, completing the induction.

By assumption, G is a dp-net in S,. Further, we have that 0 < 6y = €0/d* < ey < €y (s0 long

as d > 1) and we also require that d*'dy = Q(e2 +!) for k' = 0,1,...,k — 1,k (each step of the
induction).

We believe this is where the construction breaks down - namely, the lower bound condition fails.
Let us see this:

a8y = U2 ) = d¥ep/d* = Q2 H) = d¥F = (2"
In particular, taking £/ = 1 we have:
>0 = d"l<C/e

but for any fixed ¢g, as we take ¢ — 0, & — oo and so the LHS diverges (as d > 1), so the lower
bound necessary for applying (2) fails. Let us continue on with the “spirit” of the problem, even
though we believe at this point the construction to fail.

Applying (2), we have that Gyx; is a d’“éoe%k’l — eoegk’l = 2" -net in S ok

0

Now, since:

2k
= €2 ¢

k>log<log(1/e)> ook log(1/e€)

log(1/€o) ~ log(1/eo)

Thus if Gyx; is an €2 -net in S o, it is also a e-net in S .
0 0

The already proved Solovay-Kitaev theorem says that G is an dg-net in SU(2), and hence S, for
I = O(log®(1/d0)) with ¢ =log(5)/log(3/2). Thus with &y = €o/d":

[ = O(log"(d"/ep)) = O(log"(d") —log"(eo)) = O(k°log"(d) — log*(eo)) = O(k*)
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where log®(d),log®(eg) are constants that can be absorbed into the O(-).

(5) The previous results show that Gy is an e-net for Sk, so taking | = O(k¢) we obtain a U-
0
approximation consiting of:

o log(l/e)
O(4kk0) _ 0(41 g<10g(1/e0)> 10gc log(l/ﬁ) )
log(1/€o)

— 0@ () 2 10ge (11:((11//))> )
= O(log(1/€) log(log(1/e))

where the constants coming from the log(1/eg)s can be absorbed into the O(-).

(6) This comes down to combining parts (4)/(5) - in (4), instead of using the version of the
SK theorem proven in the appendix with gate sequence length O(log®(1/€)) to pick I =
O(k®) for ¢ = log(5)/log(3/2), we can use the result of (5) with gate sequence length
O(log®(1/e) log®(log(1/€))) = O(log® " (log(1/€)) for any k > 0 to pick I = O(k***), which then
(repeating the arguments of part (5)) gives a gate sequence length of O(log®(1/¢) log*""*(log(1/€)).

Remark: Thank you to Greg Kuperberg for insightful discussions about this problem (and where it
appears to not hang together) and various approaches to the Solovay-Kitaev theorem more generally.

As a comment, though it seems to us that the particular approach laid out in the problem does not work as
stated, this does not necessarily rule out possibilities for improved exponents using the techniques provided
in the text.

Problem A3.2: (Research)

(#**) If it exists, find an approximation procedure asymptotically faster than the result found in the
previous problem. Ideally, a procedure would (a) saturate the (log(1/€)) lower bound on the number of
gates required to perform the approximation, and (b) provide an efficient algorithm for constructing such
an approximation sequences of gates.

Concepts Involved: Unitary Approximations

The construction given in the text involves O(log®(1/€)) gates, for ¢ = logs,»(5) ~ 4. A construction
with ¢ = 3 + ¢ can be found in Kitaev, Shen, and Vyalyi's “Classical and Quantum Computation”. The
state-of-the-art is due to Kuperberg (in arXiv:2306.13158), which achieves ¢ = log,,(2) + § ~ 1.44 for
¢ = (1++/5)/2. Both algorithms are classically efficient (poly(log(1/€)) time). O
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Problem A3.3: (Research)

(%) Fix a finite set of single qubit gates G which can be performed fault-tolerantly and which generate a
set dense in the single qubit gates; say the 7/8 gate and the Hadamard gate. Develop an elegant, efficient,
and reasonable tight method which, given an arbitrary single qubit gate U and some € > 0, produces a
sequence of gates from the fault-tolerant set giving a e-approximation to U, up to a global phase.

Solution

Concepts Involved: Unitary Approximations

For particular gate sets, a number-theoretic approach (going beyond the machinery of Solovay-Kitaev)
yields algorithms for approximating single-qubit U with O(log(l/e)) (optimal!)  gates which run in
poly(log(1/€)) time:

o Selinger’s (arXiv:1212.6253), Kliuchnikov/Maslov/Mosca’s (arXiv:1212.6964), and Ross/Selinger's
(arXiv:1403.2975)) construction for Clifford + /8.

Bocharov/Gurevich/Svore's construction (jarXiv:1303.1411) for the V-basis

Kliuchnikov/Bocharov/Svore's construction. (arXiv:1310.4150) for braiding of Fibonacci anyons.

Bocharov/Roetteler/Svore’s construction (arXiv:1409.3552) for Clifford 4+ 7/12.

Kliuchnikov/Bocharov/Roetteler/Yard's construction (arXiv:1510.03888) for gate sets derived from
totally definite quaternion algebras.

O
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A4 Number theory

Exercise A4.1: Transitivity

Show that if a|b and b|c then alc.

Solution

Concepts Involved: Divisibility

We have b = ak; and ¢ = bky for ki, ko € Z, so ¢ = bky = (aky)ka = akiky for kike € Z and so alc.
O

r
\

Exercise A4.2

Show that if d|a and d|b then d also divides linear combinations of a and b, ax + by, where x and y are
integers.

Solution

Concepts Involved: Divisibility

We have a = dky and b = dky for ki, ks € Z, so for x,y € Z we have ax + by = a(dk1) + b(dks)
(aky + bk2)d with aky + bko € Z so d|ax + by.

oo

,
\

Exercise A4.3

Suppose a and b are positive integers. Show that if a|b then @ < b. Conclude that if a|b and b|a then
a=b.

Solution

Concepts Involved: Divisibility

We have b = ak for k € Z and since a,b > 0 it must follow that £ > 0 and hence £ > 1. Thus a < ak = b.
If bla also then b < a and so combining the two relations a = b. O

,
\

Exercise A4.4
Find the prime factorizations of 697 and 36300.

Solution

Concepts Involved: Prime Factorization

By brute-force division (starting from the smallest primes until we find a clean factor) we find:

697 =17 -41
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36300 = 22-3-52.112

,
\

Exercise A4.5

For p a prime prove that all integers in the range 1 to p — 1 have multiplicative inverses modulo p. Which
integers in the range 1 to p? — 1 do not have multiplicative inverses modulo p??

Solution

Concepts Involved: Modular Arithmetic

Since p is prime, all integers a = 1,...,p — 1 are trivially coprime with p. Thus by corollary A4.4 they

have multiplicative inverses modulo p.

By the same corollary, integers in 1,...,p%> — 1 which do not have multiplicative inverses modulo p? are

those which are not coprime with p?, i.e. have a common divisor greater than 1. The positive divisors of p?

are 1,p, p?, and hence if a < p? is coprime with p? it must be that a has divisor p, i.e. a = p,2p, ... (p—1)p.
O

r
\

Exercise A4.6

Find the multiplicative inverse of 17 modulo 24.

Solution

Concepts Involved: Modular Arithmetic

Since 17 is prime, 17 and 24 are coprime and the multiplicative inverse is guaranteed to exist. We then
look for integers a—!, b that satisfy:

17-a7 ' +b-24=1 (43)

In particular, by iterating through 17'“27_41’1 for a=! € N and seeing when we obtain an integer, we find
(17)~! =17 and b = 12, so the multiplicative inverse is of 17 modulo 24 is 17. O

,
\

Exercise A4.7

(x) Find the multiplicative inverse of n + 1 modulo n?, where n is any integer greater than 1.

Solution

Concepts Involved: Modular Arithmetic
n%,n + 1 are coprime as they do not share any common factors that are not 1 (to see this, consider the
prime factorization of n, which has no shared common factors with n + 1 - else there would exist a prime
p which divided their difference, n + 1 —n = 1 - contradiction. n? has the same prime factors as n (with
doubled multiplicity), and hence again does not share any common factors with n + 1). Thus we are
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guaranteed the existence of a multiplicative inverse of n 4+ 1 modulo n2. Thus there exist integers a~!,b
such that:

(n+Dat+b?=1

Notice that (n +1)(—n +1) = (—n? + 1) and so the above is satisfied by taking a=! = (—n+1),b = 1.
If we want @~ to be positive, we can simply add n?, wherein a=! = (n?> —n + 1) and b = —n. Thus the
multiplicative inverse of n + 1 modulo n? is n? —n + 1. O

Exercise A4.8: Uniqueness of the Inverse

Suppose b and b’ multiplicative inverses of a, modulo n. Prove that b =’ (mod n)

Solution

Concepts Involved: Modular Arithmetic

If b,b’ are multiplicative inverses of a modulo n, there exist integers k, k’ such that:

ab+kn=1

ab +k'n=1
Subtracting the first equation from the second, we find:
alb—b)+nk—k)=0 = a(b—0b)=0 (mod n)

Since ged(a,n) = 1 by Corollary A4.4, it must be that (b—b') divides n, and hence b =8 (mod n). O

Exercise A4.9

Explain how to find ged(a, b) if the prime factorizations of a and b are known. Find the prime factorizations
of 6825 and 1430, and use them to compute ged (6825, 1430).

Solution

Concepts Involved: Modular Arithmetic, Prime Factorization

If the prime factorizations of a,b are known, their greatest common divisor can be easily found by multi-
plying together all common prime factors (and their multiplicities).
For example:

6825 =3-52.7-13

1430 =2-5-11-13
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the shared prime factors are 5!, 13! and so gcd(6825,1430) = 5 - 13 = 65. O

Exercise A4.10

What is ¢(187)7?

Solution

Concepts Involved: Prime Factorization, Euler ¢ function

The prime factorization of 187 is 187 = 11 - 17. Thus using the formula of Eq. (A4.23), we find:

k
(187) = Zp;?‘fl(pj —1)=11"*11-1)- 177117 - 1) = 10 - 16 = 160.

Gl

H [j

Exercise A4.11

(%) Prove that
n=> (d)
d|n

where the sum is over all positive divisors d of n, including 1 and n. (Hint: Prove the result for n = p®
first, then use the multiplicative property (A4.22) of ¢ to complete the proof.)

Solution

Concepts Involved: Prime Factorization, Euler ¢ function

We follow the hint and first show the result for n = p®. In this case the divisors of n are just p™ for

m=0,1,...,q, so:
deld=> o™ =1+ (pm’l(p - 1)) =1+ (@"-p™ )
d|p~ m=0 m=1 m=1

whre in the last equality we use Eq. (A4.21) for the Euler-¢ function of prime powers (and peel off the
©(p”) = (1) = 1 term). Now notice that the sum telescopes, and so only the p"™~! from the first term
and the p™ from the last term survive:

> o(d) =1+p* —p'~' =p°

d|p>

which proves the claim for prime powers.
We proceed to the case of general n, where we can use the fundamental theorem of arithmetic to write:

— X (e} «
n=p;'py’...pp"
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with p1,...,p, prime. A divisor of n takes the form:

my , 1Mo

d=pi"py”?...pp"

where m; =0,...,a1,me =0,..., a2, and so on. Thus the sum over all divisors can be written as:
a1 a2 (o7
dDoeld= > D eyt ppn)
d|n m1=0mo=0 my=0

Since pi,...p, are prime, they are trivially coprime, so we can use the multiplicative property of Eq.
(A4.22) to write:

Sed=3 3 . 3 e oo =[] . o™
dn i=1m;=0

m1:0 m2:0 ngO

From the n = p® case, we saw that Y 7" o(p;"") = p;"*, and so:

> ld) =[] =n
d|n i=1

which completes the proof. O

Exercise A4.12

Verify that Z? forms a group of size ¢(n) under the operation of multiplication modulo n.

Solution

Concepts Involved: Group Axioms, Modular Arithmetic Euler ¢ function

That |Z}| = ¢(n) is immediate from the definition of ¢. We then check that Z satisfies the group
axioms:

e Associativity: This follows immediately from the associativity of integer multiplication
e |dentity: For any n, 1 is coprime to n and this is the multiplicative identity.

e Closure under products: If a,b € Z?, then there exists multiplicative inverses a=1,b~! € Z. It then

follows that ab € Z as this has multplicative inverse b~ ta~!.

e Closure under inverses: If a € Z, then there exists a~! € Z such that a='a = 1. But then it
follows that a—! € Z7 as it has a multiplicative inverse a.

O

Exercise A4.13

Let a be an arbitrary element of Z. Show that S = {1,a,a?,...} forms a subgroup of Zj,, and that the
size of S is the least value of r such that " =1 (mod n).
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Solution

Concepts Involved: Group Axioms, Subgroups, Cyclic Groups, Order

Z is a finite group (with order ¢(n), from the previous exercise), so by Ex. a € 7, has some finite
order 7, i.e. such that a” =1 (mod n). This implies that |S| = r.
We then check that the subgroup obeys the group axioms.

e Associativity: Automatic (inherited from the group)
e |dentity: Contains 1.
e Closure under products: If a®,a™ € S then @™ -a™ =a"t™ € S.

o Closure under inverses: For all a” € S, there exists a"™" € S such that a” - a"™™ = a" =1
(mod n), so a” " = (a")" € S.

,
\

Exercise A4.14

Suppose g is generator for Z. Show that g must have order ¢(n).

Solution

Concepts Involved: Cyclic Groups, Order
If g is a generator for ZZ, then every x € Z* may be written as z = g* (mod n), i.e. Z* is cyclic. By
Ex. [A4.12| we know that |Z}| = ¢(n), and cyclic groups have order equal to the order of their generator,
so g has order p(n). O

Exercise A4.15

Lagrange's theorem (Theorem A2.1 on page 610) is an elementary result of group theory stating that the
size of a subgroup must divide the order of the group. Use Lagrange's theorem to provide an alternate
proof of Theorem A4.9, that is, show that a?™) =1 (mod n) for any a € Z.

Solution

Concepts Involved: Lagrange's Theorem, Order

Consider any a € Z* - then a is coprime to n. As in Ex. consider the subgroup S, =

{1, a,a?, ... a’“‘l} where 7 is the order of a. From Lagrange's theorem, we therefore find that |S,| = r

divides |Z*| = ¢(n), i.e. that ¢(n) = kr for some k € N. Thus, a?™ = a*" = (a")* = 1" = 1 (mod n).
O

,
\

Exercise A4.16

Use Theorem A4.9 to show that the order of x modulo N must divide ¢ (V).
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Concepts Involved: Modular Arithmetic, Order

The order r € N of 2z modulo N is the least positive integer such that 2" = 1 (mod N). By assumption,

x is coprime to N, and so by theorem A4.9 we also find that z¥¥) =1 (mod N). Since  is the least

postive integer to satisfy this relation, r < ¢(N).

Suppose that 7 did not divide p(N) - then ¢(N) = kr + m for some k € Nand r =1,...k — 1. But

then z#(N) = gkr+m — g™ £ 1 (mod N), contradicting Theorem A4.9. Thus r must divide ¢(N). [
Remark: Though we use Theorem A4.9 as directed, the result follows much more immediately by
considering an intermediate argument of the previous exercise. Simply consider the subgroup S, =
{1,2,2% ...,2"7'} of Z} and use Lagrange’s theorem to conclude that |S,| = r divides |Z} | = ¢(NV).

Exercise A4.17: Reduction of order-finding to factoring

(%%x) We have seen that an efficient order-finding algorithm allows us to factor efficiently. Show that an
efficient factoring algorithm would allow us to efficiently find the order modulo N of any x co-prime to
N.

Concepts Involved: Prime Factorization, Order, Euler-¢ function

Let r be the order modulo N of x (coprime to N) which we wish to find.
Using the efficient factoring algorithm, first compute the prime factorization of N = p{*...py*. Then,
we can (efficiently) compute p(N) using Eq. (A4.23):

k
o(N) = Hp?”'_l(pj —1)

Then, use the factoring algorithm again to (efficiently) find the prime factorization of p(N) as ¢(N) =
q'fl .. .qlBl.

From the previous exercise, we know that r divides ©(IN), and so r = qli ...qlﬂ’,. To find r, proceed as
follows - start by setting 79 = ¢(N) = qlﬁ1 ...qggl. At the nth step (where we are checking the prime g;
in the expansion), we verify if if 27#/% = 1 (mod N) - if so, update 7,41 = 7,/q; (and then repeat), if
not, keep 7,41 = r,, and move onto the next prime g;41 in the expansion. Proceed until we have iterated
through all primes appearing in the expansion, at which point the procedure terminates with r = ql1 . ..qlﬁ{
with §1 ... the minimal values such that 2" =1 (mod N), i.e. the order r. This procedure is efficient
as ¢(N) < N and we go through O(log(¢(N))) = O(log(N)) prime factors steps in constructing 7 from

reducing o(N). O

Exercise A4.18

Find the continued fraction expansion for x = 19/17 and z = 77/65.
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Concepts Involved: Continued Fractions

We go through the procedure as outlined in the text, which is repeating the steps of splitting (into
integer/fractional parts) and inverting (the fractional part) until inversion becomes unncessary (i.e. a1
appears in the numerator without inversion):

O
Exercise A4.19

Show that ¢,pn—1 — Pngn-1 = (—1)™ for n > 1. Use this fact to conclude that gcd(py,,gn) = 1. (Hint:
Induct on n.)

Concepts Involved: Continued Fractions

We follow the hint and proceed by induction. For the n = 1 base case, we have:
@P1-1 — P1@1—1 = @1Po — P1go = a1 - ap — (1 + agar) - 1= —1 = (—1)"

where we have used the definitions of pg, qo, p1,¢q1 given in the statement of Theorem A4.15.
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Suppose now the claim holds for some k& > 1. Then, checking the k + 1 case:

Qk+1Pk — Ph+10k = (Qk10k + Qu—1)Pk — (Ck41Dk + Pr—1)qk

= Prqk—1 — qkPr—1

- (—1)(Qkpk—1 _kak—l)
= (-)(-1)*

— (SLFE

where we have used the inductive definitions for pyy1, qr+1 (which hold for n > k+ 1 < N) in the first
equality and have used the inductive hypothesis in the second-to-last equality. Thus the claim is proven.
Having proven the claim, note that multiplying the obtained formula by (—1)™ yields:

an((=1)"pn-1) + pn((-1)" " gn_1) =1

which by Theorem A4.2 shows that ged(p,,g,) = 1. O

\. J

Problem A4.1: Prime number estimate

(%%%) Let 7(n) be the number of prime numbers which are less than n. A difficult-to-prove result known
as the prime number theorem asserts that lim,,_,., 7(n)log(n)/n = 1 and this 7(n) = n/log(n). This
problem gives poor man'’s version of prime number theorem which gives a pretty good lower bound on the
distribution of prime numbers.

(1) Prove that n < log (*")
(2) Show that

uf2)ex

p<2n

[

where the sum is over all primes p less than or equal to 2n.

(3) Use the previous two results to show that

m(2n) 2 log(2n)

\. J

Concepts Involved:

(1) First, note that:

(2: ) N n!(éi"j!n)! N (3!7;)!! B (g:.y) N H jyn N H (1 ’ ?)
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Now note that j < n for each term in the sum, so 1 + % > 2 for each term, and thus:
2n &z
> 2=2"
(v)=1I

Taking logarithms on both sides we conclude:

2n
nglog(n>

As a Lemma, let us prove Legendre’s formula. Let v,(n) be the exponent of the largest power of a
prime p that divides n. Then:

vp(n!) = EBJ

The proof is as follows - The first term counts the factors of p in n! coming from all multiples of
p less than n. The second term counts the additional factors of p coming from multiples of p? less
than n, and so on until we obtain all factors of p by taking the sum over all powers of p.

With the formula established, we can compute v, for (277):

(%) = 1o E0) = (@) = 2,1 = _ml (B"J ) BD

Further, the terms of the sum become zero after p* > 2n, i.e. for i > LMJ S0:

log p
llcag(2n)J
2n - 2n n
W)= % (5] -25))
Now, notice that in this sum, we either have two cases - either B—lJ = Q[I%J or B—?J =2 L%J +1

(depending on whether p’ is greater or less than 2 - (n — (p*) v ). This means that the terms in
the sum have value 1 or 0, and in particular we can thus easily upper bound the sum as:

| loglem |

() 2

=il

Now, consider the prime factorization of (27?) = Hpgzn p””((?)) (there are no prime factors greater
than 2n which enter). Taking the logarithm of this prime factorization, we find:
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And now applying our upper bound on the exponent:
2 log(2
log( n) < Z {MJ log p
"/ p<anb 08P
as claimed.
(3) Combining the inequalities from (1) and (2), we find:

log(2n)
<
s 2 S e

p<2n

Further using that |z]y < |zy] for x,y > 1 and |z] < x, we find:

n< ) Voli(;; J 10ng =) |log(2n)| < Y log(2n) = m(2n)log(2n)

p<2n p<2n p<2n

And rearranging, we conclude:

n

m(2n) 2 log(2n)
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A5 Public key cryptography and the RSA cryptosystem

Exercise Ab5.1

(%) Written examples of the application of RSA tend to be rather opaque. It's better to work through
an example yourself. Encode the word ‘QUANTUM' (or at least the first letters!), one letter at a time,
using p = 3 and g = 11. Choose appropriate values for e and d, and use a representation of English text
involving 5 bits per letter.

Concepts Involved: RSA Encryption, Modular Arithmetic, Euler ¢-function

With p = 3,q¢ = 11, we have n = pq = 33. We start by picking out e, d - e is a random small odd integer
relatively prime to:

p(n)=(-1(-1)=6-111-1) =20

The smallest primes relatively prime to 20 are 7,11,13,17,19. A true procedure would randomly pick one
of these, but for convenience let's take e = 7. Then, we find d = 3 as the multiplicative inverse of e mod

p(n), as:
7-3=141-20.

Using a 5-bit representation of the English alphabet (with the bitstring b = bybsbab1bg corresponding to
the Zi:o by, - 2"-th letter of the alphabet), we have Q = 10001 = 17,U = 10101 = 21,A = 00001 =
1,N=01110 = 14, T = 10100 = 20, U = 10101 = 21,M = 01101 = 13.

We encode one letter at a time (noting that each letter is represented in [logn| = |5.04] = 5 bits, so
the blocks of the message are small enough for the encoding procedure to work), using E(M) = M*®
(mod n), so:

E(Q)=17" (mod 33) =8
E(U)=21" (mod 33) =21
E(A)=1" (mod 33) =1
E(N) =147 (mod 33) = 20
E(T)=20" (mod 33) = 26
E({U)=21" (mod 33) =21
E(M)=13" (mod 33) =
So the encrypted message is (8,21, 1,20, 26,21, 7). O

| '
\

Exercise A5.2

Show that d is also an inverse of e modulo 7, and thus d = d’ (mod r)
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Solution

Concepts Involved: Divisibility, Modular Arithmetic
Since d is the inverse of e modulo ¢(n), there exists integer k such that ed = 1+ kp(n). Since r divides
©(n), there exists integer k' such that ¢(n) = k’'r. Substituting the second equation into the first, we
obtain ed = 1 + kk'r, and since kk’ is an integer, this means d is an inverse of e modulo .
Since d’ is also an inverse of e modulo 7, there exists integer k" such that ed’ = 1 + k”r. Substituting
this equation from the previous, we obtain:

kk/ _ k//

e(d—d)= (kK —k"yr — d—d = 2%,
(&

kk’

;k” is an integer, and hence d = d’ (mod r). O

Problem A5.1

(%%) Write a computer program for performing encryption and decryption using the RSA algorithm. Find
a pair 20 bit prime numbers and use them to encrypt a 40 bit message.

Since e, r are coprime, it must be the case that

Solution

| '
\

Concepts Involved: RSA Encryption, Modular Arithmetic, Euler-¢ function

The Python program RSA.py|can be found in the Github Repository. The program generates an RSA public
and private key using the procedure given in the appendix (though this was not asked for explicitly, it is
certainly the more involved aspect of the problem). A given binary message can then be encoded/decoded
block by block.

As an example, we chose to encode the 20-bit message “MBQC" using the same 5-bit representation of
the English alphabet as in Ex. One run of the program yielded:

p = 786161472611
= 1011011100001010111000000001010001100011

g = 905514821797
=1101001011010100111000111010100010100101

wherein the message:
(M, B,Q,C] = (01101, 00010, 10001, 00011]
was encoded block-by-block to:

E(01101) = 1461920290375446110677
= (0000000010011110100000000111000001101101000001011000100011000010010000111010101
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E(00010) = 524288
= 0000000000000000000000000000000000000000000000000000000000010000000000000000000

E(10001) = 239072435685151324847153
= (0110010101000000010010010001000011110111001100000100010001000010011110000110001

E(00011) = 1162261467
= (0000000000000000000000000000000000000000000000001000101010001101011001111011011

O
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A6 Proof of Lieb’s theorem

Exercise A6.1: < is preserved under conjugation

If A < B, show that XAXT < XBXT for all matrices X.

Solution

Concepts Involved: Positive Operators

If A< B, then (3| (B — A)|¢) > for all 3. It then follows that:
(W (XBX' — XAX") |9) = (| X(B - )X |y) = (]| X)(B — A)(XH[3)) > 0

for all matrices X. Hence XAXT < XBXT, ]

r
\

Exercise A6.2

Prove that A > 0 if and only if A is a positive operator.

Solution

Concepts Involved: Positive Operators

If A is a positive operator, then 0 < (| A|) = (| (A — 0)|¢) for all |¢)) so A > 0. Suppose instead
A>0. Then (A —0) = A is positive. O

,
\

Exercise A6.3: < is a partial order

Show that the relation < is a partial order on operators - that is, it is transitive (A < B and B < C
implies A < C), asymmetric (A < B and B < A implies A = B), and reflexive (A < A).

Solution

Concepts Involved: Positive Operators

o (Transitivity) If A < B and B < C then (¢| (B — A) |¢) > 0 and (¢| (C — B) |¢) > 0, and hence:

(Y| AlY) < (| Bly) < @[ C )
and so (| (C' — A)|¢) > 0and A< C.

o (Asymmetry) If A < B and B < A then (| (B—A)|¥) > 0and (| (A—B) |¢) > 0 for all [¢). But

this implies that (¢[ B |¢) > (Y[ A[¢) and ()| B|¢h) < (4| A[¢) and hence (| A |¢)) = (4] B |¢)
for all |¢), and hence A = B.

o (Reflexivity) A — A = 0 is positive (as (0|0 |¢)) =0 > 0 for all |¢) so A < A.
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Exercise A6.4

(%) Suppose A has eigenvalues \;. Define A to be the maximum of the set |\;|. Prove that:
LAl = A
2. When A is Hermitian, ||A]| = .

3. When

JA| =3/2>1=A.

Solution

Concepts Involved: Eigenvalues, Operator Norms

1. Let |v) be the unit eigenvector with maximal magnitude eigenvalue );, i.e. such that |)\;| = A.
Then:

41 = max |(ul Al)] > |(v] Alo)] = x| = A

2. By Ex. (Spectral decomposition), there exists an orthonormal basis {|i)} such that A is
diagonal. Therein:

A= Z i il

with \; real. Let us write any normalized |u) in this basis such that |u) = >, ¢; [i) with >, les)? = 1.
Then:

4l = max |Gl Af)

g k

= max| [ el | St | | Zenlwy
J
= max Z sl i

2
< max E cil?IA
= e i

@

=A

where in the third equality we use the orthonormality of the basis and in the fourth equality we use
that X is the magnitude of the largest eigenvector. Thus ||A|| < X for Hermitian A, and combining
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this with the general previous result that ||A|| < A\ we conclude ||A] = A.

3. Note that A is not Hermitian, and hence we do not expect the equality of the previous part to hold.

First, solving for the eigenvalues we have:

0

B B 1—X
0 =det(A — I\;) = det l 1 Y

] =(1=X)2=0=(1-X)2

Hence A has eigenvalues \; = Ao = 1 and so A = max {|\;|} = 1.

To solve for the operator norm, we observe that in the {|+),|—)} basis A can be represented as:

6
qa D] 32 -12 1
o= 12 12

wherein it becomes clear that |[+) would maximize (u| A |u), and so || A| = 3/2.

Exercise A6.5: AB and BA have the same eigenvalues

Prove that AB and BA have the same eigenvalues. (Hint: For invertible A, show that det(A\] — AB) =
det(AI — BA), and thus the eigenvalues of AB and BA are the same. By continuity this holds even when
A is not invertible).

Concepts Involved:

We recall that that the determinant is multiplicative, i.e. det(AB) = det(A) det(B), and as a consequence
that det(A_l) P t(A) for invertible A. Then:

det(\] — AB) = 1-det(\] — AB) -1
= det(I) det(\ — AB) det(!)
= det (AA*) det(\ — AB) det (AA*)
det( ) det(\ — AB) det(A) det (A—l)
= det(A) det ()\ “14_A- 1ABA) det (A )
— det(A) det(\ — BA) det (A*l)

1

= det(A) det(M — BA) s

= det(A\ — BA)

Thus det(AI — AB) = det(Al — BA) for invertible A. Since the eigenvalues are the roots of the charac-
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teristic polynomial given by the determinant, this tells us that AB, BA have the same eigenvalues for all
invertible A, and by continuity all A, B. O

Exercise A6.6

Suppose A and B are such that AB is Hermitian. Using the previous two observations, show that
|AB| < | BA].

Solution

Concepts Involved:

By Ex. |A6.5| AB and BA have the same eigenvalues, so A = max{|)\i,AB|} = max{|)\i,BA|}. By part

1 of |A6.4 we then have that [|[BA|| > A and by part 2 we have that ||AB|| = A (as AB is Hermitian).
Combining these relations ||AB|| < | BA||. O

Exercise A6.7

Suppose A is positive. Show that ||A|| < 1 if and only if A < I.

Solution

Concepts Involved:

Since A > 0, by the spectral theorem

A= Z i [vi )i, A >0,

and for positive (Hermitian) A,

||A|| = Sup <$,ASL‘> = )\maX(A)-

llzll=1

(=) If |A]] <1, then A\pax(A) <1, hence A\; <1 for all ¢, and

(@, (I = A)z) =) (1) [(wil2)* 2 0,

K3

sol—A>0,ie ALZI.
(<) If A<I (equivalently I — A > 0), then for any unit vector z,

(x, Az) < (z,Iz) =1.

ThUS, ||A|| = sup”xH:1<x,A1:> < 1.
Overall we have, ||A|| <1 < A< O
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Exercise A6.8

Let A be a positive matrix. Define a superoperator (linear operator on matrices) by the same equation
A(X) = AX. Show that A is positive with respect to the Hilbert-Schmidt inner product. That is, for
all X, tr(XT.A(X)) > 0. Similarly, show that the superoperator defined by A(X) = X A is positive with
respect to the Hilbert-Schmidt inner product on matrices.

Solution

Concepts Involved:

For any X, it must be that XTX and XX are positive (Ex. [2.25). Further, any positive operator A
satisfies Tr(A) > 0 as its eigenvalues are all positive and so Tr(A) = >, A; > 0. We then observe that
for any X:

Tr(XTA(X)) - Tr(XTAX) = Tr(XXTA) >0
and also for A(X) = X A:

Tr(XUl(X)) = TY(XTXA) >0

where we use that X XA and XTX A are positive, being products of two positive operators. O
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